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SOLUTIONS FOR SINGULAR KIRCHHOFF PROBLEM
INVOLVING CRITICAL NONLINEARITY

H. BENCHIRA, A. MATALLAH AND S. GUENDOUZ

ABSTRACT. This paper deals with a class of singular Kirchhoff problem in-
volving a critical nonlinearity. The existence and multiplicity of solutions for
this problem are obtained by the variational methods.

1. INTRODUCTION

In this paper, we are concerned with the existence and multiplicity of solutions
to the following Kirchhoff problem with the critical Sobolev exponent

(Py) —M(||u||i) <Au + u|> =u®+Ag(z) inR3

x\z
ue H, (RB) ,
where M (t) = at + b, a and b are two positive constants, \ is a positive parameter,
2
w<1/4, ||u||i = Jrs(|Vul? — u#)dm is the norm in H, (R?) and g belongs to
x
H='(R?), (H! (R?) is the dual of H, (R?)).

Such problems are frequently called nonlocal because the function M contains
an integral over the domain R? which implies that the equation in (P) is no longer
a pointwise identity.

The original one-dimensional Kirchhoff equation was first introduced by Kirch-
hoff [11] in 1883, he take into account the changes in length of the strings produced
by transverse vibrations.

The problem (P,) is also related to the stationary analogue of the following
evolutionary higher order problem which can been considered as an extension of
the classical D’Alembert wave equation for free vibrations of elastic strings:

uy — (a fo, [Vul*dz +b) Au=h(z,u) inQx (0, T),
u=0 on 90 x (0, T),
u(x, O) = U()(.TJ), ut($7 0) = ul(m)7
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where Q C RY is an open bounded domain (N > 1), T is a positive constant, o,
up are given functions. In such problems, u denotes the displacement, h(z, u) the
external force, b is the initial tension and a is related to the intrinsic properties of
the strings (such as Young’s modulus). For more details, we refer the readers to
the works [3], [4] and the references therein.

It is well known that the Kirchhoff type problem has mechanical and biologi-
cal motivations; for example when an elastic string with fixed ends is subjected
to transverse vibrations. They also serve as model in biological systems where u
describes a process depending on the average of itself as population density. The
presence of the nonlocal term makes the theorical study of these problems so diffi-
cult, then they have attracted the attention of many researchers in particular after
the work of Lions [I2], where a functional analysis approach was proposed to attack
them.

In recent years, the existence and multiplicity of solutions for stationary problems
of Kirchhoff type were also investigated in some papers, via variational methods like
the Ekeland variational principle and the Mountain Pass Theorem. Some interesting
results in bounded domains can be found in [1, 5, 7, 9, 14, 15].

In the regular case and in the unbounded domain RY , some earlier classical
investigations of the following Kirchhoff equations

(Pv.g){ —M ([on |VulPdz) Au+V (z)u=g(z,u) inRY

have been done, where N > 3, M(t) = at +b, a > 0, b is a positive con-
stants, V € C (RN,R) and g € C (RN X R, R) is subcritical and satisfies suf-
ficient conditions to ensure the boundedness of any Palais Smale or Cerami se-
quence. Such problems become more complicated since the Sobolev embedding

(HLRY), |L.|) < (LP (RY) |.|p) is not compact for all p € [2, 2, (V)], where

[ull = (fan \Vu|2dx)l/2 is the standard norm in H' (RY) , |u|, = ([ |u|pdx)1/p
is the norm in L? (RY) and 2, (N) is the critical Sobolev exponent.

To overcome the lack of compactness of the Sobolev embedding, many authors
imposed some conditions on the potential function V (x) for example in [18], Wu
used the following assumption:

(%) iRnAfV(m)zc>0andforalld>0; meas {z € RN : V (z) < d} < o,

to show the existence of nontrivial solutions to (Py). On the other hand, Chena
and Li in [§] studied (Pv,4) where g(x,u) = h (z, u)+k (x), h satisfies the Ambrosetti-
Rabinowitz type condition, k € L? (R3) and V verifies (). They proved the ex-
istence of multiple solutions by using Ekeland’s variational principle [I0] and the
Mountain Pass Theorem [2]. Recently, Li et al. [I3] studied (Py ) where V = 0,
they proved the existence of a constant ay > 0 such that (Py 4) admits a positive
solution for all a € (0, ap).

However, from the results mentioned above, there are very few existence results
for singular nonlocal type problems (when p > 0) in particular for those who contain
singularity in the diverge operator. This is a more difficult and interesting situation
comparing with the regular case (when p = 0). Moreover, the main difficulties in
such problem appear in the fact that for nonlocal problems with critical exponent,
to overcome the lack of compactness, we need to determine a good level of the
Palais-Smale and have to verify that the critical value is contained in the range of
this level.
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The main result of this paper is given in the following theorems.

Theorem 1 . Let a > 0,b >0, u < 1/4 and g #Z 0. Then there exists A; > 0 such
that problem (P,) has at least one nontrivial solution for any A € (0, A1) .
Theorem 2 . Let a > 0, b > 0, p < 1/4 and g #Z 0. Then there exists Ay > 0
with A2 < A; such that problem (P,) has at least two nontrivial solutions for any
A€ (0,Ay).

Here we give a brief sketch of the way how we get two distinct critical points
of the energy functional. First, we minimize the functional in a neighborhood of
zero and use the Ekeland variational principle to find the first critical point which
achieves a local minimum. Moreover, the level of this local minimum is negative.
Next around the zero point, using the Mountain Pass Theorem we also obtain a
critical point whose level is positive.

This paper is organized as follows. In Section 2, we give some notations and
technical results which allow us to give a variational approach of our main results
that we prove in Section 3.

2. AUXILIARY RESULTS

To start this section, we need to introduce the following notation.
||.]|= denotes the norm in H~' (R?), B, is the ball centred at 0 and of radius p,
and oy, (1) denotes o, (1) — 0 as n — oo.

Define the constant

2
S,, := inf / |Vul|* — uu—g dz; u € H, (R?), / uSdr =1
R3 |JS‘ R3

It is well known that the embedding (H#(Rg), ””u) — (LG (R3), |.|p) is con-

tinuous but not compact and S, is achieved by a family of functions

1
[122 (3 — )]
el VT Vi

see [I7]. Moreover, there holds

, €>0,

U. (x) =

U
AU, +Mﬁ =U? inR*/{0},
x

VO — 2 ) e = [ USar = s
R € .UJ‘I|2 - RS € — Me

Since our approach is variational, we define the energy functional associated to the
problem (P,) by

and

a b 1
I(u) = Z||u\|ﬁ + §||u|\i ~5 |u|g —)\/ngu dz, for all u € H, (R?).

It is clear that I is well defined in H,, (Rg) and belongs to C* (Hu (RS) ,R) .
u € Hy, (R?) is said to be a weak solution of problem (Py) if it satisfies
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(a||u|\i—|—b)/ (Vquo u| & > /RS (W’ — Agp) dz =0, V¢ € H, (R?).

We recall the following standard definitions.
Definition 1. Let ¢ € R, a sequence (u,) C H, (R?) is called a Palais Smale
sequence ((PS), sequence for short), if

In(u,) —c and I§(u,) =0 in H! (R3) as n — 0o. (1)

Definition 2. Let ¢ € R. We say that I satisfies the Palais Smale condition at
level ¢, if any (PS), sequence contains a convergent subsequence in H,, (R3) .

In order to prove our main result, we give the following lemmas.
Lemma 1. Let (u,) C H, (R?) be a (PS), sequence of I for some ¢ € R. Then
u, = u in H, (R?) for some u with I} (u) = 0.
Proof . By (1) we get

(1 () )

cton(l) = I(un)—
a 4, b 9 5
> pllually + gllunlly = Ag llgll llunll,
Then (u,) is bounded in H,, (RS). Up to a subsequence if necessary, we obtain
Up, AuinHM(R?’), Uy, — u in Lg (RN) and u,, — u a.e. inRN,

then (I} (un), @) = 0 for all ¢ € C§° (RY) , which means that I} (u) = 0. O
Lemme 2. There exist positive constants A1, p; and d; such that for all A € (0, A4)
we have

)\3 /2
I ()], 2 01 and I (W], = == gl

Proof . Let u € H, (R®)\ {0} and p = [ul|,. Then by the Sobolev and Hélder
inequalities, we have

a b 1
Ivw) > 2p* + 50 = —0° = (A lgll_ ) (A*p),
157 g — (W lal) (34)

2 2
On the other hand, by applying the inequality af < % + % for any «, 5> 0 we
get
a b— A2 1 /\3 /2
T > 4 o2 - 6 N
Aw) = gpt 653" ~ [
1 6 AB /2 9
> 1P —@p —||g|| , for all A < b=
Let

a 1
V(p) = ZP4 - @Pﬁa

direct calculation shows that

3 1/2
U (p) >0 for all p < p; with p; = <2a52> ,
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from this and for all A < b2, we immediately derive that

/\3/2 5
L@Wlp,, 2 == lgll=

and also
" v 2/3
I (u)|yg 2> (p1) for all A < ( (p21)> .
" 2 llgll~

Taking

\J 2 L

A1 = min { b2, ( (p21)> and 61 = (p1)’

llglI= 2

the conclusion holds. O

Lemma 3. Let (u,) C H, (R?) be a (PS), sequence of I for some ¢ € R such
that u, — u in H, (R*). Then

either u,, — u or ¢ > I (u) + C,,

24 H 24
Proof . By the proof of Lemma 1 we have (uy,,) is a bounded sequence in H,, (]R3) ,
furthermore, if we write v, = u, — u; we derive that v,, — 0 in H,, then by
Brezis-Lieb Lemma [6] we have

WhereC—a—bS3+ 258+ ( S8+ b>(256+4b53)1/2

2 2 2 6 6 6
[unll,, = llonll, + llull, +0n(1) and |unlg = [valg + |ulg + on(1). (2)
Using together (1) and (2), we get
a 4 b 2 @ 202 L6
et on(l) = In(u) + o lloall, + 5 loally + 5 loall, lully = & loals,

and
4 2 2 2 6
0n(1) = allvnll, +bllvall, + 2a[lvall, llull, — lvalg - (3)

Therefore,
4 0n(1) = In(u) + s oalls + 3 ol + & w2 2 (4)
Assume that ||v,|| = 1 > 0, then by (3) and the Sobolev inequality we obtain
S 200 > al + b7,
this implies that
2984+ S (a®5% +45,b)) /2.

> 2 i
From the above inequality and (4) we conclude
b
> ] Sy 2p
c > ,\(u)+121 3l
ab 3 6 3 b 2¢6 3)1/2
> In(u) + S+24SM (24SM (a®S,, +4bS;,) "

This finishes the proof of lemma 3. (]



EJMAA-2019/7(1) CRITICAL NONHOMOGENEOUS KIRCHHOFF EQUATIONS 79

3. PROOF OF THE MAIN RESULTS
3.1. Proof of Theorem 1. First, by Lemma 2 we define
o =inf{I (u); w€ B, }.

Since g # 0, we can choose ® € C§° (R3\ {0}) such that fR3 g® dxr > 0. Hence,
there exists to > 0 small enough such that |[to®]|, < p1 and

a b 6
Iy(to®) = Sebl@L + 23 8]2 — 2 [BIE — Xig / 9@ dr <0,

which implies that ¢; < 0 = I,(0). Using the Ekeland variational principle, for
the complete metric space Bpl with respect to the norm of H, (RB) , we obtain
that there exists a (PS),, sequence (un) C B,, such that u, — uy in H, (R?) for
some u; with ||u1HM < p1. Assume that u,, - uq in H, (RS) , then it follows from
Lemma 3 that

c1 > Iy (u1) + Cy > ¢,

which is a contradiction. Thus wu; is a nontrivial solution of (P,) with negative
energy.

3.2. Proof of Theorem 2. The existence of the second solution follows immedi-
ately from the following lemma.
Lemma 4. Let Ay > 0 such that

)\3/2
2
Then there exist u. € H, (]R3) and 0 < A, < Ay such that

g% + C. > 0, YA € (0, As).

suply (tus) < c1 + Cy, for all A € (0, A,).
>0

Proof . Since g # 0, we can choose € > 0 and u. (x) = £U, (x) such that
/ gUc.dx > 0.
R3
We consider the functions
at4 4 bt2 2 tG 6
Py (1) = e [[well,, + > lluell, — 5 |uelg -
and
Dy(t) = P1(t) — )\t/ gue dz.
R3
So, for all A € (0, A2) we have
By(0) =0 < — 222 g +C
2= 94" 19ll- T
Hence, by the continuity of ®5(t), there exists ¢; > 0 small enough such that

)
Dy(t) < fﬂx\z llgll_ +C. forallt e (0,t).
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On the other hand, the function ®4(¢) attains its maximum at
1/271/2
4 8 2 6
o A o A e R A

2u S

e =

From the definition of S, we have

1/2
4 8 2 6
auclll, + (a2 el + 4 el )

" 2|“E|g

atﬁ 4
e ||Ue||u

|
=
o

12

6 12 6 671/272
a |alluell, — [a® luell,” + 40 |lucll), |uelg
|u66

2
aSi + [a255 + 4053] 7]

6, abos , @ 501 9\1/2
= SM+ZSH+§(a 8.2 +4bSy) .
Similarly, we obtain
bt? ab b 1/2
5 el = 8%+ 7 (2S5 +4b53) 7,
and
6 a3

6 6, ab s 1 ogs 2 @6 3\1/2
el = T80+ 2080+ oo (a2 D) (a285 + 4653)

By the above estimates, we deduce that sup®;(t) < Ci.
>0
On the other hand, using Lemma 2 we see that

A2
c1 > == lgll> for all X € (0,Ay),

furthermore

2
c > —tl)\/ guedxr if A <4 (tl/ gUe d:c) /gl -
R3 R3

Taking A, = min {AQ, 4 (t1 [gs gue dx)2 / Hg\|4_} , then we deduce that
suply(tus) < ¢y +C, for all A€ (0,A,). O
>0

Note that I5(0) = 0 and I(Tu.) < 0 for T large enough, also from Lemma 2,
we know that

I (u)\aBm > ¢ >0 forall A e (O,Al)
Then, by the Mountain Pass Theorem, there exists a (PS)C2 sequence, where

— inf Iy (v (t
¢z = inf max A(v (@),

with
I'= {7 € C([07 1] ) Hll (RS))v 7(0) =0 and 7(1) = Tus} .
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Using Lemma 1 we have (u,) has a subsequence, still denoted by (u,,), such that
Up — ug in H), (R3) , for some us. Furthermore, we know by Lemma 4 that

suply (tue) < c1 + Cy, for all X € (0, Ay),
>0

then from Lemma 3 we deduce that w,, — u2 in H,, (R?’) . Thus we obtain a critical
point us of I satisfying I (uz) > 0.
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