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Z-CESARO SUMMABILITY OF SEQUENCES OF SETS

UGUR ULUSU AND OMER KISI

ABsTrRACT. In this paper, we defined concept of Wijsman Z-Cesaro sum-
mability for sequences of sets and investigate the relationships between the
concepts of Wijsman strongly Z-Cesaro summability, Wijsman strongly
Z-lacunary summability, Wijsman p-strongly Z-Cesaro summability and Wijs-
man Z-statistical convergence.

1. INTRODUCTION AND BACKGROUND

The concept of convergence of sequences of real numbers has been extended to
statistical convergence independently by Fast [7] and Schoenberg [16]. The idea of
Z-convergence was introduced by Kostyrko et al. [13] as a generalization of sta-
tistical convergence which is based on the structure of the ideal Z of subset of the
set of natural numbers. Recently, Das et al. [5] introduced new notions, namely
T-statistical convergence and Z-lacunary statistical convergence by using ideal.

Freedman et al. [6] established the connection between the strongly Cesaro
summable sequences space and the strongly lacunary summable sequences space.
Connor [9] gave the relationships between the concepts of strongly p-Cesaro summa-
bility and statistical convergence of sequences.

The concept of convergence of sequences of numbers has been extended by several
authors to convergence of sequences of sets. The one of these such extensions consi-
dered in this paper is the concept of Wijsman convergence (see, [2, 3, 4, 14, 20, 21]).
Nuray and Rhoades [14] extended the notion of convergence of set sequences to sta-
tistical convergence and gave some basic theorems. Furthermore, the concept of
strongly summable set sequences was given by Nuray and Rhoades [14]. Ulusu
and Nuray [18] defined the concept of Wijsman lacunary statistical convergence of
sequences of sets and considered its relation with Wijsman statistical convergence,
which was defined by Nuray and Rhoades. Also, Ulusu and Nuray [19] introduced
the concept of Wijsman strongly lacunary summability of sequences of sets. Kisi
and Nuray [11] introduced a new convergence notion, for sequences of sets, which
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is called Wijsman Z-convergence by using ideal. Recently, the concepts of Wijs-
man Z-statistical convergence and Wijsman strongly Z-lacunary convergence for
sequences of sets was given by Kisi et al. [12].

In this paper, we defined concept of Wijsman Z-Cesaro summability for se-
quences of sets and investigate the relationships between the concepts of Wijsman
strongly Z-Cesaro summability, Wijsman strongly Z-lacunary summability, Wijs-
man p-strongly Z-Cesaro summability and Wijsman Z-statistical convergence.

Now, we recall the basic definitions and concepts (See [1, 2, 8, 10, 11, 12, 13, 14,
15, 17, 18, 19, 22]).

A sequence x = (xy) is said to be statistical convergent to the number L if for
every € > 0,

lim l‘{kgnz lwp — L| > e}| =0,

n—o0o N,
where the vertical bars denote the number of elements in the enclosed set.

A family of sets Z C 2N is called an ideal if and only if
(i) 0el,
(i7) For each A, B € T we have AUB €T,
(#4i) For each A € 7 and each B C A we have B € .

An ideal is called non-trivial if N ¢ 7 and non-trivial ideal is called admissible if
{n} € T for each n € N.

A family of sets F C 2V is a filter if and only if
(i) 0¢F,
(14) For each A, B € F we have ANB € F,
(74i) For each A € F and each B O A we have B € F.

Proposition 1.1. ([13]) Z is a non-trivial ideal in N if and only if
F(IZ)={M CN:(3AcI)(M=N\A)}
is a filter in N.

An admissible ideal Z C 2V satisfies the property (AP), if for every countable
family of mutually disjoint sets {A;, As, ...} belonging to Z, there exists a coun-
table family of sets {Bi, Ba,...} such that A;AB; is a finite set for j € N and
B =jZ, Bj €T (hence B; € T for each j € N).

Let Z C 2V be an admissible ideal. A sequence x = (z}) of elements of R is said
to be Z-convergent to L € R if for every € > 0 the set

Ale) ={keN: |z — L| > ¢}
belongs to Z.

Let (X, p) be a metric space. For any point € X and any non-empty subset A
of X, we define the distance from x to A by

d(z,4) = inf p(z,q).
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The following definitions, we let (X, p) be a metric space and A, Ay be any non-
empty closed subsets of X.

The sequence {A} is bounded if sup {d(z, Ay)} < oo for each z € X. The
set of all bounded set sequences is denoted by L.

The sequence {Ag} is Wijsman convergent to A if for each z € X
lim d(z, Ax) = d(z, A).
k— o0

The sequence {4} is Wijsman statistical convergent to A if (d(z, Ay)) is sta-
tistical convergent to d(x, A); i.e., for every € > 0 and for each = € X,

1
i — <n: — > = 0.
nh_}rréo n‘{kz <n:|d(x,Ar) —d(z,A)| > E}‘ 0

The sequence {Ay} is Wijsman Cesaro summable to A if for each z € X,

n

. 1
lim. ﬁ;d@:,m = d(z, A),
the sequence {Ax} is Wijsman strongly Cesaro summable to A if for each z € X
LG
Jim_ ~ ; |d(z, Ay) — d(z, A)| = 0,

and the sequence {Ay} is Wijsman strongly p-Cesaro summable to A if for each p
positive real number and for each x € X,

1 n
im — _ P_
nh_{xgo - kil |d(z, A) — d(z, A)|P = 0.

By a lacunary sequence we mean an increasing integer sequence 6 = {k,} such
that kp = 0 and h, = k. — k,—1 — oo as r — o0o. Throughout this paper the
intervals determined by 6 will be denoted by I,. = (k,_1, k.|, and ratio k’:il will be
abbreviated by g,.

Let 0 be a lacunary sequence. The sequence {Ay} is Wijsman strongly lacunary
convergent to A if .
Tlggo = Z |d(z, Ay) — d(z, A)| = 0.
keI,
Throughout the paper, we let (X, p) be a separable metric space, Z C 2~ be an
admissible ideal and A, Ax be any non-empty closed subsets of X.

The sequence {Ag} is Wijsman Z-convergent to A, if for every € > 0 and for
each ¢ € X,

A(w,e) ={keN:|d(z,Ay) —d(z,A)| >} €T

The sequence {Ay} is Wijsman Z-statistical convergent to A, if for every € > 0,
0 > 0 and for each z € X,

{neN: %\{kgn;m(x,,qk)—d(x,An 25}’ >5} eT.

S(T
In this case, we write Ay (—>W) A.
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Let 0 be a lacunary sequence. The sequence { Ay} is Wijsman strongly Z-lacunary
summable to A, if for every € > 0 and for each z € X

{r eN: hi Z |d(x, Ag) — d(z, A)| > E} el

" kel,

. . No[Z
In this case, we write Ay M] A.

2. MAIN RESULTS

In this section, we defined concepts of Wijsman Z-Cesaro summability, Wijsman
strongly Z-Cesaro summability and Wijsman p-strongly Z-Cesaro summability for
sequences of sets. Also, we investigate the relationships between the concepts of
Wijsman strongly Z-Cesaro summability, Wijsman strongly Z-lacunary summabi-
lity, Wijsman p-strongly Z-Cesaro summability and Wijsman Z-statistical conver-
gence.

Definition 2.1. The sequence {Ay} is Wijsman Z-Cesdro summable to A if for
every € > 0 and for each x € X,

{n eN: ’%id(m,Ak) - d(x,A)‘ > 5} eT.
k=1
1(Zw)

. . C
In this case, we write A, — "~ A.

Definition 2.2. The sequence {Ay} is Wijsman strongly Z-Cesaro summable to A
if for every € > 0 and for each © € X,

1 n
{n eEN: ﬁ]; \d(z, Ag) — d(z, A)| > 5} el

Cl[Iw]
—

In this case, we write Ay A.

Theorem 2.3. Let 6 be a lacunary sequence. If liminf, ¢, > 1 then,
Ay B Ao g, VBT

Proof. If liminf, ¢, > 1, then there exists § > 0 such that ¢, > 1+ for all » > 1.
Since h, = k, — k,_1, we have

k. 1446 kr_1
_ < —
nS s and

Let € > 0 and we define the set

1 k

S = {k eN: k—Z|d(x,Ak)—d(x,A)| <5},

" k=1

N
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for each x € X. We can easily say that S € F(Z), which is a filter of the ideal Z,
so we have

LS (e A —d(, A)] = S [d(x, Ay) — d(x, 4)
kEI =1

kr_1

— LY d(z, Ay) — d(z, A)|

= kLS d(x, Ay) — d(z, A)|

—52 s X Jd(e, Ay) - d(a, A)

1 1
< (5°)e5
1+6 1,
for each x € X and k., € S. Choose n = 5 €+ 55. Therefore, for each
zeX
{TEN Z|dasAk d(z, A)] <77}€.7:(I)
" kel,

and this completes the proof. (I

Theorem 2.4. Let 0 be a lacunary sequence. If limsup, g, < oo then,

Cy [IW}

A, VW 4 g, A

Proof. TIf limsup, ¢, < oo, then there exists M > 0 such that ¢, < M, for all r > 1.

e[ wl

Let Ay A and we define the sets T and R such that
T{TGN Z|dxAk xA)<€1}
" kel
and

R:{nEN Z|dxAk a:A)<52}

for every 1,62 > 0 and for each = € X. Let

Z|d=LAk xA)\<51

h; kel;

for each x € X and for all j € T Tt is obvious that T' € F(Z).
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Choose n is any integer with k.1 < n < k., where r € T. Then, we have

o

r

ki_:l\d(I,Ak)*d(z,A)\ S l\d(ﬂf,Ak)*d(I,A)\

k

S

= krll( > ld(x, Ag) — d(z, A)|
K

el

+ 2 ld(z, A) — d(z, A)|

kels

+o+ > |d(:v,Ak)—d($7A)|)
kel,.

(i £ o, 40) - d(o, )

kel

# ( 5 Jd(e, ) —dis. 4]

kels

++’“k’“<; > |d<x,Ak>—d<x7A>|)

kel

ko_ k1

_ k‘l krfkrfl
= o0t %

a2+...+ﬁar

IN
N
m
SO

IS
.
——
=
T

< e1-M.
for each z € X. Choose g9 = Eﬁl and in view of the fact that
U{n ko <n<k,reT}cR,

where T' € F(Z). It follows from our assumption on 6 that the set R also belongs
to F(Z) and this completes the proof. O

We have the following theorem by Theorem 2.3 and Theorem 2.4.

Theorem 2.5. Let 0 be a lacunary sequence. If 1 <liminf, ¢, < limsup, ¢, < o
then,

Ay T 4 o4, VYT 4

Definition 2.6. The sequence { Ay} is Wijsman p-strongly T-Cesaro summable to
A if for each p positive real number, for every € > 0 and for each x € X,

1 n
{n eN: ﬁkz_:lkl(x,Ak) —d(z, A)|P > E} eT.

CplT
In this case, we write Ay M] A.
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Theorem 2.7. If { A} is Wijsman p-strongly Z-Cesdro summable to A then, {Ax}
is Wigsman Z-statistical convergent to A.

c
Proof. Let Ay gy and given € > 0. Then, we have

2. Jd(z, Ag) — d(z, A)fP - > > |d(z, Ag) — d(z, A)|P
k=1 k=1

n

Y

eP . ‘{kz <n:|dx,Ag) —d(z,A)| > 5}‘

for each z € X and so

1
epP.-n

S Jd(e, Ay) — diz, AP > %‘{k <n:ld(z, Ay) — d(z, A)| > 5}].
k=1

Hence, for given § > 0

{nEN:;‘{kzgn: |d(z, A) — d(z, A)| 25}‘ 2(5}

- {neN: LSS ldta, Ag) — d(z, A)p > €p~5} €T,
N g=1

for each = € X. Therefore, Ay, S(I—>W) A. O

Theorem 2.8. Let {Ax} € Loo. If {Ar} is Wijsman Z-statistical convergent to A
then, {Ax} is Wijgsman p-strongly Z-Cesaro summable to A.

Proof. Suppose that {A} is bounded and Ay SEw) 4. Then, there is an M > 0
such that

|d (z, Ax) —d(xz, A)| < M,

for each z € X and for all k. Given ¢ > 0, we have

S|

i d(z, A) — d(z, AP =
k=1

SRS
>

I
o

+- > |d (z, Ay) — d (x, A)|”
n k=1
|d(z,Ap)—d(x,A)|<e
< %-M”- [{k < n: (e, A¢) — d(a, )] > <}
+% 2| {k < n G, Ay) — dl, 4)] < )|
Mp
< 2. ’{k <n:ld(z, Ay) — d(z, A)| > s}‘ tep,

n
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Th

{

for

(1]
(2]

(3]

en, for any § > 0

neN: =3 da, Ay) — da, AP >

n =1 }

1 oP
- {n eN: ﬁ‘{k <n:ld(z,A;) —d(z, A)| > E}‘ > J\/[P} €T,
each x € X. Therefore, Ay Cp[iﬁl/] A. O
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