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GLOBAL ACTIONS OF THE LIE SYMMETRIES OF
NONLINEAR FILTRATION EQUATIONS

JOSE A. FRANCO

ABSTRACT. The classification of the Lie point symmetries for nonlinear filtra-
tion equations gives four cases. By restricting to a special class of functions, we
show that the Lie symmetries of the nonlinear filtration equation exponentiate
to a global action of a solvable Lie group in three cases. We show that the
action of the Lie point symmetries cannot be globalized for the fourth case.

1. INTRODUCTION

The use of Lie groups in the analysis of differential equations is a powerful tool
that has been vastly studied in mathematics (c.f. [2, 3, 9, 10] and the references
therein to mention just a few). Algorithms like the prolongation algorithm pro-
vide infinitesimal generators whose actions exponentiate to one-parameter local Lie
groups (c.f. [10]). However, it is well-known that these actions generally do not
exponentiate to a global action of a Lie group. Therefore the tools from repre-
sentation theory are not readily available to use as these apply mostly to global
Lie groups. Nonetheless, M. Craddock discovered that by restricting to a special
subset of the solution space of a partial differential equation, the local actions gen-
erated by its symmetry Lie algebra could be globalized (c.f. [4]). In [5, 7, 8, 13]
the globalization problem is solved by using the representation theoretic method of
parabolic induction. Using this method spaces of solutions to the different partial
differential equations are constructed. These spaces consist of smooth functions on
which the actions of the Lie symmetries globalize. In all these cases the PDE’s were
linear. However, these constructions can be used in some nonlinear equations as
well. Some examples can be found in [6, 11, 12].

In this article we use induced representations of solvable groups to study the
globalization problem for the the nonlinear filtration equation

Uy = k(va:)vza: (1)

with &' (v;) # 0. The solution to its classification problem is well-known and readily
available in [2, 1]. For the general case, the symmetry Lie algebra g is spanned by
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the following infinitesimal generators:

0 0 0 0 0 0]
a, XQ—%, Xg—%, X4—2ta+$£+’0% (2)

n arctan(vg)

The algebra extends for k(v;) = e, k(v;) = (v;)", and k(v;) = S 5—. The
main goal of this article is to study the globalization problem for the local actions
of the one-parameter groups generated by g and its extensions. For the generic
case and for k(v,) = e’ and k(v,) = (v.)" we successfully construct a space
of functions on which the action of the symmetry group corresponding to each

n arctan(vg)
1+v2
possible to globalize the action of the one parameter subgroups on a non-trivial set

of functions.

X =

€

equation globalizes. When k(v,) = , however, we show that this is not

2. GENERIC CASE

To construct a space on which the action of the symmetry group globalizes, we
start considering a Lie group whose Lie algebra corresponds to the one generated
by the symmetry generators. We consider a particular parabolic subgroup and a
one-dimensional representation of this subgroup, that is, a character. The choice
of the appropriate character is crucial to obtaining the desired globalization. In
this article, the action of the group does not match the action of the one-parameter
groups due to the non-linearity of the equation. Hence, in this particular case a
non-linear action is defined based on the linear action of the Lie group.

So, consider the solvable group

2

g 0 0 t
G, = 0 0 g s s,t,r e Rand ¢ € R ,
0 0 0 1

where RT denotes the set of positive real numbers, and the subgroup

? 0 00
_ 0 g 00 4
P = 0 0 g s se€Rand g € R
0 0 0 1

Define a character x; : P, — C* by

¢ 0 0 0

0 g 0 0 _
X1 0 0 q s =q.

0 0 0 1

The induced representation associated to this character would be

I :=Tnd§! (x1) := { € C®(G1) | ¢(gp) = x1(p) "¢p(g) for all g € Gy and p € P1} .

This space carries the structure of a Gy-representation, with the action of the group
given by:

91 0(g2) = @(g7 " 92).
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For the rest of this section let

@ 0 0 g3 0 0 ¢t
10 ¢ 0 2y 10 @ 0 =z
N=10 0 ¢ s and 2710 0 ¢ s )
0 0 0 1 0o 0 0 1
Notice that the subgroup
1 0 0 ¢
01 0 =z
Ny = Nt g = 00 1 0 t,xr eR

0 0 0 1

is isomorphic to R?. Using this isomorphism, we can realize ¢ € I; as a smooth
map on R? by restriction of domain. That is, for ¢ € I; define f € C°°(R?) by

ft,z) = o(neg).

Theorem 1. Let
I{:={f € C®([R?) | f(t,x) = p(nis) for some ¢ € Iy and for all t,x € R}.

Then, I1 = I as G1-representations.

Proof. Notice that we can factor

¢ 0 0 t 1 0 0 ¢ ¢ 0 0 0
0 g 0z 0 1 0 = 0 g 0 O
0 0 g s] [0 0 10 0 0 ¢q s
0 0 0 1 0 0 0 1 0 0 0 1
Thus, by the definition of I; and x1,

¢ 0 0 t 1 00 ¢

0 ¢ 0 2| 4 010 = 4

0 0 0 1 0 0 0 1

So, the restriction map is a bijection and clearly linear, hence an isomorphism of
vector spaces. Then, we define the action of G; on I{ by

t—1t —
gl-f<t,x>:q1f( q%%“qfl). (4)

It is easy to check that this action makes the restriction map an intertwining
map completing the proof. O

An extra piece of information that we can obtain from the proof of this theorem
is that given an arbitrary smooth function f(¢,x) we can construct a corresponding
¢ € I. Therefore, I; = C>(R?).
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Notice the assignment

000 1 0000
00 0 0 000 1

Xie&:=19 9 0 o Xa0&: =19 o9 0 o
000 0 0000
000 0 20 0 0
000 0 0100

Xs o &:=10 o 0 1 Xaola=10 0 1 ¢ (5)
000 0 0000

gives a Lie algebra isomorphism between g and Lie(G;). Moreover, differentiating
the action of the one-parameter subgroups generated by these elements of the Lie
algebra according to (4), gives the actions of Xj, X5, and X4 on Ij. However,
the one parameter group generated by &3 is the trivial group containing only the
identity, but X3 generates a one parameter subgroup isomorphic to R. Therefore,
we need to modify the action of Gy in order to obtain a globalization of the local
action of the one parameter groups generated by X, X5, X3, and Xy. To do this,
we will let 6; : Gy x I] — I] be defined by

91(91) : f(t,l’) = f(tax) + s1,
with ¢g; defined by (3). It is straightforward to see that
01(91) - (01(g2) - f)(t,2) = f(t,2) + 51+ 52
(01(g192) - f)(t, @) = f(t,2) + 51 + q152.

So, 01 does not define an action of G; on I. However, we can still use 8; to define
an action of G; on I that globalizes the action of g on I{. To do this, we notice
that

01(g1) - (91 (B1(g2) - (9" - M)t ) = g1 (Ba(g2) - (97" /)t 2) + 1
— o) o) (S 0

q7 q1
=q(gr'f) (t ;;1, z ;1:”1) + q150 + 51
= f(t,x) + q182 + 51
= (01(g192) - )(t, ). (6)

We then define v; : Gy x I} — I{ by

n(g) - f(t,z) =061(g9) - (g- ))t,2).
Using (6) we obtain

Y1(9192)-f(t, ) = 01(g192) - (9192 - f)(t, @)
=01(g1) - (91 - (01(g2) - (91" - (192 - /))))(t, )
=01(91) - (91~ (01(92) - (92 - /)))(¢,2)
=01(91) - (91- (n(g2) - /))(t, )
=71(91) - (m(g2) - f))(¢, ). (7)
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Therefore v, defines an action of G on I]. Before showing that this action globalizes
the local action of the one-parameter groups generated by g we will write out the
action explicitly. If g1 € G is given as in (3), then
Y1(g1)-f(t,2) = 01(g1) - (91 - f)(t, @)
=(g1- f)t,z) + 51

t—t1 x—=x
—q1f< L 1) s ®
Q1 q1

Theorem 2. The action of G1 on I] defined by 1 globalizes the local action of the
one parameter group actions generated by the basis elements of g.

Proof. With &1,&,&3, and &4 as in (5) and using (8) we calculate:
(r1(exp(e&r)) - f)(t, ) = f(t —€,2)
(n(exp(e2)) - )(t,x) = f(t,x —€)
(n(exp(e€s)) - f)(t,x) = f(t, @) + €
(m1(exp(e€a)) - )(t,z) = e fe™*t, e x).
By taking the derivative at ¢ = 0 we obtain:
41 onlexpletn)) - £)(t,7) = it )
?| onexp(ee)) - £)(t,2) = ~fult,)
(n1(exp(es)) - f)(t,2) =1
d

& e=0
2| (nlexp(e€a)) - )t x) = =2tfi(t, @) — 2 falt,x) + f(t, @),

d
de le=0
Now, it suffices to note that a vector field

0 0

generates a one-parameter group G such that its action on a function v(t, z) dif-
ferentiated at s = 0 gives

0
+ qb(t,x,v(t,m))%

—7(t, ) gt f(t,z)g—; + o(t,z,v(t, x))

(c.f. [10]). This shows that the action of &; corresponds to the action of X; on Ij
for 1 <i <4 and concludes the proof. O

3. CASE k(vy) = e

In this case the Lie algebra g is extended by the operator

0 0
Xs=t——z—
b t@t “ov
(c.f. [2]). We will denote this extended Lie algebra by go. For this case, we consider

the solvable group
e’ 2

Gy = q,7,8,t,x € Rand ¢ >0

(S}
ol O O
—_n 8 o+

q
0
0 —rq
0 0
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and the subgroups

e¢> 0 0 0
. 0 g 00 n
P, = 0 —rqg q s r,s € Rand g € R
0 0 0 1
and Ny := N;. We define the character ys : P, — C* by
erq? 0 0 O
0 g 0 0]
X2 g -rq q s| 4
0 0 0 1

and the induced representation associated to this character would be

I :=Tnd? (x2) := {p € C(G2) | ¢(gp) = x2(p)~'¢(g) for all g € G and p € Py}

with the G2 action of left translation. Restriction of domain allows us to define
Ih:={f € C®(R?) | f(t,z) = ¢(ny) for some ¢ € I and for all ¢,z € R}.

For the rest of this section let

emng? 0 0 4 erq3 0 0 t
._ 0 Q1 0 = L 0 q2 0 xo
gr 0 —-rmg ¢ si|’ 92 0 —rq2 ¢ $2
0 0 0 1 0 0 0 1
Notice that
e 0 0 t 1 0 0 ¢ eg¢? 0 0 0
0 g 0 z| 10 1 0 =z 0 q 0 0
0 —-rq g s] [0 0 1 0 0 -rq q s
0 0 0 1 0 0 0 1 0 0 0 1
Then for ¢ € I we have,
e 0 0 t
0 0 =z _
“l o —g“q q s =4 1f(t,:n).
0 0 0 1

As before, we can use this to show that I, = I} = C°°(R?) as vector spaces. In
order for the restriction map to become intertwining, we define the action of G2 on

I, by
t*tl Xr — T
- flt,z) =q <,)
g1-flt,x) =aqf @

To globalize the action of the one parameter groups generated by g we define the
map 0y : Go x I}, — I} by

(02(g1) - f) () = f(t,x) + 51— ri(z —x1).
As before, it is easy to see that 05 does not define an action of G5 on I. However,
we can define v, : Go X I} — I} by

(v2(g) - £)(t, ) = (62(9) - (9 /)L, ). 9)

Theorem 3. v : Gy x I} — I}, defined as in (9) defines an action of Go on I.
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Proof. Notice that

et (qrqo)? 0 0 t1 +e"qrts
9102 = 0 q192 0 z1 + q172
0 —(ri+72)qaq g s1+qi(s2 —riz)
0 0 0 1

Then,

(02(9192) - f)(t,x) = f(t,2) + 51+ qi(s2 — r1w2) — (11 +7r2)(x — (71 + q172))
= f(t,o) +s1+qs2 —r1(v —21) +r2(T — 21 — Q172).

On the other hand,

02(91) - (g1 - (B2(g2) - (91" - )t ) = g1 - (B2(g2) - (g7 "+ ) (t, ) + 51— r1(x — 21)

=q1(02(92) - (91_1 1)) (t ;;1 ) a ;xl) + 51— ri(z — 1)
= f(t,x)+s1 —ri(x—x1)+qi(s2 —ro(x — (. —x1)/q1))
= (02(g192) - f)(t, ).

Now, an identical calculation as in (7) replacing the subindex 1 for 2 gives the
desired result. (I

The global action 2 of G5 on I} is given by

t—tl xr — X

engd’ @

(v2(g1) - )t 2) = au f ( ) + 51 —ri(x —x1) (10)

Theorem 4. The action of Gy on I} defined by o globalizes the local action of the
one parameter group actions generated by the basis elements of g,.

Proof. Let &1,&2,€&3, and &4 be defined as in (5) and let

1 0 00
o 0o 00
=10 —1 0 0
0 0 00
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By taking the derivative at € = 0 we obtain:
D) nlexp(eta)) - Pt 2) = ~Fult.2)
91 lexplet)) - )t ) = —Lult )
(ralexp(eta)) - () = 1
(72(exp(e&a)) - f)(t, @) = =2t fi(t, 2) — xfu(t, x) + f(t, @)
d

d
de EZO(WZ(QXP(Gfs)) Dt z) = —fi(t,z) — 2.

a e=0
This finishes the proof, as it shows that the one-parameter group generated by X;

a4
dele=0
is the same as the one generated by &; for each 1 <i < 5. ]

4. CASE k(vg) = (vz)",n > —-1,n#0
In this case the Lie algebra g is extended by the operator

7] 7]
Xo = nt— — v—
=" Yow
(c.f. [2]). Denote this Lie algebra by gs. Now we will consider the solvable group
r"g®> 0 0 t
0 q 0 T
Gs = 0 0 ¢! s q,7,8,t,x € Rand ¢q,r >0
0 0 0 1
with subgroups
r"g®> 0 0 0
Py = 8 g qﬁl (5) q,7,s € Rand ¢q,r >0
0 0 o0 1

and N3 := Nj. As in the previous cases, we define the character y3 : P3 — C* by
r"g® 0 0 0
0 ¢ 0 0] 4
X3 0 0 q?"_l s| = qr
0O 0 0 1

and use it to induce a representation of Gz in the standard way
I3 :=Ind§? (xs) := {9 € C¥(G3) | ¢(gp) = x3(p) '¢(g) for all g € G5 and p € Ps} .
Using the fact that

r"¢®> 0 0 t 1 0 0 ¢ r"g®> 0 0 0
0 q 0 z| |0 1 0 = 0 q 0 0
0 0 ¢t s |00 10 0 0 ¢t s’
0 0 0 1 0 0 0 1 0 0 0 1

it is easy to show that I3 is isomorphic as a vector space to

Ih = {f € C®(R?) | f(t,z) = ¢(ny ) for some ¢ € I3 and for all ¢,z € R}
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and that both are isomorphic to C°°(R?). For the rest of the section let
rg? 0 0 1

_ 0 q1 0 T1
g1 0 0 rl_lql S1
0 0 0 1

We give I} the structure of a Gg-representation by defining the action of Gz by

_ to —t1 x2— 11
g1 fltx)=r"quf <nga )

q q1

so that I3 = I} as Gs-representations. The maps to obtain the globalization for this
particular case are very similar to the ones in Section 2, thus most of the details
will be omitted. Suffices to say that 05 : G5 x I} — I} is given by 05(g1) - f(t,z) =
f(t,z) + s1 and that the map 73 : G3 x I} — I} given by y3(g) - f(t,z) = (03(g) -
(9 f))(t,x) defines an action of G5 on Ij. In particular, this action is defined by:

_ to —t1 x2 — 11
alan) - Jlta) = s (g ) (1)
g q1

Theorem 5. The action 3 : G x I — I} globalizes the local action of the one
parameter group actions generated by the basis elements of g5.

Proof. With &1,&2,&3, and &4 defined as in (5) and &g given by

n 0 0 0
oo o0 o0
§=109 0 -1 0
00 0 0
we can use Equation (11) to obtain:
(v3(exp(e€r)) - )t z) = f(t — € x)
(v3(exp(ek2)) - f)(t, z) = f(t,x —€)
(v3(exp(eds)) - )L, z) = f(t,z) + €
(y3(exp(e€a)) - F)(t,x) = e fe™*t, e )
(v3(exp(ebs)) - f)(t,z) = e “fe™ "t x)
and taking the derivative at € = 0 we obtain
2] Calexpleta)) - Pt ) = ~fult, )
& Gulexp(e)) - P(t) =~ fult,2)
4| alexplets)) - (1) = 1
% o s(exp(en)) - )t @) = =2t fi(t,2) — 2 fult,2) + f(t,2)
] Gaexplets)) - 1)(t,2) = —f6,) ~ nilt, @),

Now, the proof is completed as in the previous cases. O
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n arctan(vg )

5. CASE k(vg) = ©

1402

In this case the Lie algebra g is extended by the operator

o — 0 0 0]
7= nta — x% + v%
(c.f. [2]). In this particular case a globalization for the action of X7 on a non-trivial
space of functions cannot be constructed. To see this, suppose that G is a Lie group
that globalizes the local action generated by X7 and let g € G. Consider a function
f defined on a subset 2 C R? that contains an open set and consider its graph
Lpi={(t,z f(t,z) | (t,z) € Q}. If Ty C R? x R is invariant under the action of
g, then
g-Ty= {(Evi"ﬁ) =9 (t,x,v) ‘ v= f(tam)}
In particular, by exponentiating the standard action of X; on a R% x R, we obtain

exp(eX7) - I'y = {(e"t,zcose + vsine,vcose — xsine) | v = f(¢,z)}. (12)

Since the action includes a rotation by an angle ¢ on the z,v-coordinates and a
dilation in the ¢-coordinate, unless the function f does not depend on x we cannot
guarantee that exp(eX7) - I'y is the graph of a single-valued function for all e € R
for a general function f.

However, this does not mean that X, does not generate a local action on a
function f. To illustrate, let

f(z) =az+0.

Then, f is a solution of (1), its graph is I'y = {(¢,z,az + b)|t,2 € R}, and from
(12) we have

exp(eXy) - (t,x,ax + b) = (t,z cose + (ax + b) sine, (ax + b) cose — x sine).

From this, we can obtain that

@ COS€ — sine _ b

exp(eX7) - f)(t, %) =
(exp(eX7) - £)(t, ) asine—l—cosem asine + cose

which is a linear function, provided a # — cote. So X7 generates a local action on
f, but it cannot be globalized.

6. CONCLUSIONS

For three out of the four general cases given by the classification problem of
the nonlinear filtration equation, we have successfully constructed a representation
space on which the action of the group globalizes. For the fourth case, we explicitly
showed that this cannot be successfully done. This result, then, gives a method
to construct families of solutions to the corresponding PDE starting from a known
solution within the global representation via the action of the group.
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