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ON SOME SOLVABLE SYSTEMS OF DIFFERENCE EQUATIONS
WITH SOLUTIONS ASSOCIATED TO FIBONACCI NUMBERS

YACINE HALIM AND JULIUS FERGY T. RABAGO

ABSTRACT. This paper deal with form, the periodicity and the stability of the

solutions of the systems of difference equations
1 1

Tptl = ——— 1=——, n, kENy
n+ iliyn_k’ Yn+ ilixn_k’ ) )
where Ng = N U {0} and the initial conditions z_j, T_k41,..., 0, Y—k,
Y—_k+1,-- -, Yo are non zero real numbers.

1. INTRODUCTION

Real phenomena in Biology, Economics, Physics, and so forth are usually mod-
eled by differential and difference equations (where the former is use for continuous
case and the latter is use for discrete case).

Recently, there have been a growing interest in the study of solving differ-
ence equations, see for example, [2]-[8], [13]-[16], and the references cited therein.
In these researches, authors are interested in investigating the form, periodicity,
boundedness, (local and global) stability, and asymptotic behavior of solutions of
various difference equations of nonlinear types.

In [17], D. T. Tollu, Y. Yazlik, and N. Taskara investigated the dynamics of the
solutions of the two difference equations

1
+1+x,
which were then extended by J. B. Bacani and J. F. T. Rabago to the two difference
equations

Tpy1 = , n €N,

Tpt1 = n € Ny,

_ 7
tp+ay’
with p,¢g € RT and v € N in [1]. Following the results found in the latter paper,
Y. Halim and M. Bayram studied in [11] the solutions, stability character, and
asymptotic behavior of the difference equation
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The results found in [1], [11], and [17] are intriguing mainly because the form of
solutions obtained for these difference equations contained expressions for Fibonacci
and Horadam numbers.

Motivated by these fascinating results, we shall determine the form and investi-
gate the periodicity and global character of the solutions of the systems

1 1
it Tt

where k € Ny and the initial conditions are nonzero real numbers.

Now, we turn on the organization of the rest of the paper. In the succeeding
section (Section 2) we shall give a brief introduction of Fibonacci numbers and
discuss an overview of some basic tools in the analysis of difference equations. In
Section 3, we shall study the dynamics of the system

1
14 Yn—k T+wn g
More precisely, we shall give the form of its solutions and investigate the asymp-
totic stability of its positive solutions. For the other systems which are in the

form as in (1.1), the form of their respective solutions are obtained through simple
substitutions in (1.2) (see Section 4).

Tpy1 = n € Np. (1.1)

Tnt1 = y o Yntl = , n€Np. (1.2)

2. PRELIMINARIES

A well-known recurrence sequence of order two is the widely studied Fibonacci
sequence {F, }>2 ; recursively defined by the recurrence relation

Fh=F=1 Fu.gu=F+F, (’I’L > 1) (21)

As a result of the definition (2.1), it is conventional to define Fy = 0. Various
problems involving Fibonacci numbers have been formulated and extensively stud-
ied by many authors. Different generalizations and extensions of Fibonacci se-
quence have also been introduced and thoroughly investigated (see for example
[12]). An interesting property of this integer sequence is that the ratio of its
successive terms converges to the well-known golden mean (or the golden ratio)
¢ = % = 1.6180339887 . ... For more fascinating properties of Fibonacci num-
bers we refer the readers to [15].

Now, in the rest of this section we shall present some basic notations and results
on the study of nonlinear difference equation which will be useful in our investiga-
tion, for more details, see for example [9].

Let f and g be two continuously differentiable functions:

foIFE g T g MY MY g LJCR

and for n, k € Ny, consider the system of difference equations

Tn+1 = f(xnazn—ly"'7In—k7yn7y7l—17"'7yn—k) (2 2)
Yn+1 = g(xnaxn—la~'~7xn—k7yn;yn—1,~-~ayn—k) ’
where (_p,%_g11,---,20) € I¥F and (y_p,yY—ps1,---,v0) € JETL

Define the map
H oo TR s g R ghit

by
H(W) = (fO(W)a fl(W)v o ~afk(W)ag()(W)agl(W)7 s agk(W))
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where
W = (U0, Uny .+ oy Uy V0, VL5 - o5 V)
JoW) = f(W), fi(W) = o, .., fs(W) = ug_1,
Go(W) =gW),g1(W) =vo,..., (W) = vg_1.
Let

T
Wn = [l‘n, Tpn—1y+++yTn—kyYnryYn—1,--- 7yn7k] )
then, we can easily see that system (2.2) is equivalent to the following system
written in vector form

Wisr = HW,), n=0,1,..., (2.3)
that is
Tn+1 = f(xruxnfl;~-~7xnfk7yn7yn71a~"7yn7k)
Ty = Tp
Tn—k+1 — Tp—k+1
Yn+1 = g(xnwfnflw-wxnflﬁynaynfl~~-77yn7k)
Yn = UYn
Yn—k+1 — Yn—k+1

Definition 1 (Equilibrium point). An equilibrium point (Z,y) € I X J of system
(2.2) is a solution of the system

{ 39:f(ﬂf,x,.-.,x,y,y,-..,y),
y:g(xV'T?"‘7'T7y7y7"'7y)'
Furthermore, an equilibrium point W € I**1 x JF+1 of system (2.3) is a solution

of the system
W =HW).

Definition 2 (Stability). Let W be an equilibrium point of system (2.3) and || . ||
be any norm (e.g. the Euclidean norm,).

(1) The equilibrium point W is called stable (or locally stable) if for every e > 0
exist § such that ||Wo — W| < § implies ||W,, — W|| < € for n > 0.

(2) The equilibrium point W is called asymptotically stable (or locally asymp-
totically stable) if it is stable and there exist y > 0 such that |Wo—W| < v
mmplies

W, — W] = 0, n — +oo.

(3) The equilibrium point W is said to be global attractor (respectively global
attractor with basin of attraction a set G C IF1 x JEHL if for every W
(respectively for every Wy € G)

W, — W] = 0, n — 4o0.

(4) The equilibrium point W is called globally asymptotically stable (respectively
globally asymptotically stable relative to G) if it is asymptotically stable, and
if for every Wy (respectively for every Wy € G),

W, — W] = 0, n — +oo.
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(5) The equilibrium point W is called unstable if it is not stable.

Remark 1. C’learly, (T,y) € I x J is an equilibrium point for system (2.2) if and
only if W = (Z,T, ..., T, 5,7, ...,7) € "1 x T is an equilibrium point of system
(2.3).

From here on, by the stability of the equilibrium points of system (2.2), we mean
the stability of the corresponding equilibrium points of the equivalent system (2.3).
The linearized system, associated to system (2.3), about the equilibrium point

is given by
Wn_;,_l :AWn, 7’7/2071,...
where A is the Jacobian matrix of the map H at the equilibrium point W given by

[Se(V) SROV) . ZR(W) Sh(W) SE(V) .. SR(T) ]
5 (W) G (W) o GEOT) GROV) 3h(7) ... Z(W)
Ao | eom) Sk (W) HeW) ofe(W) 2Lk (W)
(W) Ge(W) .. GR(V) SB(V) GR(W) ... g&(V)
(W) GE(W) o Gh(W) GV) GhW) .. G(7)
| SE() SET) .. GOV SR(W) SEOV) ... SR(W) |

Theorem 1 (Linearized stability). If all the eigenvalues of the Jacobian matriz A
lie in the open unit disk |\| < 1, then the equilibrium point W of system (2.3) is
asymptotically stable. On the other hand, if at least one eigenvalue of the Jacobian
matriz A have absolute value greater than one, then the equilibrium point W of
system (2.3) is unstable.

Now, we are in the position to investigate the form and behavior of solutions of
the system (1.2) and this is the content of the next section.

1 1
3. THE SYSTEM Tn41 = m, Yn+1 = FE—

In this section, we give the explicit form of solutions of the system of difference
equations
1 1

Cppy = —— = 3.1
i 1+ Yn—k Ynil 1+ Tn—k ( )
where the initial values are arbitrary nonzero real numbers with the restriction that
Foy O Fony1 @
Tk Y—ky---520,Y0 ¢ { T Fon-1 }nZOU{ I T }nZO'

3.1. Form of the solutions. The following theorem describes the form of the
solutions of system (3.1).

Theorem 2. Let {3J°n,y,L}n24€ be a solution of (3.1). Then, forn=20,1,...,



170 Y. HALIM AND J. F. T. RABAGO EJMAA-2017/5(1)

Fony1 + Fonli—(e41)

Tak = L i=1,2,. k41,
2(k+1)n+i Ffj‘n+2 + F‘Z%‘n+1yif(k+1)
an+1 T L2nTi—(k+1) .
i = L i=1,2, k41,
Halhttynt Fonyo + Font1Zi—(k+1)
Fonyo + Font1%i—(2k42) .
x i = , i=k4+2,...,2k+ 2,
At gzms +§2n+2$i7(2k+2)
n + n 1— .
Y2(k+1)n+i = 2nt? 2n+1Yi- (2k+2) i=k+2,..,2k+2.

Fonis + Fonyoli—(2k+2)

Proof. From (3.1) we have

1 1 1
X = Tg=——""7"—,...,T =
1 1+y—k7 2 1+y—k+17 k+1 1+y07
_ 1 _ 1 _ 1
= 1+$7k,y2_1+$,k+1’...’yk+1_1+l’0)
and
. . 14+ x_g . _1—|—1‘_k+1 . _1—|—1‘0
k+2 - 2+x7k’ k+3_2+x7k+1’.." 2k+2_2+x03
e _ Lty Yors = I+ Ykt Yokra = 1+ yo
+2 2+y—k’ +3 2+y—k;+17.“7 2k+2 2+y0

So, the result hold for n = 0. Suppose now that n > 1 and that our assumption

holds for n — 1. That is,

Fon—1+ Fon—2¥i—(k41)
Fon + Fon1Yi— (k1)

Fon—1+ Fon—2%;_(r11)
Fon + Fon12_(pg1)

Fop + Fon—1%i_(2142)

=1,2,...,k+1,

L2(k+1)(n—1)+i =

Y2(k+1)(n—1)+i = i=1,2,...,k+1,

L2(k4+1)(n—1)+i = T —

Fon + Fon-1Yi—(2k42)
Font1 + Fonyi—(2k+2)

Y2(k+1)(n—1)+i =

Fori=1,...,k+1, it follows from (3.1), (3.2), and (3.3) that

1

1+ Yok 1)n—(14k)+i
1

14+ -1
+ 14T (k1) (n—1)+i

(Fon+Fon—1)+(Fan—1+Fan—2)¥i— (k4+1)
o Fon+Fon—1Yi—(k+t1)
T 2Fon+Fon 14+2Fon_1Yi— (et 1)+ Fon—2Vi— (k41)
Fon+Fon—1Yi— (k+t1)
B Font1 + FonYi (k1)
Foni1 + Fon + (Fon—1 + Fan)¥Yi—(k41)

Foni1+ Fon¥Yi—(k41)

LT2(k+1)n+i =

P+ Fong1Yi-(ks1)

Li=k+2k+3,...,2k+2,

Li=k+2k+3,...,2k+2.
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and
1

T+ Zokg1)yn—(14k)+i
1
_r
1+ I4+y2(kt1)y(n—1)+i

(Fan+Fon 1)+ (Fan_14+Fon_2)T;_(k41)
Fon+Fon-1%i—(k+1)

Y2(k+1)n+i =

- 2Fon+Fon—142Fon 1% (kt1) HF2n—2%i— (k41)
Fon+Fon—1%i—(k+1)

Fopi1 + Fonmi_ (kg1
Font1+ Fon + (Fon—1 4 Fon)wi_(341)
Fony1 + Fon®i_(pq1)

Fonyo + Fong1%(k41)

Similarly, for i = k+ 2,k +3,...,2k + 2, from(3.1), (3.4), and (3.5), we get

1

1+ Yokt 1)n—(1+k)+i
1

142kt 1) (n—1)+i

L2(k+1)n+i —

Font1+Fon+Fon®; _(2k42)tFon—1%;_(2k42)
_ Font1+Fonzi_(2k42)
T 2P 1+ Fon+2Font;_(okq2)FFon 1% (2k42)
Font1+Fonzi_(2k42)

Fonyo + Font1%i—(242)

" Fopg1+ Fopyo + Fonzi_(ak42) + Foni1Ti—(2k+2)
_ Fopyo+ Fonp12i—(2k12)

" Fongs + FongaZioa(esa)
and
1

T+ Zoq1yn—(14+k)+4
1

Y2(k+1)n+i =

1 1
+ 1+Y2(k+1)(n—1)+i
Foni1+Fon+Fonyi_ (2k4+2)+Fon—1Yi— (2k42)
Font1+Fony;—(2k+2)
2Fon41+Fon+2Fony;— (ary2)+Fon—1Yi— (2642)
Font1+Fonyi—(2k+2)

Fopi2 + Fony1Yi—(2k+2)

Font1 + Fonta + Fon¥i—2nt2) + Font1¥i—(2k+2)

Fonyo + Font1Yi—(2k+2)
Fonis + Fonyoli—o(kta)

O

3.2. Global stability of positive solutions. In this section we study the asymp-
totic behavior of positive solutions of the system (3.1).
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Let I = J = (0,400) and consider the functions

foIFL s g T g IR gL g

defined by
1
f(U(),’lLl,...,Uk,’UQ,’Ul,...,Uk): 1+Uk’
( )= —
Ugp, U1y UL, Vo, V1y...,0V = .
glup, U1, s Wk, Vo, V1, s Uk 1+U}c

Corollary 1. System (3.1) has a unique equilibrium point in I x J, namely

. <1+¢5 1+\/5>.

2 ’ 2
Proof. Clearly the system
1 1

Tiy VT iw

has a unique solution in I x J which is

_ —1+v5 -1+V56
(I,y)( ) )

2 2

Theorem 3. The equilibrium point E is locally asymptotically stable.

Proof. The the linearized system about the equilibrium point

_ (—1+\/5" —1+\/5’—1+\/5 _1+\/5>€I’“+1><J’”1

W = .
2 ’ 2 2 R 2
is given by

Xn+1 = AX'ru Xn = (.'lfn, Tp—1y+++3Tn—ksYnr,Yn—15--- 7yn7k)T (36)

and
+=[e 5]
where B, C are (k+ 1) x (k + 1) matrix and given by
T B
1
0
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and
- 73 \/’ —
0 0 JQF
0
C:

0 0 0

L 0 0 0 i
Let

C B — My

So, after some elementary calculations, we get

P(\) = A2R+2 <M> 2_
2

Now, consider the two functions defined by

a(A) = A2 B(x) = (W) :
We have
b)) < la(N)],VA:|A] =1

Thus, by Rouche’s theorem, all zeros of P(\) = a(A\) — b(A) = 0 lie in |A| < 1. So,
by theorem (1), we get that E is locally asymptotically stable. O

Theorem 4. The equilibrium point E is globally asymptotically stable.

Proof. Let {x,,yn},~_, be a solution of (3.1). By theorem (3) we need only to
prove that E is global attractor, that is

lim (.’L’n, Tn—15-+-sTn—k;YnsYn—1,--- 7yn7k) = E,
n—oo
or equivalently

lim (2,,y,) = E.

n—oo
To do this, we prove that for i = 1,...,2k 4+ 1 we have

B -1+V5

lim =z ;= lim ;=
iy 2(k+1)n+i n_>+ooy2(k+1)n+z 9

Fori=1,...,k+ 1, it follows from theorem (2) that

lm x _ lim Font1 + Fon¥Yi (k1)
n——+oo 2(k+1)n+1 n——+oo F2n+2 + F2’n+1yi—(k+1)

Fon
. + BT Yi- (k1)

n—-4o0o Fanyo
Fopt1

+ Yi—(k+1)
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and
lim — lm Fony1 + Foni(k41)
nosbeo Y2(k+1)n+i = n——+o0o F2n+2 + F2n+1xi—(k+1)
Lt A2 B (k1)
_ . 2n+1
_nll)g-loo Fonta . (38)
Fongs T Lim(k+1)
Using Binet’s formula
a — Bn
F, P n € Ny (3.9)
where a = 1+2\/g7 g=1 2‘f, we get
o 1-(2)™
Fy, ot x —.- 1
lim —2% = lim =, (3.10)
n—-+4oo F2n+1 n——+oo a2”+1 % 1— fjﬁ (07
similarly we get
Fy,
lim =22 — o (3.11)
n—+oo Iy, 11
Thus, from (3.7)-(3.11), we get
N ol vy 1 —1+4V5
oo 2RFLNFE T T Yi-(k+1) @ 2
lim o 1+ éxi_(kﬂ) . l . -1+ \/5
n%+ooy2(k+1)n+z 7@—1—@,(“1) - 2
By the same arguments, we get, for i =k +2,k+2,...,2k + 1:
lim =z lim —Lt V5
i ;= 1l =
st oo 2(k+1)n+1 nostoo Y2(k+1)n+i 9
|
Remark 2. If z;_(y41) = T = _1;‘/5 (respectively Yy, —(k41) = § = _1%‘/5) for

some 1 <ig < k+1, then forn=0,1,...,

-1++5 -1+V5

Y+ ntio = 5 (respectively T (j41yn+i, = 5 ).
Using the fact that
_ 1 1
T=7= — -
14+ 1479y
and theorem (2), we get
) Fan Fon+2Fon,
y B+ Foz o+ fji = +1+12+§+T 2ot
k - - = — p—
(k+1)n+io Fopqo + Fopnpi®@ Fopyo+ Fopia™ Fongo + Fon 1@
FontotTFontr 1
_ 147 _ _ 57

 Fopgot FonpiT 14T
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and

_ Fy, Font1+Fon+yFont1
Fong1+ Fony oy + 135 Tty

Fongyo+ Foni1d  Fongo+ Fons1¥ Fongo + Fonp1¥
Fong2+yFant1
Fonio+Fopp1y 147

T(k+1)n+ip —

Similarly, if x;_(2pt2) = T *1%\/5 (respectively y;,—(ak+2) = Y = *1%‘/5) for
some k+2 <ig <2k + 2, then forn=0,1,...,

~1++5 ) 145
Ytntio = — 5 (respectively  (j41yn+i, = T)

Example 1. For confirming results of this section, we consider the following nu-
merical example.

Let k =5 in Eq.(3.1), then we obtain the system
B 1 B 1
Tty MY T T,
Assume x_5 =1, 2_4 =16, x_3 =34, x_5=06.1, z_1 =2, zg = 1.3, y_5 = 0.7,
Yyg4=42,y 3=03,y-2=24,y_1 =02 and yo =5 (see Fig. (1)).

Tt (3.12)

0.9

X(n)
Y]

0.8

o
3
T
i

X(n),Y(n)
o o o
» Ul [}

o
)
T
i

FIGURE 1. This figure shows that the solution of the Eq.(3.12) is
global attractor, that is lim (z,,y,) = E.
n— oo

3.3. Other systems. The other systems which are of the form as in (1.1) can
recovered from (3.1) by appropriate substitution and this is seen in the proof of the
following corollaries:
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Corollary 2. Let {zy,yn},>_4, be a solution of
1 1

Tppl = ————— Yppr = ————. (3.13)
" _1+yn7k’ " _1+xn7k
Lo . . Fo, 1 © Fapi1 1 9©
where the initial values are arbitrary real numbers with x_j, y_k, ..., To, Yo ¢ {inl }n:O U { T }n:O'
Then, forn=1,2,..., we have
_ Fopg1—Fonyi(kt1) .
L2kt 1)nti = Fant2—Fonq1Yi—(k+1)’ i=12...k+1,
Fonto—Fani1Ti_(2k42 .
L2(k+1)n+i = F2n+3_F2n+23«'i—§2k+2; , i=k+2,k+3,...,2k+2,
_ Fonpi—Fonmi (k1) ©
Ya(ke+)n+i = Fonjo—Fon 1% (k41)’ i=12...k+1,
Font2o—Font1¥i—(2r+2 .
Ya(kt1)n+i = F271+3_F2n+2yi—i2k+2; , 1=k +2E+3, 2k 2.
Proof. Tt follows from theorem (2) by replacing (Zn,¥n) by (—Zn, —yn)- O
Corollary 3. Let {xy,yn},~_j be a solution of
1 1
Tptl =T, Yny1 = —FT——. (3.14)
1- ynfkr’ —-1- Tn—k
where the initial values are arbitrary real numbers such that y_g, ..., yo ¢ { Ffjil }:O:() U { FIZ,’;II }:;0,
Fop 1 Fon [eS)
and T _,...,,To & {— F— }n:O U { — ;2::1 }n:O' Then, forn =0,1,..., we have
_ FPopp1—Fonyi(ky1) .
L2kt 1)n+i = Fanpo—Fonp1yi—(kt1)’ i=12....k+1,
_ FongotFonga®i(2k42) -
Lokt 1)nti = F;,L+3+f;,L+2wi—(2k+2) y i=k+2 k3, 2k + 2,
_ 2n+1 2nTi—(k+1) s
y2(k+1)n+i - F2n,+2+F2n+1-Ti7(k+1) 9 1= 1, 2, ey k + 1,
Fonto—Fon4+1Yi—(2k42 .
Y2(k+1)n+i = F27L+37F27L+2yi—i2ki2; y 1=k+2k+3,...,2k+2,
Proof. Tt follows from theorem (2) by replacing y, by —yn. d
Corollary 4. Let {zy,yn},~_j be a solution of
! L (3.15)
Tppl =~ Ynt1 = 7. .
-1 _ynfk’ 1 — Tn—k
it : Fop 00 Fany11%
where the initial values are arbitrary real numbers such that x_y, ..., xo ¢ {an,l e }n:O U { o }n:0
_ _F3, \® _ Fonpi® _
and Yk, ..., Yo ¢ { p— }n=0 U { T }n=0' Then, forn =0,1,..., we have
_ Font1tFonyi(k41) S
Lok V)n+i = T ot Fom 1w her)? L 1,2,...,k+1,
_ Fongo—Foni1%i_(2k42) .
Lokt )nti = Fanis—Foni2Zi(2p42)’ i=k+2k+3,...,2k+2,
_ Fonpi—Fon®i_ (k1) .
Y2(k+1)n+i = Fontz—Font1%i—(ht1)’ 1=1,2,..., k+ 1,
_ FongotFong1yi—(2p42 .
y2(k+l)n+i = F2n+3+F2n+2y,-7§2k+2; s 1 = k + 2, k + 3, ey 2k + 2,
Proof. Tt follows from theorem (2) by replacing x,, by —x,,. O

4. CONCLUSION

We have studied in this work the system of difference equations (3.1) and gave
the explicit form of its solutions in terms of Fibonacci numbers. We have also
investigated the asymptotic behavior of positive solutions of the system (3.1) and
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showed that the solutions of equations in (3.1) actually converge to E. We expect
that more fascinating results shall be obtained by many researchers in relation to
Fibonacci numbers and related sequences in future papers.
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