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COMPARATIVE GROWTH ANALYSIS OF MEROMORPHIC
FUNCTIONS ON THE BASIS OF THEIR RELATIVE L*-ORDERS

SANJIB KUMAR DATTA, TANMAY BISWAS AND PRANAB DAS

ABSTRACT. In the paper we establish some new results depending on the com-
parative growth properties of composite entire or meromorphic functions using
their relative L*-order and relative L*-lower order.

1. INTRODUCTION, DEFINITIONS AND NOTATIONS.

We denote by C the set of all finite complex numbers. Let f be a meromorphic
function defined on C. We use the standard notations and definitions in the theory
of entire and meromorphic functions which are available in [3] and [9]. In the

sequel we use the following notation : log[k] x = log <log[k_1] :17) for k=1,2,3,....

and log[o] T =z
The following definition is well known:

Definition 1. The order py and lower order Ay of an entire function f are defined

as

log?! M1 loel®! pr

pf= limsupu and Ay = liminfw,
r—00 logr r—00 logr
When f is meromorphic, one can easily verify that
logT logT
pr= limsupo(r) and Ay = liminfo(r).
r—oo  logr r—oo  logr

Let L = L(r) be a positive continuous function increasing slowly i.e.,

L(ar) ~ L(r) as r — oo for every positive constant a. Singh and Barker [7]
defined it in the following way:

Definition 2. [7] A positive continuous function L (1) is called a slowly changing
function if for € (> 0),

<

1
€

= <k® forr>r(e) and

2010 Mathematics Subject Classification. 30D35,30D30..

Key words and phrases. Entire function, meromorphic function, composition, growth, relative
L*-order, relative L*-lower order, slowly changing function.

Submitted Feb. 10, 2016.

112



EJMAA-2017/5(1) COMPARATIVE GROWTH OF MEROMORPHIC FUNCTIONS 113
uniformly for k(> 1).
If further L (r) is differentiable, the above condition is equivalent to

. rL'(r)
T

=0.

Somasundaram and Thamizharasi [8] introduced the notions of L-order and
L-lower order for entire functions. The more generalised concept for L-order and
L-lower order for entire and meromorphic functions are L*-order and L*—lower
order respectively. Their definitions are as follows:

Definition 3. [8] The L*-order ,0}%* and the L*-lower order )\)Lc* of an entire func-
tion f are defined as

. log®? M . loe!2! A/
¥ =limsup°g7fm and Nk zliminfu7
r—00 10g [T@L(T)] r—00 10g [T@L(T)]
When f is meromorphic, one can easily verify that

logT
= liminfiog s (r) .
r—00 log ['r'eL(T)}

. log T .
pj% = lim supw and )\f

r—oc log [rel(r)]

For an entire function g, the Nevanlinna’s characteristic function T} (r) is defined
as Ty (r) = i?logf |g(re™)| df where log™ x = max (0,log z) for = > 0.

If g is non—c?)nstant then T, (r) is strictly increasing and continuous and its in-

verse T, : (T, (0) ,00) — (0, 00) exists and is such that leIr;OTgl (s) = oo.

Lahiri and Banerjee [6] introduced the definition of relative order of a meromor-
phic function with respect to an entire function which is as follows:

Definition 4. [6] Let f be meromorphic and g be entire. The relative order of f
with respect to g denoted by p, (f) is defined as

pg (f) = inf{u>0:Ty(r) <Ty(r*) for all large r}
. log T, T (r)
= limsup——L———=.
r—00 logr

The definition coincides with the classical one [6] if g (z) = exp 2.
Similarly one can define the relative lower order of a meromorphic function f with
respect to an entire g denoted by Ay (f) in the following manner :

loc 7T
Ny () = liminf 28 Te T2 ().
’ r—00 logr

In the line of Somasundaram and Thamizharasi [8] and Lahiri and Banerjee [6]
one may define the relative L*-order and relative L*-lower order of a meromorphic
function f with respect to an entire function g in the following manner:

Definition 5. The relative L*-order pé* (f) and the relative L*-lower order )\5* )
of a meromorphic function f with respect to an entire function g are defined by

. log T, 1T (r) . log T, ' Ty (r)
L . g L LI 9
Py (f)= llirl supilog [reL(T)] and Ay (f) = hrm inf og [reL(T)]
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In this paper we study some growth properties of composition of entire and
meromorphic functions with respect to their relative L*-orders and relative L*-
lower orders as compared to the corresponding left and right factors.

2. LEMMAS.
In this section we present some lemmas which will be needed in the sequel.

Lemma 1. [1] Let f be meromorphic and g be entire and suppose that 0 < p <
pg < oo. Then for a sequence of values of v tending to infinity,

Tfog(r) = Ty (exp ("))

Lemma 2. [5] Let f be meromorphic and g be entire such that 0 < py < oo and
0 < Af . Then for a sequence of values of r tending to infinity,

Tpog(r) > Ty (exp (1)),
where 0 < p < pg .
Lemma 3. [2] Let f be a meromorphic function and g be an entire function such

that A\g < p < o0 and 0 < Ay < pp < 0o. Then for a sequence of values of v tending
to infinity,

Trog(r) < Ty (exp (r")) .
Lemma 4. [2] Let f be a meromorphic function of finite order and g be an entire
function such that 0 < Ay < pp < co. Then for a sequence of values of r tending to
infinity,

Trog(r) < Ty (exp (1))

3. THEOREMS.
In this section we present the main results of the paper.

Theorem 1. Let f be a meromorphic function and g, h be any two entire functions
such that
log T;,*
(7) lim inf% = A, a real number >0
r—o0 (log [reL(T)])

and

log T 'T iz
(i7) liminf—2-h f(eXI;L)
o (logTh_ (7‘))

for any «, B, p satisfying 0 < o <1, 8>0, a(B+1)>1and 0 < p < pg < 00.
Then

= B, a real number >0

pn (fog) = oo.

Proof. From (i) we have for all sufficiently large values of r that
log T ' (r) > (A —¢) (log re””)a (1)
and from (ii) we obtain for all sufficiently large values of r that

log T, ' Ty (expr*) > (B —¢) (log T}, * (7’))6—%1 . (2)
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Also T, 1 (r) is an increasing function of r, it follows from Lemma 1, (1) and (2)
for a sequence of values of r tending to infinity that
log Th_leog(r) > log Th_le (exp (rH))
i.e., log T{leog(r) > (B-¢) (logT{1 (7“))’8—|r1
i.e., log Ty ' Trog(r) > (B—¢) [(A —e) <log [reL(T)]) ]
a(B+1)
(B—¢)(A—¢e)"™ (log [reL(’")D

_ 1) a(B+1)
log T), M Tog(7) (B—¢)(A—e)’™ (log [rel(™])

B+1

v

i.e., log Ty ' Tog(r)

Y Tlog [rek®] T log [rel (]
log T, T} B —¢) (A— &) (log [reF(]) "V
i.e., ]imsupOgh—fg(r) > liminf( &) ( £) ( og [’/‘6 D
r—00 log [’I“GL(T)] r—o0 IOg [TeL(T)}
Since € (> 0) is arbitrary and « (5 + 1) > 1, it follows from above that
Pl (fog) = oo
which proves the theorem. ([

In the line of Theorem 1 and with the help of Lemma 2, one may state the
following theorem without its proof :

Theorem 2. Let f be a meromorphic function with non zero lower order and g be
an entire function with non zero finite order. For another entire function h, also
suppose that

—1
(i) Timinf—28 70 ()

im in W = A, a real number >0

and
log T}, ' T, (exp r#)
B+1

(#) liminf = B, a real number >0
r7ee (log Tyt (1)

for any «, B, p satisfying 0 <a <1, £>0, a(f+1)>1and 0 < pu<p, . Then

Pl (fog) = oo .
Theorem 3. Let f be a meromorphic function and g, h be any two entire functions
such that
log T), " p
(i) Timinf 08 Te (&2 ()

rree (logm r) :

= A, a real number >0

and
lOg |:log T,:l (T¢(exprt)) ]

log T, 1 exp rH
el ( ) = B, a real number >0

(#4) liminf 3
"7 log T, ' (exp )]
for any «, B satisfyinga > 1, 0< B <1, af >1and 0 < p < pg < oo. Then

pr (fog) = o< .
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Proof. From (i) we have for all sufficiently large values of r that

log T;;* (exp (7)) = (A — &) log? 1) (3)
and from (i) we obtain for all sufficiently large values of r that

log Th_1 (T (exprt)) ]

B—e¢) [logT; " m1”
logT;1 (exprH) ( ) [og ho (expr )}

log Ty, * (Ty (expr*))
log Th_1 (exprH)

Y]

exp [(B —¢) [log T; " (expr™)] "} L@

Also T, ' (r) is increasing function of r, it follows from Lemma 1, (3) and (4) for a
sequence of values of r tending to infinity that

log T) ' Tog(r) S log T), ' T (exp (7))
log [relM]  — log [rel ()]

log T}, ' Tyog (1) S log T), ' T} (exp (r*)) log T, ' (exp (1))
log [reX™] = log T} " (exp (r#)) log [rel()]

(A—¢) (logm r)a
log [rel ()]

(A—¢) (logm r)a

log Th_leog r)
log [re(r)

i.e., > exp [(B —¢) [logT,:l (exp?"“)]’ﬂ .

(
]
e logTh_leog(r) S

exp [(B—¢)(A— E)ﬁ <log[2] 7") 7
log [reL™] = log [rel ()]
log Tj, ' Toq(7)

e log [reL(r)]

(A—¢) (logm r)a
log [rel ()]

af—1
exp [(B —¢)(A— E)ﬁ (logm r> log!? r} .

log Th_leog (r)

1.€., IOg I:reL(T.):I

(2] ) h=t (A—¢) <log[2] T)
" log [rel(m)]

(log 7’) (B—¢)(A—e)? (log

log T VT,
i limsup 28 h Lreg(r)
rooo  log [reL(T)]

w1 (A—¢) logm r ¢
liminf (log r)(Bfe)(Afg)ﬁ (1og"/ ) . ( )
7—00 1og [reL(T)]

Since € (> 0) is arbitrary and a > 1, a8 > 1, the theorem follows from above. O
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Theorem 4. Let f be a meromorphic function with non zero lower order and g be
an entire function with non zero finite order. Further suppose that

(i) Timinf 28 Th (e ()
r—00 (1 [2] )a
og?r

= A, a real number >0

and

log T, " (Ty (exp ™))
log T}~ Hexpre)

(#) liminf = B, a real number >0

rreo [log Th_1 (exp T“)}B

for any o, B satisfying o > 1, 0 < B <1, af > 1 and 0 < p < pgy where h is also
an entire function. Then

pr (fog) = o0 .

We omit the proof of Theorem 4 as it can be carried out in the line of
Theorem 3 and with the help of Lemma 2.

Theorem 5. Let f be a meromorphic function and g, h be any two entire functions
such that g is of non zero finite order and )\ﬁ* (f) > 0. Then
P (fog) = oo .

Proof. Suppose 0 < p1 < pg < 00 .
As T,” L (r) is an increasing function of r, we get from Lemma 1, for a sequence of
values of 7 tending to infinity that

log T{leog (r)

Y

log T}, ' Ty (exp (1))
()\ﬁ* (f) - 5) log [r”eL(ru)]
log Ty 'Tyog(r) . (M0 (f) =) [r* + L]
log [TeL(T)] B log [reL(T)]
(

o AL (f) =€) [r# 4+ L0™
ie., hmsupw > liminf( K () —e) [+ ]
r—oo log [TeL(T)] r—co logr + L (r~)

i.e., log T} ' Trog(r)

Y

1.€.

V

e., pi (fog) =00 .
Thus the theorem follows. O

In the line of Theorem 5 one can easily prove the following theorem:

Theorem 6. Let f be a meromorphic function of non zero lower order. Also
suppose that g and h be any two entire functions such that g is of non zero order
and A\E™ (g) > 0. Then

pr. (fog) = oo .
Theorem 7. Let f be a meromorphic function and g, h be any two entire functions

such that g is of non zero finite order and \:™ (f) > 0. Then

. 0
limsup—2*——-—— = ©
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Proof. In view of Theorem 5, we obtain that

log T), ' To log T), ' Ty
limsup—og hflfg(r) > limsup—og h Lf(g)(T)-
r—oo  log T, "Ty(r) r—oo log [rel(n)]
.. log [re“”]
liminf —————+—
r—oc log Ty " Ty(r)
. ) log T), " Tog(r) I 1
i.e., imsup—>2——=-= > 09) " —+———
log T) ' Ty
i.e., limsupw
r—oo  log T, "Tg(r)
Thus the theorem follows. O

Theorem 8. Let f be a meromorphic function with non zero lower order and g, h
be any two entire function such that g is of non zero order and )\,LL* (9) >0 . Then

Proof of Theorem 8 is omitted as it can be carried out in the line of Theorem 7
and in view of Theorem 6.

Theorem 9. Let f be a meromorphic function and h be an entire function such
that 0 < )\ﬁ* (f) < pﬁ* (f) < oo. Also let g be an entire function with non zero
order. Then for every positive constant A and every real number c,
log T) ' Ty
lim sup &ln -1 g(T)Ha =00
r—oo {log Ty ' Ty (r#)}

Proof. If « be such that 14+ « < 0, then the theorem is trivial. So we suppose that
1+a>0.

Since T} ' (r) is an increasing function of 7, we get from Lemma 1 for a sequence
of values of r tending to infinity that

logTh_leog(r) > logTh_le (exp ("))
e, 10g Ty Trog(r) = (M (f) =) [+ L(r)] - (5)

where we choose 0 < ¢4 < pg < 00 .

Again from the definition of p&~ (f), it follows for all sufficiently large values of r
that

log Th_le (rA)

IN

(b () +2) (Alogr + L(r))

(oF () +e) " Alogr + LG . (©)

Now from (5) and (6), it follows for a sequence of values of r tending to infinity
that

i.e., {log T, " Tp(r)}' ™

IN

08T Tyoglr) O (-4 L)
{log T}lef(rA)}Ha (pﬁ (f)+ E)H_a (Alogr + L (r))Ha

Since ﬁ — 00 as 1 — 00, the theorem follows from above. O
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In the line of Theorem 9 and with the help of Lemma 2 one may state the
following theorem without its proof :

Theorem 10. Let f be a meromorphic function with non zero finite lower order
and g be an entire function with non zero finite order. Also let h be an entire
function such that pk~ (f) < oo and A" (g) > 0. Then for every positive constant
A and every real number «,
log T; ' Troq(r
lim sup 8T ol )1+a =00
r—oo {log Ty, 'Ty(rA)}
Theorem 11. Let f be a meromorphic function and g be an entire function with
non zero order. Also let h be an entire function such that 0 < \£™ () and pt™ (g) <
o0o. Then for every positive constant A and every real number «,
log T; ' Troq(r
lim sup 8T Tioq )1+a = 00
roree {log T, 1Ty (r4) }
Theorem 12. Let f be a meromorphic function with non zero finite lower order
and g be an entire function with non zero finite order. Also let h be an entire
function such that 0 < A" (g) < pk™ (g9) < oo. Then for every positive constant A
and every real number a,

log T, ' Ty
lim sup il M g(r)1+a =00
r—oo {log Ty 'T,y(r4)}
We omit the proof of Theorem 11 and Theorem 12 as those can be carried
out in the line of Theorem 9 and Theorem 10 respectively.

Theorem 13. Let f be a meromorphic function with non zero finite order and lower
order. Also let g,h be two entire functions such that 0 < \E (f) < pk™ (f) < oo.
Then for every positive constant p and each o € (—00, 0) ,

log T Ty (1)}
lim inf{ 8 fl f g(r)}
r—oo log T, Ty (exp (r+))

Proof. If 1 + o <0, then the theorem is obvious. We consider 1 + o > 0.
Since T}, ! (r) is an increasing function of r, it follows from Lemma 3 for a sequence
of values of r tending to infinity that

log T) ' Trog(r) < logTy 'Ty (exp (r*))

=0ifu>Ag.

i.e., log Ty 'Trog(r) < (pﬁ (f)+ 5) [r* 4+ L (r*)] . (7)
Again for all sufficiently large values of r, we get that
log T, T (exp () = (M (F) =) [ + L ()] - (8)

Hence for a sequence of values of r tending to infinity, we obtain from (7) and (8)

that e
{log T, 'Tyo4(r) } < lon () + &) T+ L ()
log T), ' Ty (exp (1)) ~— [ri + L (r#)]

So from (9), we obtain that

: (9)
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This proves the theorem. (Il

Theorem 14. Let f be a meromorphic function with non zero finite order and
lower order. Also let g, h be any two entire functions such that ,0,%* (f) < o0 and
M (g) > 0. Then for every positive constant yu and each a € (—00,00),

{log Ty Tyoq(r)} ™

=0ifu> A, .

The proof is omitted as it can be carried out in the line of Theorem 13.

Theorem 15. Let f be a meromorphic function with finite order and g be an entire
function with non zero finite lower order. Also let h be another entire function such
that )\ﬁ* (f) >0 and pﬁ* (g) < oo . Then for every positive constant p and each
a € (—00,00),

=0ifu> A, .
r—oo log Ty ' T (exp (r+)) I g
Theorem 16. Let f be a meromorphic function with finite order and g be an entire
function with non zero finite lower order. Also let h be another entire function such
that 0 < )\ﬁ* (9) < pﬁ* (g9) < 0o . Then for every positive constant p and each
o € (—00,00),

=0ifu> A, .

We omit the proof of Theorem 15 and Theorem 16 as those can be carried out
in the line of Theorem 13 and Theorem 14 respectively with the help of Lemma 4.
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