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THE TOPOLOGICAL GROUPS OF TRIPLE ALMOST
LACUNARY x*® SEQUENCE SPACES DEFINED BY A ORLICZ
FUNCTION

DEEPMALA!, N. SUBRAMANIAN?, LAKSHMI NARAYAN MISHRA3-*

ABSTRACT. In this paper we introduce a new concept for almost lacunary in
topological groups of x? sequence spaces strong P— convergent to zero with
respect to an Orlicz function and examine some properties of the resulting
sequence spaces. We also introduce and study statistical convergence of almost
lacunary in topological groups of x3 sequence spaces and also some inclusion
theorems are discussed.

1. INTRODUCTION

Throughout w,x and A denote the classes of all, gai and analytic scalar
valued single sequences, respectively. We write w? for the set of all complex triple
sequences (Tmnk), where m,n,k € N, the set of positive integers. Then, w® is a
linear space under the coordinate wise addition and scalar multiplication.

We can represent triple sequences by matrix. In case of double sequences we
write in the form of a square. In the case of a triple sequence it will be in the form
of a box in three dimensional case.

Some initial work on double series is found in Apostol [1] and double sequence
spaces is found in Hardy [5], Subramanian et al. [10-12], and many others. Later
on investigated by some initial work on triple sequence spaces is found in Sahiner
et al. [9] , Esi et al. [2-4], Subramanian et al. [13-15], Prakash et al. [16-19],
Deepmala et al. [21], Mishra et al. [22-24] and many others.

Let (mnk) be a triple sequence of real or complex numbers. Then the series
Z:,n,kzl Tmnk 1S called a triple series. The triple series Z;’f’n’kzl Tmnk give one
space is said to be convergent if and only if the triple sequence (Sy,k)is convergent,
where

.k
Smnk = Zzn,]:;:l -Tijq(m, n, k= 1, 2, 3, ) .
A sequence = = (Znk)is said to be triple analytic if

1
Supm,n,k |xmnk| mEntk < 00.
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The vector space of all triple analytic sequences are usually denoted by A3. A
sequence & = (Zynk) is called triple entire sequence if

1
|Zmnk| ™ FE — 0 as m,n, k — oo.

The vector space of all triple entire sequences are usually denoted by I'®. Let the
set of sequences with this property be denoted by A3 and I'® is a metric space with
the metric

1
d(.’l?, y) = SUPm,n,k {|xmnk - ymnk| mAntk m,n, k- 17 2a 37 } ) (1)

forallz = {@ ik} andy = {Ymnk } in 3. Let ¢ = { finite sequences} .

Consider a triple sequence & = (Zpni). The (m,n, k)" section ™™+ of the

sequence is defined by z[™"k = ZZ}’Zﬁoxijq‘sz‘jq for all m,n,k € N,
(0 0 .0 0 |
0 0 .0 O
(Smnk:
0O 0 .1 0
00 .0 0 ..

with 1 in the (m,n, k)*" position and zero otherwise.

A sequence x = (Zynk) is called triple gai sequence if ((m + n + k) |2 mnk|) TR
0 as m,n, k — oo. The triple gai sequences will be denoted by x3.

2. DEFINITIONS AND PRELIMINARIES

A triple sequence & = (Zpnk) has limit 0 (denoted by P — lima = 0)
(i-e) ((m +n + k) i)/
as P — convergent to 0.

By X , we will denote an abelian topological Hausdorff group, written additively
which satisfies the first axiom of countability.

— 0 as m, n, k — co. We shall write more briefly

2.1. Definition. A Orlicz function was introduced by Nakano [20]. We recall that
a modulus f is a function from [0, 00) — [0, 00), such that

(1) f(z)=0if and only if x =0

(2) 7@ +y) < f@)+f (), forall o >0,y >0,

(3) f is increasing,

(4) f is continuous from the right at 0. Since |f (z) — f (v)| < f (| — y|) , it follows
from here that f is continuous on [0, c0) .

2.2. Definition. A triple sequence z = (Tmnx) € X of real numbers is called
almost P— convergent to a limit O if

pP_
Ui g0 SUP s 120 07 Do te ' Yot St (ot ) )/

that is, the average value of (k) € X taken over any rectangle
{(myn,k):r<m<r+p—-1,s<n<s+qg—1,t<k<t+u—1} tends to 0 as
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both p,q and u to oo, and this P— convergence is uniform in r, s and ¢. Let denote
the set of sequences with this property as [XS] (X).

2.3. Definition. The triple sequence 0; ¢ ; = {(m;,n¢, k;)} is called triple lacunary
if there exist three increasing sequences of integers such that

mo=0,h; =m; —m,_1 — o0 as i — oo and
ng =0,hy =ny —ny_1 — 00 as £ — oo.
kzon,hj:k:j—kj_laooasj%oo.
Let m; ¢ ; = minek;, hig; = hihehj, and 0, ¢ ; is determine by
Lo ={(mmn k) mi_1 <m<myandng_1 <n <ngandkj_1 <k <k;},q =G =

mp—1’

nye —_ k]‘

neﬂ’q] kj_1°

2.4. Definition. Let f be an Orlicz function and P = (p,,.k) be any factorable
triple Sequence of strictly positive real numbers, we define the following sequence
space: X} [AC, ,,, P] (X) =

Pmnk
{P — llmil’jm Zmel,-,z,,- Zneh“ Zkeh’” {f (m+n+k)! \xm+r,n+s,k+t|)1/m+n+k] =0, } ,
uniformly in r, s and t
We shall denote Xf [ACy,, ,, P] (X) as x* [ACy, , ,, P] (X) respectively when
DPmnk = 1 for all m,n and k If z is in y [AC@I i ] (X), we shall say that z is

0,59

almost lacunary x® strongly P—convergent with respect to the Orlicz function f.
Also note if f(z) = z,pmnr = 1 for all m,n and k then Xf [AC’QMJ, ] (X) =

3 [ACy,,,] (X) which are defined as follows: x* [ACq, , ] (X) =

. 1/m+n+k
P - llmiaémjﬁfj ZmEIi,L]‘ Zneli,z,j E}CEILZJ |:f ((m Trt k) ‘xm+r,n+s,k+t|) / :| =0, } ’

uniformly in 7, s and ¢.
Again note 1fpmnk = 1 for all m, n and k then Xf [AC& i } (X) = Xf [AC’gl “] (X).

we define Xf [Acelzﬁ ] (X) =

1 +n+k Pmnk
- zzmi,e,jm 2 omeli s 2l gy 2okeli e [f ((m 1+ B @t s gere) e } =0, } )

uniformly in 7, s and ¢.

2.5. Definition. Let f be an Orlicz function P = (pnk) be any factorable triple
sequence of strictly positive real numbers, we define the following sequence space:

X [P () =
. m 1/m4n+k Pmnk
{P = limp qusoo s Sy S0 Sy [F (010 B o) = 0,

uniformly in r, s and ¢.
If we take f (z) = &, pmni = 1 for all m,n and k then x} [P] (X) = x* (X).

2.6. Definition. Let 60;,; be a triple lacunary sequence; the triple number se-
quence x is S@i ¢,j — P— convergent to 0 then

1 E
Ptimi,g i iomaze | {(mn, k) € L o £ (0m 41+ ) m s sers — 0DV} =
0.

In this case we write m —lim (f (m+n+ k) Tmirnts kit — o)1/ mntk — .
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3. MAIN RESULTS

3.1. Theorem. If f be any Orlicz function and a bounded factorable positive triple
number sequence p,,,x then X?’e [AC@LM , P] (X) is linear space
Proof: The proof is easy. Theorefore omit the proof.

3.2. Theorem. For any Orlicz function f, we have x* [ACy, , ] (X) C [ACgZ ] (X)
Proof: Let € x® [ACy, , ;] (X) so that for each r, s and u
X [ACs,,,] (X) =

{llm@&jm ZmGI“{J Zneli)[,j Zkel,;,g,j |:((m +n+ k)' Ixm+r,n+s,k+u|)
Since f is continuous at zero, for € > 0 and choose § with 0 < § < 1 such that

f () < e for every ¢ with 0 < ¢t < §. We obtain the following,

%Zj (hieje)—‘rﬁﬁ Zmeli,m Zneli,e § and [T pr nis kru—0[>8 f [((m +n+k)! |$m+r,n+s,k+u|)
ﬁl’j (higjf) + ﬁ“K(Silf (2) higj X [ACgl . ]] ( ) .

Hence 4, £ and j goes to infinity, for each 7, s and u we are granted x € X?v [ACy, ,,] (X).

1/m4n+k| _ 0

1/m+n+ki|

3.3. Theorem. Let ;o ; = {m;,ns, k;} be a triple lacunary sequence with limin f;q; >
17 liminfoqge > 1 and liminfjq; > 1 then for any Orlicz function f, Xz;’c (P)(X) C

Xf (Aceleja ) (X)
Proof:  Suppose liminfiqg; > 1, liminfige > 1 and liminf;q; > 1 then there
exists 6 > 0 such that ¢; > 1+ 5 q@ > 1+ 0 and ¢; > 14 ¢ This implies

e = Ths w2 145 and 2 1+5 Then for z € Xf (P)(X), we can write for
each r, s and u.

1 +n+k Pmnk
Bij = ﬁlh Zmeli,e,j Zneli,“ Zke[m&j f {((m +n+ B2t ntskul) frctn } =

. k. Pmnk
h7:1e7~ D omet Dnet Zki1 f [((m +n+k) |$m+r,n+s,k+u|)1/m+n+k} -
. )1/m+n+k:| Pmnk _

m7.1 n/l

|:((m +n+ k)' |$m+'r,n+s,k+u|

_ ki 1 + +k3 Pmnk
hilzj Zw}, mi_1+1 ZZ‘Z 11 Zk;f [((m +n 4+ E) Tt ngs ktul) fmotn } -

1 + +k: Pmnk
jZk kj+1 D 11 et [((m+”+k)!|$m+r,n+s,k+u|) et }

p 4}6 . 1 + +k Pmnk
= % (mmakj Zm=1 n=1 215:1 f {((m +n+k)! |xm+r,n+57k+u|) fmetn } )7

— o_1k;_ i— 1 Tntk Pmnk
e 12:“1 = (ml m; 1kj—1 Zm ' Zn[ ' Zk {((m—kn—i—k)! |xm+r,n+s,k+u|) frtn ] )
ki 1 +ndk Pmnk
- h]m,l <kj171 Zm mi_1+1 Zn[ ' Zk W f [((m+n+k) |Ztrnts,ktul) fmtn } )
B 1 +n+k Pmnk
- Yililjl (Tbelf1 sz mp— 1+1 "2 ' Zk 1 f ’ITL +n+ k |‘Tm+7“,n+37]€+u|) i :| )_

B 1 +n+k Pmnk
Tt (e L oy S (0 ) )]

Since = € X? (P) (X) the last three terms tend to zero uniformly in m,n,k in the
sense, thus, for each r, s and u

. ks i kj 1 k Pmnk
Bi’é’j - m;:;] ) (mﬂlukj 22:1 Zil ijzl f [((m +n+ k)! |xm+r,n+s,k+u|) fmtnt } )_

. ki 1 +n+k Pmnk
- IZZ_,»I = <m1 1me_1k;_1 Zmz IZ’” IZk [((m+n+k)!|$m+r,n+s,k+u|) fmtn } )—i—
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O(1).
Since hje; = mynek; —m;_1ne—1kj—1 we are granted for each r, s and u the following
msnekj < 1+6 and mi—1ng_1kj_1 < 1
ilj hiej 0

The terms
(5 S Sy S £ [t )Y gk

my— n 1/m4n-k]Pmnk
(WZ i Dl iy [((m+n+k)!Iwm+r,n+s,k+u\) fnt } )

are both gai sequences for all 7, s and u. Thus By is a gai sequence for each r, s
and u. Hence = € x% (ACy, , ;, P) (X).

DY Y and

3.4. Theorem. Let 6, ¢ ; = {m,n, k} be a triple lacunary sequence with limsup,g, <
oo and limsup;q; < oo then for any Orlicz function f, Xf (AC@1 ' ) (X) C
X} (p) (X).

Proof: Since limsup;q; < oo and limsup;q; < oo there exists H > 0 such that
¢ < H, § < H and ¢; < H for all i,¢ and j. Let z € Xf (AC@lZ], )(X) Also
there exist ig > 0,4y > 0 and jo > 0 such that for every a > iy b > £y and ¢ > jj
and r, s and u.

’

A =

abc

(D DL A DA DI A [((m 1 k) @ mer s b
0asm,n,k — oco.

Pmnk

Let G :max{A;’b’C:ISaSio, 1<b<¥y and 1 Scﬁjo} and p,q and ¢ be
such that m;_; <p <m;, ne—1 < g <ngand m;_; <t < m;. Thus we obtain the
following:

ﬁ D1 D1 22—1 {((m + 0+ E) T nts kel
< i S T Tila [((m o m o ) i)
< m Yot Zb:l >

(Zmefa,b,c Znefa,b,u Zkefa,b . [((m +n+ k) Tmtrnts k+u|)1/m+"+k}pmnk)

1 o Lo ]0 ! 1 !
mi_1ng_1k;j_1 Za 1 b=1 ha b CAa b C+7nk 1ne—1kj—1 Z(zo<a<z) Uo<b<0) U(Go<e<y) h’lhbyCAa b,c

)1/m+n+k:| Pmnk

! .
G 1 /
< mi_1ng—1k;j_1 Z Z c= 1 ha bC+m1 1ne—1k;j—1 Z(lo<a<1)U(£0<b<£)U(JO<C<J) ha bcAa b,c
’
G mi ne,kjgiolojo 1
020 Fig
= mi—1ng_1kj_1 mi_1ng—1Jj-1 Z(i0<a§i)U(50<b§€)U(jo<CSj) ha’b’cAayb,C
!’
G mignegr; iolojo !
Jjo . . 1
< mi_ine_1k;_1 +(5Upa2m Ub>4, UcZgoAa,b,c) mi_1me—1kj—1 Z(i0<a§i)U(Zo<b§Z)U(j0<c§j) hapb,e
’
< G mignegi; tolojo ¢ h
—  my_ing_1k;_1 mi_1ng—1kj_1 Z(i0<a§i)U(50<b§5)U(j0<CSj) a,b,e
!’
G miynegk,; tolojo
< 70 P0G PTRIR + eH3.

mi_1ng—1kj_1
Since m;, ny and k; both approaches infinity as both p, ¢ and ¢ approaches infinity,
it follows that

: 1/mng k] Prnk
S S S [ e B a7
0, uniformlyinr, sandu.

Hence z € x} (P) (X).
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3.5. Theorem. Let 0;,; be a triple lacunary sequence then

L

() (@) € X 55 (S, ) (X)
(i) (ACQMJ) is a proper subset of (5\
3

N—

(Y]
7

(iii) If z € A3 and (k) € X 5 x S@LM) (X) then (zpmnk) € X 58 (ACy, ;) (X)

() x* (Sor.0, ) (X)NAS = X3 [ACy, ,,] (X)NA%

Proof: (i) Since for all r, s and u

H(m, n, k) €ligj: ((m +n+ k)! |$m+r,n+s,k+u - 0|)1/m+"+k} - O‘ =
1/m+n+k

Zmefi,z,j Zneli,g‘j Zkelij,j and ‘xm+7‘,n+s,k+u‘=0 ((m +n+ k)! |$m+r,n+s,k+u - 0|) / S

1/m+n+k
Zmeh,e,j ZnGh,e,j ZkeIt,ﬂ,j ((m + n>! ‘xm+T,n+S,k+u - Ol) fmin ) for all TS and
U
P_llm%ev]ﬁ ZmEIi)gyj Z’I’LEILLJ‘ Zke]i,g’j ((m + n + k)! |xm+r7”+sak+u - O|)
0
This implies that for all 7, s and u

1/m+n+k

limi,gd—ﬁ H(m,n7 k)€ Lio;: (m+n+ k) Tmirntsktu — 0|)1/m+n+k - 0}‘ —
0.
(ii)let = (Tmnk) € X be defined as follows:

I T LA

(m+n+k)!

IR T /A2

(m+n+k)!

R /A2

(ajmnk:): L2 (m+n+k)! I B

Here x is an trible sequence and for all r, s and u
P—limi7g7jﬁ“ ‘{(m,n, ke Lio;: (m+n+k) Tmirntsktu — 0‘)1/m+n+k — OH —

m+n—+k 1/m+’l’b+k
P _ lzm 1 (m+n+k)! [4\/ hi,f,j _ O
489 hie g (m+n—+k)! o

—

Therefore (Zmni) € X - v (S ) (X). Also

LAY

. 1/m+n+k
P*llmi,é,jﬁ“ aneIl-l,j Zneli,g,j Zkeli,“ ((m +n+ k)‘ |$m+r,n+s,k+u|) /m+n =

m+4n m+n m+n+k 1/m+n+k
P—% <limi,e 1 ((m-&-n-&-k)![%/hi,z,j " +k[\4/hi,€.j i +k[\4/hi,e,j] i +k> _|_1> —

J hiygyj (er’ﬂJrk})' -
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1

5
p

Therefore (Zmni) € X /4 x* (ACs, ,,) (X).

(iii) Ifz € A® and (xmnk) €X 5 XS (%:Z) (X) then (xmnk) €X E) X3 (Acei,l,j) (X) .

1/m+n+k <

Suppose z € A3 then for all 7, s and u, ((m +n + k) |Tm4rnts k+u — 0])
M for all m,n, k. Also for given € > 0 and 4, £ and j large for all r, s and u we obtain
the following;:

%27 Zmeli,“ Znelud Zke[ud ((m+n+ k) Emsrntsk+u — 0])

1
m Zme]k’g Ene[i,gvj Zke]kye,j and |$m+r,n+s,k+u|20 ((m + n+ k)' |x77l+7'7n+37k+u

1/m+4n+k _

ﬁej Zmezi.w Znefi,e,j Zke]ud and | T romts hpu| <O ((m+n+E)Tmirnts ktu
< h]ivﬁj H(m,n, k)€ Lig;: (m4n+k) | Zmirntsitu — 0|)1/m+"+’“} =0/ +e
Therefore z € A® and (Zynk) € X LS X3 (5-:) (X) then (zpnk) € X LY
x* (ACq,,,) (X).

(iv)x? (§\) (X) A% = 3 [ACy, , ] (X)) A®. follows from (i),(ii) and (i),

3.6. Theorem. If f be any Orlicz function then X:;’c [ACgiWM] (X) ¢ x® (S/QM\J> (X)

Proof: Let x € X?} [AC’@LM] (X), for all r, s and wu.
Therefore we have

1 +n+k
T Yty Sonetn, Sherso, £ |4+ B) omnsoprn — 0N ] >
1

higj Zmeli,(,j ZnGIMJ Zke]ud and ‘zm+7',n+s,k+u|:0
[0+ 14 B s — O]
T ) [{mn k) € L = (m 40+ B)! et — 0DV = 0]

Hence r € X ¢ 3 (S/Q—TJ) (X).
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