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GLOBAL EXISTENCE AND STABILITY OF SOLUTIONS
FOR A NONLINEAR WAVE EQUATION

GIAI GIANG VO

ABSTRACT. The paper is devoted to the study of a nonlinear wave equation
with mixed nonhomogeneous boundary conditions. Existence of weak solutions
is proved by applying the Galerkin method associated with a priori estimates,
weak convergence and compactness techniques. Uniqueness and stability of
the solutions are also established.

1. INTRODUCTION

In this paper, we consider the following nonlinear wave equation with mixed
nonhomogeneous boundary conditions

Ut — Uge + [z, u,u) =0,0<2<1,0<t<T, (L.1)
(1, 1) =0, (1.2)

1 (0, ) = /O g(t = s)u(0, s)ds + h(u(0, 1)) + k(t), (1.3)
U(l’,()) = 'U,O(iL'), ut(x,O) = Ul(x)a (14)

where ug, u1, f, g, h, k are given functions satisfying conditions specified later.

The problems of wave equations have been studied by many authors, we can see
in the works [1,2,4 — 6,8 — 15]. Below are some typical works.

A. Dang and D. Alain [4] studied a special case of the problem (1.1)-(1.4) with
g=h=0and f(z,u,u) = |u|” *u;, 1<p<2.

In [13], J. Rivera and D. Andrade gave the global existence and exponential
decay of the solutions of the wave equation with a viscoelastic boundary condition

usr — (p(ug))s + fz,t) =0, (1.5)
w(0,1) = 0, u(1,1) :/0 gt — $)plun(1, 5))ds + k(1), (1.6)
u(xvo) = uo(x), Ut(l', 0) = ul(‘r)v (17)
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where ug, u1, f, g, k, p are given functions. In this case, the problem (1.5)-(1.7)
is a mathematical model for a nonlinear one-dimensional motion of an elastic bar
connected with a viscoelastic element at an end of the bar.

In [5], N.T. Le et al. considered the following problem

uge — (p(x, t)ug) e + f(u) + Aug =0, (1.8)
p(0, £)u (0, ) = /0 golt — $)u(0, 5)ds + ko (1), (1.9)
(1 D (1,1) = /0 1 (t = s)u(l, s)ds + ki (£), (1.10)
u(z,0) = uo(z), w(x,0)=ui(z), (1.11)

where A is a constant and ug, w1, f, go, 91, ko, k1, p are given functions.
In [10], Nguyen and Giang Vo obtained the asymptotic expansion of the weak
solution of the following problem in four small parameters (K, A, h, ¢)

Upt — Uge + Ku+ dug + f(z,t) =0, (1.12)

u(l,t) =0, (1.13)

uz(0,t) = /t g(t — s)u(0, s)ds + hu(0,t) + euy (0, t) + k(¢), (1.14)
0

u(z,0) = ug(z), wu(x,0)=ui(z), (1.15)

where K, A, h, ¢ are given positive constants and ug, u1, f, g, k are given functions.
M. Bergounioux et al. [2] established the global existence of weak solutions of
the linear wave equation given by
Upt — Uy + Ku+ Aug + f(z,t) =0, (
uz(0,t) = v(¢), (
ug(1,t) = —du(l,t) — eu(1,¢), (1.18
U(l‘,O) ZUO(x)v Ut(JL',O) :ul(x)a (
where K, A, §, € are positive constants and wug, uy, f, k are given functions. Also,

the unknown function w(z,t) and the unknown boundary value wv(t) satisfy the
following Cauchy problem for an ordinary differential equation

"(t 2u(t) = huw (0, 1),

v ( )+M U(/) utt( 9 ) (120)
v(0) = vy, v'(0) = vy,

where ¢ > 0, h > 0, vg, v; are constants. It is worth noting that the equation

(1.20) is equivalent to

v(t) = /0 g(t — s)u(0, s)ds + hu(0,t) + k(t), (1.21)
where

{g(t) = —husin pt, (1.22)

k(t) = [v1 — hu1(0)] S%“t + [vg — hug(0)] cos ut.

In this paper, we consider two main parts. In Part 1, we prove the existence and
uniqueness of the weak solution of the problem (1.1)-(1.4). The proof is based on
the Galerkin method and the weak compact method associated with a monotone
operator. Finally, in Part 2, we prove that the solution of this problem is stable
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with respect to the data. These results are considered as the relative generalization
of the works [4, 9, 14, 15].

2. THE EXISTENCE AND UNIQUENESS OF SOLUTIONS
Firstly, we denote by (-,-) and ||-|| respectively the scalar product and the norm
in L2(0,1).
Let u(t), o/ (t) = u(t), u”(t) = up(t), ue(t) and uy,(t) denote u(z,t), 2 S (x, 1),
?_;3 (r,1), 5 %4 (z,t) and 9 5.z (2, 1) Tespectively.
Next, we deﬁne a closed subspace of the Sobolev space H'(0,1) as follows

H={ueH(0,1) =0}, (2.1)
with the following scalar product and norm
(u,v) g = (e, v2)  and  lully = [Juzl|. (2.2)
We have the following results
Lemma 2.1. The embedding H — C°([0,1]) is compact and
Il gogouy < lully < lull a0y < VeIl forall we B (2.3)

Lemma 2.2. Let € > 0. Then
2 2 1 2
lolsgony < el + (14 1) oI, for att we O, 24

The proofs of these lemmas are simple, we omit the details.
We make the following assumptions
(A1) up € H and u; € L?(0,1),
(AQ) 9, ke WLI(OvT)a
(A3) h € C*(R) and there exist positive constants a, b such that

/ h(z)dz > —au® — b, for all u € R,
0

(A4) The function f € C°([0,1] x R?) satisfies the following condition
[f(z,u,v1) — f(z,u,v2)](v1 —v2) >0, for all x € [0,1] and u, v, vy € R,

(As) There exist a constant p > 1 and positive functions f € C°([0,1] x R),
D1, pg € C°([0,1]), q1, g2, 71 € L'(0,1) such that
() [y f(@,2)dz > —p1(z)|ul’ — q1(z)u® — ri(z), ae. z €[0,1] and u € R,
(i) [f(z,u,v) — Flz,w)]v > pa(a)|v]’ — go(2), ae. z €[0,1] and u, v € R,
(Ag) For every M > 0, there exist positive functions ry; € C°([0,1] x R) and
(pars qar) € C°([0,1]) x LP'(0,1), p’ = p/(p — 1), such that
() |f(z,u,0)] < par(@)|o]”~ +qu(z), ae. 2 €[0,1], u € [-M, M] and v € R,
(i) |f(z,u1,v) — f(z,u2,v)| <rp(x,v)|u; —us|, ae. z €[0,1], u; € [-M, M]
andveR,i=1,2,
(iii) ras(x,v) € LY(0,T;L?(0,1)), for all z € [0,1] and v € L>=(0,T; L?(0,1)).

Remark 2.3. We consider the following functions

{ﬁ%ww=h¥”v+wmwmw“%+ﬂ@WN”u+%m,
Fla,u) = Bl u+ (),
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where p, ¢, 7, 6 are constants, with r > 2, 6 > 1, 1 < ¢ < min{p, 2} and «, 3, v are
nonnegative continuous functions on [0, 1]. Then

[f(@,u,01) = f@,u,02)] (01 — v2) = (i [" 201 — 0P v2) (v1 — v2)

+al(@)[ul’ (Jv1 7201 — Jva] T Pv2) (v1 — va) > 0,

| Pt = )™ 4wz g - 322,
[f(z,u,0) = Flz,u)lo = [of” + a(@)|ul’[o]? > |vf?,
for all z € [0,1] and u,v, vy, vy € R. Also, we have
f(@,u,0)| < [MPa(z) + 1ol + [MPa(z) + M™71B(x) + v(x)],
|f(@,ur,0) = f(x,uz,0)] < M a@) o] + 1M 28 (x)] Jus — ua

for all x € [0,1], u,u1,us € [-M, M] and v € R.
Therefore f satisfies the assumptions (A4)-(Ag).

Under the above assumptions, we obtain the following theorem

Theorem 2.4. Let the assumptions (A1)-(Ag) hold. Then the problem (1.1)-(1.4)
has a unique weak solution u such that

w€ L>®(0,T; H), us € L>=(0,T; L*(0,1)) N L*((0,1) x (0,T)),

- (2.5)
u(0,-) € W Lmin{p ’2}(0,T), P =p/lp—1).

Proof of Theorem 2.4. The procedure includes four steps as follows.
Step 1. Galerkin approximation(see [7]). We use a special orthonormal base of H

on(z) = /2/(1 + p2) cos(pix), e = (2k — 1)%, k=1,2,.... (2.6

We find the approximate solution of the problem (1.1)-(1.4) in the form
k=1

where the coefficient functions w,,x(t) satisfy the following system of nonlinear
differential equations

<u:;z(t), Spk> + <umz(t)a (pkw> + Um(t)(pk(o) + <f('7um(t)7ulm(t)>7 ka> =0, (2'8)

o () = /O gt = $)um(0, 8)ds + h(um(0,0)) + k(t), k= T,m,  (2.9)

with the initial conditions
U (0) = Ugm, = AmiPr — Ug strongly in H*(0,1),
kel (2.10)
ul,(0) = urm = Y bmrpr — uy strongly in L2(0,1).
k=1
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Therefore, the system of the equations is written in the form

Wik (8) + Hiwmi (t) = —(pi”g [0m (£)2k (0) + (f (s tm (), usn (1), 00)] 5 (2.11)
v () = /0 g(t — s)um (0, s)ds + h(un(0,%)) + k(t), (2.12)
Wink(0) = amp, whp(0) =bpr, k=1,m. (2.13)

We shall require the following lemma
Lemma 2.5. Consider the following differential equation
y'(t) + 1Py(t) = (1), 0 <t < T,
{y(O) =0, ¥'(0) =w1.

where > 0, yo, y1 are constants and ¢ € C°([0,T]). Then the general solution is
given by

(2.14)

sin ut

1/t
y(t) = yo cos ut + y1 + ;/ sin u(t — 8)p(s)ds. (2.15)
0

The proof of this lemma is simple, we omit the details.

Putting p(t) = sin(prt)/pr, we deduce Lemma 2.5 and (2.11)-(2.13) that

Wik (t) = amrpl(t) + bmepr(t) / ds/ pi(t (s = T)um(0,7)dr
9 t
- — pr(t — s)[h(um(0,s)) + k(s)|ds
57 | prlt = ) 0.5)) + k(o)
9 t
s [ = 9) () (0D ) ds, k=T
©1(0) Jo
(2.16)
Applying the Schauder fixed-point theorem, then the system (2.16) has a solution
(Wm1sWma, - - -y Wmm ) on an interval [0, 7T,,]. Hence, the system (2.8)-(2.10) exists a

solution uy, (t) on [0,T,,]. The following estimates allow us to take T,,, = T, for all
m € N (see [3]).

Step 2. A priori estimates. Substituting (2.9) into (2.8), multiplying the jth
equation of (2.8) by w/, . (t) and summing in k, then integrating with respect to
time variable from 0 to ¢, we obtain

1 UOm, (13) Y uOnL(O)
E,(t) = En(0) + 2/ / f(z, z)dzdx + 2/ h(z)dz
0o Jo 0
U, (0,t) t s
- 2/ hz)dz — 2/ ul, (0, s)dr/ g(s — T)um (0, 7)dr
0 0 0

o~

=2 [ (605 = Tt (66, 5)) s

(z,t)
—Q/k Yt 1 (0, 8) 8—2// f(z, z)dzdx

Uom (T A uOm(O)
0)+2/ / xzdzdm+2/ dz—l—ZIk(t),
o Jo
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where
2 2
En(t) = llum @O + lluma ()" (2.18)
We shall estimate respectively the following terms on the right-hand side of (2.17).
Estimating I;(¢). Using the following inequality

1
2ab < ea® + —b?, for all a,beR, € >0, (2.19)
g

and Lemma 2.2, it follows from (2.17) and the assumption (Aj3) that

um(07t) 1
L(t) = 72/ h(z)dz < 2ae[tme ()] + 2a (1 + 6) [t ()])* 4 20 (2.20)
0

On the other hand

2

t t
lum ()2 = u0m+/0 o (s)ds §2||u0m||2+2t/0 En(s)ds.  (2.21)

Therefore
1 ¢ 1 5
I(t) < 2eaE,,(t) + 4at | 1+ R E,(s)ds+4a |1+ - lwom|l” + 2b. (2.22)
0

Estimating I5(t). By using integration by parts, gives

L(t) = 72/0 ul, (0, s)ds /OS 9(s — T)um (0, 7)dr
— 2u(0,1) /0 g(t — 5)m (0, 5)ds
+2/0 U (0, 8) {g(O)um(O,s) +/0 g’ (8 — T)um (0, 7)dT | ds
<2190)] [ Bu(s)ds +2VE [ lalt =) VE s
+ 2/0 \/ Ep(s)ds /OS lg'(s = 7)| \/Em(7)dT

:2|I<;(0)|/0 En(s)ds + J1(8) + Ja(8).

(2.23)

By the inequality (2.19) and the Cauchy-Schwartz inequality, we estimate without
diffculty the following integrals in the right-hand side of (2.23) as follows

1u(t) = 2B (D) / gt — )| /B ()ds

(2.24)
1, ¢
<eBEn(l) + - l9ll720,7) | Ey(s)ds,
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t S
t) = 2/ \/Em(s)ds/ lg'(s — T)|\/Em(7)dT
0 0

t t s
< [ Bads £ 1 s, [ s [ 1/ =) B(rir
t t t
— [ Bnlolds + 190, [ dr [ 195~ 0 En(r)ds
t
< (119" 1310 + 1 /Em s)ds
(I9'Nz: 02y +1) | B

It follows from the estimates Ji(¢) and Ja(t) that

(2.25)

1 9 ¢
I(t) < eBpn(t) + (E ||g||2L2(o,T) + 19" 21 0,7y + 219(0)| + 1) /O E(s)ds. (2.26)

Estimating I3(t). Setting with § = m[%)nl] p2(x) > 0. From assumption (As)-(i7), it
zE

is clear to see that

13u>2jﬁt<fc,um<@,u;(@>”b,um<@>n4n@>>ds

. (2.27)
< =28 [ a0 (0.1 5+ Tl 0,0
Estimating I4(t). It follows from assumption (As) that
t
t) = —2/ k(s)u,,(0,s)ds
<eBy, / k(s (2.28)

+- ||k||L<x>(o,T) + 1K N 10,7y + 215(0)uom (0)]-

Estimating I5(t). By the assumption (As)-(¢) then

um x, t A
= —2/ / f(z, z)dzdx
(2.29)

1
s/ (WMMWM+Am®WMMWM+MMmm

0

Applying the following inequalities

(a+b)P < 2P~ 1 (aP? 4 bP), for all a, b > 0, (2.30)
ab < ea? + C(E)bp/7 forall a, b >0, € >0, (2.31)
where p’ = p%, = pi , we arrive at

P
[[um (t ||Lp(o 1) (um HLP(O 1yt H/ >
r(0.1) (2.32)
l(u%m2+TPIA|ma@H$mMM),

IN
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ds
Lr'(0,1)

t
-1
e ()00 < o+ [ () [ ()|

t t
< ool + [ (6 oy 4542 CCE) [ (o0
(2.33)
Consequently

t
im0 < [1 4279 TCE)] Ttomly + & [ (o) o do
(2.34)
210 [ [
Using Lemma 2.2, it follows from (2.21) that
1 9 1 t
[ @l 0fir <2 (14 ) Il [ Bnlods
0 0
1
+ el Bn® +2 (14 1 ) ol 100y

(2.35)
By (2.29), (2.34) and (2.35), it follows that

t s t
L(t) < M} / ds / et (P12 0,007 + €llP1 e 0.1 / et ()% .1, s

t
M3 / En(3)ds + el 11 1) Eon (£) + My,

(2.36)
where
M} = 2q71ppqu710(5)le||L°<>(0,T)’
M2 =2T(1+1) ||,‘11||L1(0,1)7
My = [1+ 2 TC(E)] P11 0.1 0m (2:37)

1 2
2 (14 2 ool s 03y + Il

By the assumptions (Aj)-(A43), (As) and the imbedding H'(0,1) — C°([0,1]) ,
there exists a positive constant M such that

uom () __ uom (0)
—|—2// fxzdzdac+2/ h(z)dz
0

(2.38)

Combining (2.17), (2.18), (2.22), (2.26)-(2.28) and (2.36)-(2.38), we obtain after
some rearrangements

t
(1= 003) B 1) + (26 = <l | (o) 50y
(2.39)

/MT ds+MT/ ds/ [lul,( )||ip(071)dT+M751.
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where
M} = laull Lo,y +2a+2,
2
Mz (s) = |K' ()| + (T + 2) 19l 70,7y + 219(0)] +4aT (1 + 2) + M7 + 1,
2
M2 = 2kl 70,7 + K Loy + Tllazll p2go,0) + M+ 20.
(2.40)

Choosing 0 < € < min {1/2Mg, 5/”,)1”Loc(o T)}, by the Gronwall inequality, then

. T
Eo(t) +25/ el ()11 0.1) ds < 2M5 exp </ [2M7(s) + M7 /5] ds) = M.
o 0

(2.41)
Next, we need an estimate on the term [; [u}, (0,5)|"ds, g = min{p',2}.
We set
(~ sin(pt)
o) =2 = (2.42)
k=1 luk?
3 sin(pkt)
hin(t) = Z 0k (0) | @mk cos(prt) + bk m
- - b sinfpu ( )] (2.43)
1 / sin|pg(t — s )
_2 f-jums’ums 790 dS.
,;‘Pk(o) 0 o < ( ( ) ( )) k>

In view of (2.7), (2.9), (2.16), (2.42) and (2.43), un (0,t) can be rewritten as follows

t
U (0,1) = hp () — 2/ gm(t — $)vm(s)ds. (2.44)
0
In connection with h,,(t), we have the following lemma

Lemma 2.6. There exist a positive constant C and a positive continuous function
¢ on the interval [0,T] such that

[ o) ds < ot0) [ 1 (6) Dy s+ Cr, (25
for allt €10,T7.

Proof of Lemma 2.6. Since pr(2 — z) = —pi(2), for all z € R, k = 1, m, without
loss of generality, we can suppose that 0 < T' < 1. Putting

B (8) = P () = @i (t) = 7 (2), (2.46)
with
Pm(t) =D 01 (0)bym cos(ut), (2.47)
k=1
Gm(t) =Y ©r(0)amp ik sin(pxt), (2.48)
k=1
m 1 t )
r(t) =237 iy [ cosbnlt = um(s) i) ) s (249)



116 GIAI GIANG VO EJMAA-2016/4(2)

On the other hand, using the following inequalities
(a+b+c)" < 3“1( T+ + "), foralla, b, e, d>0, r>1, (2.50)
a® < a—l—l—f foralla >0, r>s>0, (2.51)
r

then

[fm;&nwsss([fpm@nws+[fmmwnws+43n4@q@)
S3<Atﬂdﬁﬂk+xﬁ%M@%k+ljnA@Vﬁ)+9T

(2.52)
Now, we estlmate each term on the rlght hand side of this inequality
Estimating Jy (¢ fo lpm (s)>ds + fo |lgm (s)|°ds. From (2.10), it follows that

t) = / luim (s)|*ds +/ |ty ()P ds < JJusm| + [luom || < C. (2.53)

Estimating Ja(t fo 7 (s)|P ds. We note that
Z@
- os,ukﬁ
k=
t
:/ [ mezt—ﬂ)cosuk(x+9)dx

0 k=1

:/ 5,&1>(t,9)d9+/ 52 (t,60)ds,

0 0

/wwm—ﬂmwaﬁw@mww

do (2.54)

/ me x t_g)cosﬂk($—9)d$‘| de

with fi,(2,t) = f(z,um(x,t),ul,(x,t)). Now we require the following lemma

Lemma 2.7. Let ¢ > 1. We have

7(041)/2
/ Z . for all0 € (0.1) (2.55)

0/2 Slnp

where p, =p—1ifp €N, p, = [p] if p ¢ N, with [p] is an integer part of p.

Proof of Lemma 2.7. We consider two cases for p.

Case 1: p € N. We prove (2.55) by induction
It is easy to see that fﬂa(/gjl /2 Sl‘igz = 71'9 Hence, (2.55) holds for p = 2.

Suppose that (2.55) holds for p — 1, we prove that (2.55) holds for p. Indeed, by
means of integration by parts, we get

/w(9+1)/2 dz 2P=1 sinP (70 /2) + cosP(w0/2) N p—2 /n(9+1)/2 dz

N 0/2 sin? 22"
(2.56)

0/2 sinfz  p—1 sin? ™76 p—1
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Since |sinPz + cosPz| < 1, for all z € R, we deduce from (2.56) that

/7r(0+1)/2 dz - op—1 1 p— 2 /W(0+1)/2 dz
y sinfz ~ p—1sin?'70 p-—1 70/2 sin? "tz
=1 p—2%29k 1
s op—1 7. .k (257)
p—1sin’ 70 p—1L~ k sin"nf
p—1 o
2 1
< -
- ; k sin®r6
Case 2: p ¢ N. Applying inequality (2.55) with p replaced by [p] + 1, then
7(0+1)/2 d 7(0+1)/2 [] ok 1
/ ~i S/ [+1 Zi-k : (2.58)
78/2 sin”z 70/2 sin'? = k sin"6
The proof of Lemma 2.7 is complete. (I
By using the sum
2sin (mz/2) Z cos(ugz) = sin(nnz), for all z € R, (2.59)
k=1
and the inequality
(Zak> < aj, for all a1, as,...,a, >0, 0 <r <1, (2.60)
k=1

we deduce from Lemma 2.7 that

B sin mm(x + 0) .
/ Jmla sm[w(m +6)/2] d

1/2\7 merv/2 g, '
-(2 t—0) .
2<7T> 1fon(t = 2o 0,1) /Tre/2 sin’z (2.61)

1 9 1/p D« 2k5 1/
<3(2) 2(%) sl

k=1

= P(O) || fm(t — G)HLP'(OJ)'

’5%9 7%

67(3)(15, 0) verifies a similar inequality to (2.61). Finally, we obtain

’

@ < C( [ 6@t =000

< c( / tq/;(a)d@)p/_l / O Lt — O g d

(2.62)
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where C' is a positive constant. So using the Fubini theorem, we obtain

¢ P=1 s )
s <c( [ vom) [ [ 60— 0l s
t p'=1 .t gt
—-C 0)do O | Fl(s — OF, — dsdd
([ vo ) L[ ot =0, s .
¢ Pt ,
<o [ o) [ 15l s
t ’
= 0(0) [ 17 Cotn5) D o
From (2.52), (2.53) and (2.63), we get Lemma 2.6. O

Remark 2.8. Lemma 3 in [4] is a special case of Lemma 2.6 with ¢ = h = 0,
Fla uug) = P ug, 1< p<2.

To estimate fot [u’.(0, s)|?ds, we need the following lemma

Lemma 2.9. There exist positive constants Cp and Dt such that

/Ot /OS gr (8 — T)vg(7)dT

for allt €10,T7.

q t s
ds < CT/ / |ul, (0,7)|"drds + Dr, (2.64)
0 Jo

Proof of Lemma 2.9. Using integration by parts, we have

S

/S G (8 — 7)o (T)dT =g (8)vm (0) + / gm (s — 1)l (T)dT. (2.65)
0

0
By the inequality (2.30), we deduce from (2.65) that

[ stas = mpom(rrar|

. N (2.66)
< 2on Ol +2( [l ) [l
0 0
with ¢' = ¢/(¢ — 1). Moreover
1oll oo,y < T4~/ 0] L .y, for all v € L7 (0, 7). (2.67)

Thus

/ t [ st = mpom(rrar
< 2O [ lom(s)as +2( [ |gm<s>‘fds)q_l [ [ etrtaras

< 2l g [T (O] + O+ [ [ty o)
(2.68)

q

ds

Note that

o (t) = /O 9 (£ = )um (0, 8)ds -+ 1 (1 (0, £t (0, £) + g(0)tm (0, £) + K (£). (2.69)
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Using (2.10), (2.69) and the assumptions (As), (As3), then
i (®)] < (19122 0.2 + 19O)) Nt ll e 0,7
+ 11 co (= arp, arzp) 1 (0, 6)] + |5/ (2)] (2.70)
< Cr ([u, (0,8)] + [K' (1) + 1),

where Cr is a positive constant depending only on 7.
Using (2.50), (2.51) and (2.70), we get

/0 W ()% < O (/O [ (0, 7)1 + K12 .2 + 1) . (2.71)

By the imbedding H'(0,7) — C°([0,T]), it follows from (2.10), (2.68) and (2.71)
that

/

q t s
q / q
ds < ”gmHLQ’(O,T) <CT/O A |um(0”r)| drds + DT) .

/ (s — TYom(r)dr

(2.72)
Also, we have following lemma
Lemma 2.10. Let m € N. Then
m . t 4
lgm (8)] = Zsml(f"“) <1+, forall teR. (2.73)
k
k=1

The proof of Lemma 2.10 is straightforward, we omit the details.

By Lemma 2.10, then {g,,} is a bounded sequence in L9 (0,T). Using (2.72), we
get (2.64). Lemma 2.9 is completely proved. d

By Lemma 2.6, 2.9 and the inequality (2.30), we deduce from (2.44) that

t ¢ '
/ [l (0, 5)|ds < 2w(t>/ 17 Gt (), () 0.1, d5
0 0

P (2.74)
+ CT/ / lul, (0,7)|*drds 4+ Dr.
0 Jo
On account of the assumption (Ag)-(7), we have
| (@ (8), ()] < Pty (@) [l (OF ™ + Gty (). (2.75)
Therefore
||f("um7U%)Hm'((o,nx(om)) (2.76)
—1 1 :
< |lprir HL°°(0,1) ||Ulm||ip((o,1)x(o,T)) + T ||qMT||LPI(O,1) < Cr.
Using (2.74) and (2.76), it follows that
t t s
/ [, (0, 5)|"ds < CT/ / ! (0,7)"drds + Dr. (2.77)
0 0 Jo

By the Gronwall inequality, then

t
/ |, (0, s)|"ds < Drexp(TCr) = Dr. (2.78)
0
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Step 3. Limiting process. Due to (2.41), (2.76) and (2.78), by the Banach-Alaoglu
theorem, we can extract a subsequence of sequence {u,,}, still labeled by the same
notations, such that

Um, — U weakly* in L°°(0,T; H'(0,1)),
ul, —u weakly* in L°°(0,T; L*(0,1)) and
weakly in LP((0,1) x (0,T)), (2.79)

Um (0,) = u(0,-)  weakly in Wimintr".2}(Q T),
F(ttm,ul,)) = x  weakly in LP'((0,1) x (0,T)).

Thanks to the compactness of the imbedding W1min{?".2}(0, T') — C°([0,T]) and
Lemma of J.L. Lions [7], (2.79) leads to the existence of a subsequence still denoted
by {um}, such that

U, — U strongly in L?((0,1) x (0,T)) and a.e. in (0,1) x (0,7,
um(0,-) = u(0,-) strongly in C°([0,T7).
(2.80)
By means of the following inequality
[2(um (0,2)) = R(u(0, )] < 1h'l co (- yarz, iz [um (0,8) = u(0,8)]. (2.81)
Hence
h(um(0,1)) — h(u(0,t)) strongly in C°([0,T)). (2.82)
From (2.9), (2.80)2 and (2.82), we get
t
U () — / g(t — s)u(0, s)ds + h(u(0,t)) + k(t) = v(t), (2.83)
0
strongly in C°([0, 7).
Thus passing to the limit in (2.8) by (2.79)1,2.4 and (2.83) leads to
d
5 (W(@0),0) + (us(8), 02) + ()¢ (0) + (x(1), ) = 0, (2.84)
for all p € H, a.e. t € [0,T].
Furthermore, it is easy to show a similar way to [4] that
u(x,0) = up(x), u(z,0) =wui(x). (2.85)

To prove the existence of solutions of the problem (1.1)-(1.4), we have to show that
X = f(-,u,u’). We need the following lemma

Lemma 2.11. Let u be the weak solution of the following problem

Uy —Upe + F =0, 0<2<1, 0<t<T,

u(1,t) =0, uz(0,t) =v(¢),

u(z,0) = uo(x), u(z,0) =uy(x),

we L®(0,T; H), u € L=(0,T;L2(0,1)),

u(0,-) € L™(0,T), ve L™ (0,T), ¥ =r/(r—1), r> 1,
F e LY(0,T; L2(0, 1)).

(2.86)
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Then we have
t

eI + ua ()] + 2 / 0(8)ue (0, 5)ds + 2 / (F(-5), ue(s)) ds

> Ju* + lluos||*, ae. t € 10,7].

(2.87)

Equality holds in case uy = up = 0.
The proof of Lemma 2.11 is the same as Lemma 2.4 in [11].

We now return to the proof of the existence of a solution of the problem (1.1)-(1.4).
It follows from (2.8) and (2.9) that

2 [ (fCoum(s),um(s)), up(s)) ds
/0 (2.88)

t
2 2 2 2
= [luamI” + ltome I = llun, () = [[tma (D) —2/ U (8)tyn (0, 8)dls.
0

Applying Lemma 2.11, we deduce from (2.8)-(2.10), (2.79) and (2.83) that

2 lim sup / (ot (5), 1 (5)), 1l (5)) ds

m— o0

t
< [ + g |2 = lim inf [y, (6] — i inf [t (5] — 2 / o) (0, 5)ds
m oo m o0 0
2 2 2 2 ¢
< Jur]® + lou |2 = I DI = s (]I — 2 / o) (0, 5)ds

<2 / Oc(s). o (5)) ds.

(2.89)
Noting that

@m(t):/o (e um (), up (5)) = £ um(s5), 0(s)), tpn (5) — v(s)) ds > 0, (2.90)

for all v € LP((0,1) x (0,T)).
Besides, we deduce from the dominated convergence theorem that

f(tm,v) — f(u,v) strongly in L ((0,1) x (0,T)), (2.91)
where v € LP((0,1) x (0,T)). Therefore, from (2.79)3,4 and (2.89)-(2.91) that
0 < timsupi(t) < [ x(s) = Fluls). o), u'(s) = o(e)) ds. (202

In (2.92), choosing v(s) = v/(s) + ew(s), with £ > 0, w € LP((0,1) x (0,7)) and
using the same arguments of Minty and Browder [7], we arrive at x = f(-,u,u’).
The existence of solutions is proved.

Step 4. Uniqueness of the weak solutions. Let u; and uy be two weak solutions of
the problem (1.1)-(1.4) such that

{ui € L®(0,T; H), u'; € L=(0,T; L2(0,1)) N LP((0,1) x (0,T)), (299

u;(0,) € Whmin{e' .20, T), p' =p/(p—1), i =1,2.
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Then u = u; — ug is a weak solution of the following problem

Uy — Uge + f(- ur,uh) — f(uz,uy) =0,

u(1,t) =0, uzx(0,t) =v(t),

u(z,0) = u(x,0) =0, (2.94)
o(t) = Jy 9t = s)u(0,1)ds + Zl( D" h(ui(0,1)).

Applying Lemma 2.11 with ug =u; =0, F = f(-,u1,u}) — f(-, uz,u)), we have

E(t) = —2/0 (F( ur(s),ui(s)) = f( ua(s), us(s)),u'(s)) ds

¢
— 2/1/(0, s)
5 i

- 2/0 v (0, s)ds/o k(s — )u(0,7)dr = z_: Ji(t).

where E(t) = |[u’())[” + lua (t)].
Estimating J;(¢). Using the assumptions (A4) and (Ag)-(i¢), we obtain

Jﬂﬂ=—?£<ﬂum@%%®D—fhuﬂ@w%@%w@»%

—1)' " h(u (0, 5))ds (2.95)

2
=1

<f(/<ﬂ wr(s), ub(3)) — £ ua(s), ub(s)), ' (5)) dis

(2.96)
< 2/ s (- u ()l ()| ' (5) | dis
SAHMAﬂMﬁME@MS
with M = ||u1||L(x,(O7T;H) =+ ||u2||L°°(O,T;H)'
Estimating J2(t). Putting car = [|hl|c2(_ps,ar)) - Integrating by parts, then
t 2
Jo(t) = / 0,) S (= 1) h(us (0, 5))ds
1,=1
td
:72/ (0,s)d /— (uz2(0, s) + 0u(0, s))db
o db
— u2(0,1) / B (us (0, £) + 0u(0, ))d6 (2.97)
0

+/0 uQ(O,s)ds/O R (uz2(0, 8) + 0u(0, 5)) (uh(0, s) + 6u’ (0, 5))do

t
3whww+/mwwu%mmm%@ﬂ.
0
On the other hand

|| (?) <t/ v (s || ds <t/ E(s (2.98)
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So applying Lemma 2.2, we arrive at
2 2 1 2
20,6 < [0 < <@l + (141 ) o)
1 t
<cE(t)+1t (1 + 6) / E(s)ds, for all € > 0.
0
Thus, it follows from (2.97) and (2.99) that

Jo(t) <ecpq E(t) + /Ot d(s)E(s)ds,

with
d(s) = ecar ([u1 (0, 8)| + [u3(0, 5)])

+(1+ )TCM (HU1( »')HLl(o,T) + [lus (0, ')HLI(O,T) + 1) :

Estimating J3(t). It is easy to see that
J3(t) = —2 /Ot u'(0, s)ds /08 g(s — 7)u(0,7)dr
— —9u(0,1) /0 ot — syu(0. 5)ds
+2 /Ot u(0, 5) [g(O)u(O, s) + /OS g (s — 7)u(0, T)dT:| ds

1 2 ¢
<eE(t) + (5 IIQIIiz(o,T) + 119" 2207 + 219(0)] + 1)/0 E(s)ds.

Combining (2.95), (2.96) and (2.100)-(2.102), we obtain

Eit) <elemy+1)E / d

d(s) = d(s) + [Irar (-, us(s)]| + = HgHLz(OT) + 119150,y + 219(0)] + 1.

Choosing 0 < e(cpr + 1) < 1, then using Gronwall’s lemma, we obtain E(t) =

i.e. u3 = ug. This completes the proof of Theorem 2.4.

123

(2.99)

(2.100)

(2.101)

(2.102)

(2.103)

(2.104)

0,
0

Remark 2.12. Theorem 2.4 still holds if the assumptions (A4s)-(4¢) and (A4g)-(4i7)

are replaced by the following assumptions

(AL)-(i7) There exist a constant p > 1 and positive functions ps € C°([0,1]) and

q2, T2 € L(0,1) such that

[f(z,u,v) — f(x,u)]v > po(@)|v|” — g2(2)v? — ra(z), ae. u,v € R and x € [0, 1],

(A§)-(iii) For every M > 0, there exists a positive function ry; € C°([0,1] x R)

such that

ru(z,v) € L*(0,T; L?(0,1)), for all v € L>(0,T; L?(0,1)) N LP((0,1) x

and x € [0, 1].

(0,7))
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3. STABILITY OF THE WEAK SOLUTIONS

In this section, we assume that a, b are fixed constants and ug, u1, f are fixed
functions satisfying the assumptions (A1) and (A4s3)-(Ag). Let g, h and k satisfy the
assumptions (As) and (As). Applying Theorem 2.4, the problem (1.1)-(1.4) has a
unique weak solution u = u(g, h, k) (depending on g, h and k).

Then the stability of the solutions of the problems (1.1)-(1.4) are given by

Theorem 3.1. Let (A1)-(Ag) hold. Then the solutions of the problems (1.1)-(1.4)
are stable with respect to the data (g, h, k) in the sense:
If (¢7, W7, k7) and (g, h, k) satisfy the assumptions (Az)and (As) such that
(¢7, k%) = (g,k) strongly in [WH(0,T))?, (3.1)
h? — h strongly in C*([—M, M]), (3.2)

as j — oo, for all M > 0.
Then

(uj7 U{, uj (Oa )) — (’LL, U, ’LL(O, )) 3 (33)
strongly in L>(0,T; H*(0,1)) x L>(0,T; L*(0,1)) x C°([0,77), as j — oo,
where w/ = u(g?, W7, k7), u=u(g,h, k).
Proof of Theorem 3.1. First, we can assume that the data (g7, g, k7, k) satisfy

||gj||W1,1(07T) + ”g“WLl(O,T) + ijHlel(O,T) + ”kHWLl(O’T) § 0*7 (34)

where C, are fixed positive constant. Then the a priori estimates of the sequence
{t, } in the proof of Theorem 2.4 satisfy

t . ’
[ttt (N1 + [t ()] +/ |t (0, )™ P2 gs < O, for all t € [0,7), (3.5)
0

where C'7 is a constant depending only on T', Ci, f, ug, u1.
Due to (2.79) and (3.5), we conclude that

t . /
Cr > lirnﬁinf <||Umt(t)||2 + ||Umz(t)||2 +/ |umt(0,s)|mm{p ’2}d8)
m oo 0
t . ,
> 1 inf [t (¢)]|* + Hminf ||t ()] + lim inf / |t (0, )™ 2 g
m— o0 m— o0 m— 00 0

t o
> [lue (O + lua(B)]* + / Jur (0, 5) "™ ds.
0
(3.6)
In addition, we can prove in similar way ab(_)ve,_ then the solution u’ of the problem
(1.1)-(1.4) corresponding to the data (g7, h?, k7) also satisfies

min{p’ 2}

; 2 ) by ~
Hug(t)H + ||u;(t)||2+/ )ug(o,s)’ ds < Cp, forallt € [0,T], (3.7)
0
with GT is a constant depending only on T, C, f, ug, us.
We put

~ o~

G=g —g hy=h —h B =k —k (3.8)
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Then v/ = u? — u satisfies the following problem
v —vl, +F1=0,0<z<1, 0<t<T,
V(L) =0, v/(0,t) =w(t), (3.9)
vj(:c,O) = vg(x, 0) =0,

where

Fi(a,t) = fla,a) (t),u] (1) — f(a,u(t), u(t)), (3.10)

w (t) = k() + hy (u? (0,)) + [h(u? (0, ) — h(u(0,1))]

+ /0 G;(t —s)u?(0,5))ds + /0 g(t — 5)v7(0, 5)ds.

Applying Lemma 2.11 again with ug =u; =0, F = FJ, v = w’, we see that

By =2 (e (9.9) = £ (o), (s). v ()

(3.11)

—2/0 @(s)vg’(o,s)ds—z/o o (u (0, )1 (0, 5)dis

=2 [ (0 (0,9) = H(ul0, )} 0,5 1)
- 2/0 v1(0, s)ds /0( g, (s —7)u’ (0, 7)dr
- 2/0 v (0, s)ds /OS g(s — 1)V (0, 7)dT
=Ki(t) + Kao(t) + - - + Kg(t)
where
Ej(t) = ||v] t)H + i) (3.13)

Let M = /Cp + 1/ 5T. Now we can estimate eight integrals in the right-hand side
of (3.13) as follows.
Estimating K7 (t). From the assumptions (A4) and (A4g)-(i7), it yields

K0 = =2 [ (505D = o0 ) 10 ) s
<z i (s) ) - f(-,u<s>,ut<s>>,vz<s>> ds

0 (3.14)
< 2/ lrar (-5 we(9))|| Hv] Hds
< [ s Bs)as
Estimating K>(t). Applying the Cauchy-Schwartz inequality, then
= 2/ k )07 (0, 5)
(3.15)

~ 2 ~1 b
SEE]-(t)—Fg‘kj(t)‘ +ij . /O 5 ()| E5(s)ds,
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for all e > 0.
Moreover, applying the imbedding W*1(0,T) < C°([0, T]), there exists a positive
constant dr such that

vl ooy < drllvllwaory. for all v e WH(0,T). (3.16)

Therefore
K E il fl k, t
)< <Bi(0) + L |5 |5 |
2( ) € J( )+ c J W1.1(0,T) | wi.1(0,T) + 0

Estimating K3(t). Since v7(0,t) < E;(t), we deduce from the assumption (As) that

~1 ‘

kj (s)| E;(s)ds. (3.17)

Ks(t) = —2/0 h;(u? (0, 5))v! (0, s)ds

¢
<eE(t) +/ ui(O,s)‘Ej(s)ds (3.18)
0
1~ 2 , 2
w2 ] [0 s, -
€ CO([-M,M]) LY(0,T) CO([—-M,M])
We remark that
Wl (0, - ’ < Tlfl/min{p/ﬂ}Huj 0, ‘
‘ A P HO N st 0.1y (3.19)

< 1-1/min{p’ 2} p r2/min{p’,2} _ Dp.

Then it follows that

o 1 112
Ks(t) < cE(t i (0, )E ds+ (= +D Hh‘ . 2
(0 <80+ [ || Bt (o) B L 620
Estimating K4(t). Proving in a similar way to (2.100), we have
t .
Ky(t) = —2/ [h(u? (0, 5)) — h(u(0,5))]v!(0, s)ds
0 . (3.21)
< B0l wy + [ do()E(s)ds.
where
4;(5) = Ihll oz g nro [2 ([ (0,9)] + s 0, 1)
1 ‘ (3.22)
w1 D)z (], + B0 1) |
Using the inequality (3.19) again, this implies
) 1 ~
5(6) = Wil |2 (Jd0.6)| + hue0.9)) + (14 1) T 20r 4 1)] = 30
(3.23)

It implies

-~

Ka(t) < eB5(0)hll ez (- aram) +/O dj(s)E(s)ds. (3.24)
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Estimating K5(t). By reusing (3.16) and Lemma 2.1, then

K5(t):—2/ vtOsds/ Gi(s — 7)u? (0, 7)dr
0

u (3.25)
S{':E]( ) /0 j( )d5+ |: (M+dT) +:| ”g]”Wl 1(0,T) *
Estimating Kg(t). From the assumptions (A4s), we are easy to show that
t s )
Kg(t) = —2/ vf(O,s)ds/ g(s — 1)V’ (0,7)dr
0 0 (3.26)

1 2 ¢
<50+ (2 ol + 19 s + 21900+ 1) [ Eitoas.

Combining (3.12), (3.14), (3.17), (3.20) and (3.24)-(3.26), we see that
t

E(t §/ el|lh|| 2 +1

0 < [ [(Mbllon-aran +1)

~ 12 3
+eMpE;(t) + M7 (ngHWLI(OvT) * th‘

ul (0, 5) ’ ‘k ’+MT( )} E(s)ds

i
j .
WL1(0,T)

2
2
n Hk
(- M. ;

(3.27)
where
Mz = 17l g2 p,aay + 4 (3.28)
d% M2 +1
M§:*+T(M+d) Dt (3.29)
1
M(s) = [(1+ )T<2DT+1>+e|ut<o,s>|} Vhlls (atany

(3.30)

+ flrar (o un())] + - ||9||L2 o1 + 1911710, +219(0)] + 2.

Choosing e M} = %7 then applymg the Gronwall inequality, we deduce from (3.4),
(3.19) and (3.27)-(3.30) that

Ej(t) < QMIQ“ eXp |:2HM%HL1(O,T) +2 <<€||h||C2 ([—M,M]) + 1) Dr + ZC*}

(3.31)
11 o)t H ‘cl ([= M, M]) ZH W11(0,T)
This shows that
J 2 j 2
il Lo 0,7;22(0,1)) * Hv HL""(O,T;HI(OJ))
13 N2 2 i (332)
< Mz \ 193 wrx ) th‘ €1 ([~ M, M]) +-Z;ij wiio,r) |’

where Mr is a constant depending only on T', C., f, h, ug, uy.
On the other hand, by Lemma 2.2, it follows that

Il'U(O, )”CO([O,T]) S \/§||U||L°°(O,T;H1(0,1))7 fOI" all v E LOO(O,T; Hl(o, 1)) (3.33)

Combining (3.1), (3.2), (3.32) and (3.33), we obtain (3.3).
The proof of Theorem 3.1 is complete. (]
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