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BOUNDEDNESS AND COMPACTNESS OF CERTAIN CLASSES
OF GENERALIZED INTEGRAL OPERATORS

RABHA W. IBRAHIM, JAY M. JAHANGIRI

ABSTRACT. Integral operators in general and the Cesaro integral operator in
particular have long been used in the study of the various branches of analysis
such as geometric function theory. We consider certain classes of generalized
integral operators of Cesaro type and investigate their topological properties
such as boundedness and compactness. We conclude our paper with the ex-
tension of two results on the Cesaro integral operators.

1. INTRODUCTION

Integral operators in general and the Cesaro integral operator

Cuf2) =1 [ soe -9

in particular have long been used in the study of the various branches of analysis
such as geometric function theory. Dahlner [5] provided a study of the Cesaro
integral operator on Hardy and Bergman spaces. Persson [9] imposed a complete
spectral feature in H?, p > 1 as well as LE?, p > 1, p > 1. Ballamoole, Miller and
Miller [3] introduced instructions regarding spectral properties of the Cesaro-like
operators on weighted Bergman spaces. Alemann and Persson [2] extended the
Cesaro integral operator in the form

1 z
Cof() =7 [ &0,
0
where ¢’ is defined in the Banach space of analytic functions.

The Ceséro operator C expansion of the power series f(z) = Yo" an(f)z" may be

written as
oo

ciz)=3> (n—li—l zn:ak(f))z”.
k

n=0

The history of the Cesdro operator can be traced back to Hardy (e.g. see Rudin
[10]), who was amidst the first to show that C is bounded on H?2. The fact that
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the Cesdro operator is bounded follows from the work of Siskakis [11],[12]. The
boundedness of C on H' was proved by utilizing a result of Hardy and Littlewood
by Miao [8] who showed that C is bounded on HP,p € (0,1). Further studies can
be found in [6]. We note that the Cesaro operator is unbounded on H* (e.g. see
[10]) so that it is reasonable to work in a larger space of analytic functions. Miao
in [8] determined the coefficient inequalities for concave Cesdro operators on non-
concave analytic functions in the unit disk and a generalization of Cesaro operators
has recently appeared in the work of Albert and Miller [1] and Ballamoole, Miller
and Miller [4].

In the present paper, we consider certain classes of generalized integral operators of
Cesaro type and investigate their topological properties such as boundedness and
compactness in the space Biog and its extension Blig, B € (0,1). We conclude the

paper with two results that extend the Cesaro integral operator C,f to the space
L?(U; H).

2. BOUNDEDNESS AND COMPACTNESS

Let A be a class of functions f which are analytic and normalized by f(0) —
f'(0) =1 =0 in the open unit disk U = {z : |z| < 1}. For the functions f and g in
A, we consider the boundedness and compactness of the operator C,f(z) and the
space Biog of all functions f € A which satisfy the condition

f'(z) 1
fgogzsupl—z2 In <oo, (zeU).
1l = sup(t = |22 i e (=€ 0)
A function f € A is said to be in the class ¥ if and only if it has the norm
f"(z)

Il = sup(1 - |2 )17

| < o0, (z€U).

f'(2)

Note that the fraction Ty := f,((j) is called pre-Schwarzian derivative which is

usually used to discuss the univalency of analytic functions (e.g. see [7, 13, 14, 15]).
Now we are ready to state and prove our first theorem

Theorem 2.1. Let the functions f and g be in A so that f € Bioe. Then the
integral operator Cy f is bounded in ¥ if and only if g € 3.

Proof. First, assume that C,f is bounded. If f(z) = 1 then g € ¥ by the
maximum principle theorem. Conversely, assume that. Then we have

(Cof)"(2) ___f2)g"(x) _ F(2)d(x
(Cof)(2)  [(2)g'(2) = Cof ~ [(2)g'(2) =

Consequently, by the maximum principle, we obtain

) 2
Cof =
(Cgf)"(z)| < |f( )9" (2 )\ N |f/( )g' (2 )|

|
(Caf)(2) "~ [f(2)g' ()| = | [5 [ (€)del  |f(2)g' ()] — | [5 f( (©)de]
Now, by using the 1nequahty

L 2
‘/ hw)| < 2 max 1] h(1) =0
0

z€[0,1]
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and taking in account that f vanishes on OU, we obtain

| (Cyf)"(2) < \f(Z)g”(Z)I /' (2)g'(2)]

(Cof)'(2) ~ |f(2)g'(2)] = § maxzev |(f9')" (= )|+|f(2)g’(2)|*%maxzevl(fg’)”(Z)l
Thus, by utilizing the Gagliardo-Nirenberg-Sobolev inequality, for the second

derivative and taking the maximum value, we conclude that there is a constant

€ > 0 such that

e R T R e ACRC T
— (1= PSS +{;'((j)>|]+z
'(2)
< ¢(llgl + 4- |Z|lil|[1<1)||j]n[ 2P ]+z)
<c(lal+ i +7)
s ol mh—{ﬂlf{oi )

Now the boundedness of the operator C,f follows upon taking the supremum
for the last assertion over U and using the finiteness of the quantity

1
sup a(ln—).
a€(0,1] a

This completes the proof.

In our second theorem, we determine a sufficient condition for functions to be in
the class Biog.

Theorem 2.2. If g€ Aand Cyf : ¥ — ¥ is bounded, then f € Biog.

Proof. Assume that C, : ¥ — 3 is bounded. Then there is a positive constant C'
such that

ICy f1l < CIf]l
for every f € X. Set

ho(z) = @[(Hln !

1
2
1[ln ——=
1—5,2) * Hnl—|w|2

for w € U such that y/1 — 1 < |w| < 1. Then we have

I

/ _ 1 2 1 -1
hw(z)*(lnl_wz) [1n1_|w|2]
and
. 2w 1 1,
P (2) l—wz(lnl—wz)[ln1—|w|2] '
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Thus
h!(2) 200 1 .,
<« = 1 1
hl,(2) 1—wz[n1—wz] (1)
and then

Rl (w) 2w 1
/ = e '
hpw)  T—]wl™ 1 —w|
It is clear that the relation (1) is finite when |z| < 1 and hence |hy(2)| < oc.
Setting

M= swp |ho(z)] < oo
Vi1-i<|wl<

we have

00 > [|Ch, ]|

N ARG
=gt GG )]

Wyw) | f(),

R (w)  f(w) (2)
RS RAC)
1nﬁ+(l \wl)f(w)l
, 22l (0 P i o

In =or

> (1—|wl?)

> |

Now let

(@z —1) 1, 1, / 1
W =2——2 (1 +1 1|[ln ——— — 1 d
9u(2) Sl el )™ [

for a € U such that /1 — % < |w| < 1. Then we obtain

1 1 1
L(z) =2( 21 1
9(2) = 2 ——-) [n1f|w|2] " %
and . ) ) B
" w _1 w
= 1 1 — .
9(2) 1—wz(n1—wz)[nl—\w|2} 1—wz
Thus, we conclude that
3w
g{,./;(w) o 1—|w|?

gb(w) In ﬁ

Similarly, we have

N := sup | fall < oco.
Vi-i<lw|<1

Consequently
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00 > [|Cy, f

a2 | 1)
CRED)
o) | £

gl(w) — f(w)

3|w] ,
(- )+ ]

—3Ju] + (1 - [w?)| £ |
>

= 1
1—fwl?

> sup(1 —[2[%)]
zeU

> (1—|wl)|

\

1- \wl2

In
From (2) and (3) it follows that
fl(w 1
(1 - o )

[ In < 00 (4)

(1= [w]?)

for all /1 — 1 < |w| < 1. Also, we have

sup (1—|w|2)|J;,((Z))|ln(1_1w|2)S sup (l—lwIZ)IJ;fS))Iln(1_1|w|2)~

lw]<4/1-12 V1-1i<|w|<1
(5)

Now from (4) and (5) we conclude that f € Biog, as desired.

Our next two theorems are on the compactness of the integral operator Cy in U.

Theorem 2.3. Assume that g is an analytic function on U. Then for f € Bigg,
the integral operator Cy f is compact if and only if g € X.

Proof. If C, f is compact, then it is bounded, and by Theorem 2.1 it follows that
g € X. Now assume that g € ¥ and that (f,)nen is a sequence in Bj,g such that
max,er(fng')”(z) = 0 and that f,, — 0 uniformly on U as n — oo. For every € > 0
there is § € (0,1) such that

—s < £
L—]z2 =7
where § < |z| < 1. Since § is arbitrary, we chose In ﬁ > 1 for § < |z] <1 and

(Cyfn)"(2)

1Cy full = sup(1 — [2?)| 75|
zeU

CunC)

< 225(1_ 12|22 In(2)g fi() )Z/er’;g»Z)g'(z)|

< sup(t = 22 S 4 oup1 = o) e L)
<3 ”ﬂ” 5+ Ul

<ellgll + 1l Bro-
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Since for f, — 0 on U we have || f||5,, — 0, and that ¢ is an arbitrary positive
number, by letting n — oo in the last inequality, we obtain that lim,,_||Cyfnll =
0. Therefore, the operator Cy is compact.

Theorem 2.4. Assume that g is an analytic function on U. Then the integral
operator C, : ¥ — ¥ is compact if and only if f is a non-zero constant.

Proof. Without loss of generality, we assume that g(z) = z. Then it is clear that
Cyf is compact. Conversely, assume that Cy : ¥ — ¥ is compact. Let (2,)nen be
a sequence in U such that |z,| — 1 as n — co. We aim to show that f/(z,) — 0
as n — oo. Therefore, by the maximum modulus theorem, we have f is a constant.
In fact, setting

(Znz —1) 9 1 ., /Z 1
n(z) = 2——2[(1 +1 1n—=]"7" -4 [ In——duw,
9n(2) Zn I +n1—znz) * Hnl—\z|2] o 1oz
we obtain
' (2) = 2(In ———2[In —— ] — 4fln ———
Inie) = 1-%Z,2 1—|2|? 1-%Z,2
and
4z 1 1 4z
Mz) = ———(1 1 P
9u(2) I—Enz(nl—fnz)[n1—|z|2] 1—-2z,2
Consequently, we have
11
Zn
97( ) _o.
gn(zn)

Similar to the proof of Theorem 2.2, we see that g, — 0 uniformly on U. Since
Cy : ¥ — ¥ is compact then we get

ICyfrll = 0, n— oo.

Thus
I'(zn) f'(z) an(2)
eI et At
<|Cyfull — 0

implies that f}(z) — 0 and so f is a constant as desired.

Let H be a complex Hilbert space and B(H, H) be a bounded space on H. Recall
that the operator P is called an accretive if R(Pu,u)y > 0, Vu € H. Moreover, the
space L?(U; H) is a Hilbert space with the inner product

1
(.9 ) = /0 (F(2),9())udz =€ U.

We proceed to extend the Cesaro integral operator Cy f to the space L2(U; H).
We are now ready to state and prove the following:

Theorem 2.5. Let f € L?(U; H). Then C,, f € B(L*(U; H)). Moreover, if R(¢'(z)) >
0,z € U then Cy f is an accretive operator.
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Proof. By making use the Young inequality, it follows that

1Cy fllL2w,my < N9l wylullzw;my < Cllull2w;my-

To prove that C, f is an accretive operator, it suffices to show that

R( [ rog©der),, =0

L2(U;H) —

where f is in the domain of Cy. By the assumption R(¢'(z)) > 0,z € U, we have

w( [ rogi s, = K | rg e, 1) ya2)

L2(U:H)

—n([ ([ rev©ia) o

where f is analytic and non-negative in the domain of C,. Therefore C,f is an
accretive operator.

For 8 > 0, we consider the space Bfig of all functions f € H, f(0) = 0 so that

_ FE) !
1115, = sup(t = P s <o, (20,

Obviously, for 0 < 81 < 1 < By < 00, we obtain
By, G Biog & By,

Theorem 2.6. Let 0 < 8 < 1 and f,g € H(U), g € B{ig. Then the integral
operator Cy is bounded on BP if and only if f € H*°. Moreover,

log
1Cll = [1.f o= -

Proof. Without loss of generality, we let
/
1
1_2259(2) In =1
e T

The maximum principle and the Cauchy-Schwarz inequality for integral imply that

lolls;, = sup

(Coflls, = .~ 2P (G5 i =y
e D) )
< s =10 (a1 oy
su — |2 B (fgl>(2) n ! su — |2 B né
< sup(1 =)’ (1= ) I = oy + Sup = B < g

<Ifllgg, +p, P =0

Define k := sup,c; | f|. Given € >, there exists z; € U such that |f(z1)] > k — €.

Set
(1 | )P
Fz) :/o TEE e
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By [15, Theorem 13.11 ], F is analytic in U with

1—]z*)°
iy - =8P
Now, we have
F'(2) 1
Fllgs =sup(l—|[z*)
155 flelg( |2]°) |F<Z) | EEDE
1-z12
= sup(1l — |Z|2)ﬂ(’ 1—|z12)8 D n 2yp = 1

zeU fO ((1 Zé)gﬁ dc (1_ |Z| )

On the other hand
F'(z2) 1
F = 1_ 2 ﬁ 1
1N, jlelg( |2]°) \F(z)‘ n(1_|z|2)/3
=sup(l — |Z|2)ﬂ<‘ 1 Z;Z s ’) n 2)p
sup I5 ((1 \lec\)z)ﬁ dc (1—1z2?)
> (1— |2 5(‘ = Dl
= ( |Z| ) fz ((1 \21| dé‘ . (1 - |Z|2)ﬁ
1

>(1— 12—

> (1- |27 In SEBE

>1,

for sufficient small 0 < 8 < 1 and |z| < 1. Thus ||[F|z = 1. Now the proof is
log

complete since for F'(z) = ¢g(z) in Cyf and for arbitrary small € we obtain

I
Gl 2 Gl = sup(1 — [2f2)7 oLV )y

!
1
(1 Ly (I FDE Y
sup(l = )" (17 s+ ) T
flzn) 3lml) 1
> (1—|z1]?)? (1-=12) n + (1 —|21})P
-1 (1 ey ) ™ =y O )
Wi
(1= [21]?)?
> |f(z1)] >k —e
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