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APPLICATION OF SUMUDU DECOMPOSITION METHOD FOR SOLVING
NONLINEAR WAVE-LIKE EQUATIONS WITH VARIABLE COEFFICIENTS

MOHAMED ABDEL-LATIF RAMADAN AND MOHAMED SALEH AL-LUHAIBI

ABSTRACT. In this paper, we propose a new approximate method, namely Sumudu de-
composition method (SDM) to find exact solutions of nonlinear Wave-like equations with
variable coefficients, in some cases, if the exact solution has a closed form. The Sumudu
decomposition method is a combined form of the Sumudu transform method and the Ado-
mian decomposition method. The nonlinear term can easily be handled with the help of
Adomian polynomials which is considered to be a clear advantage of this technique over
the decomposition method. The results reveal that the proposed algorithm is very efficient,
simple and can be applied to other nonlinear problems.

1. INTRODUCTION

Many important phenomena occurring in various fields of engineering and science are
frequently modeled through linear and nonlinear differential equations. However, it is still
very difficult to obtain closed-form solutions for most models of real-life problems. A
broad class of analytical methods and numerical methods were used to handle such prob-
lems. In recent years, various methods have been proposed such as finite difference method
[[L], Adomian decomposition method [2], the variational iteration method [3]], integral
transform [4], weighted finite difference techniques [5]], Laplace decomposition method
[6] and homotopy perturbation method [7].

Inspired and motivated by the ongoing research in this area, we describe the application
of Sumudu decomposition method for nonlinear wave-like equation with initial condition
based on the analysis by previous researchers.

Consider the wave-like equation.

Qk+m

Uy :Z:-’,jzlFlij(X,UJ)Winj(Ux,-,ij) W
+Y) Gi(X,U 1) 25 Goi(Uy) + H(X,1,U) + S(X 1)
with the initial conditions
U(X,O):ao(X), Ut(XaO):al(X) (2
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Here X = (x1,x2,x3,...,x,) and Fy;;,Gy; are nonlinear functions of X,z and U. Fy;; ,
G»; are nonlinear functions of derivatives of x;and x;whilst H,Sare nonlinear functions.
k,m, pare integers.

2. SUMUDU TRANSFORM

In the early 90’s, Watugala in [8] introduced a new integral transform, named the
Sumudu transform and applied it to the solution of ordinary differential equation in control
engineering problems. The Sumudu transform, is defined over the set of functions.

A={f(t)

by the following formula

ul

EIM7 T, >Oa ‘f(t)| <M€<Tj>a lf re (_l)j X [0700)} €)]

Fuy =St = [ fedr, ue(—n.m). @

Some of the properties were established in [9} [10]. In [11], further fundamental properties
of this transform were also established. Similarly, this transform was applied to the one-
dimensional neutron transport equation in [[12]. In fact it was shown that there is a strong
relationship between Sumudu and other integral transforms; see [13]. In particular the
relation between Sumudu transform and Laplace transforms was proved in [14].

Further, in [15]], the Sumudu transform was extended to the distributions and some of
their properties were also studied in [[L6]. Recently, this transform is applied to solve the
system of differential equations; see [17].

Note that a very interesting fact about Sumudu transform is that the original function
and its Sumudu transform have the same Taylor coefficients except the factor n; see [18]].

Thus if f(1) =Y, gant” then F(u) =Y~ nla,u®, see [13].

Similarly, the Sumudu transform sends combinations, c¢(m, n), into permutations, p(m,n)
and hence it will be useful in the discrete systems.

3. BASIC IDEA OF SUMUDU DECOMPOSITION METHOD

To illustrate the basic idea of this method, we consider a general nonlinear non-homogeneous
partial differential equation [19, [20]:

DU (x,t) +RU (x,t) +NU (x,t) = g(x,t) ®)
with initial conditions
U(x,0) = h(x), U(x,0)= f(x), (6)
92

where D is the second order linear differential operator D = 57 R is the linear differential
operator of less order than D, N represents the general nonlinear differential operator and
g(x,1) is the source term. Taking the Sumudu transform (denoted throughout this paper by
S) on both sides of Eq. (3)), we get:

S[U(x,t)] +S[RU (x,1)] + S[NU (x,1)] = S[g(x,1)] . (7

Using the differentiation property of the Sumudu transform and above initial conditions,
we have

S[U(x,1)] = Su® [g(x,1)] + h(x) + uf(x) — Su® [RU (x,1) + NU (x,1)] . 8)
Now, applying the inverse Sumudu transform on both sides of Eq. (8], we get
U(x,t) = G(x,t) — S~ [Su? [RU (x,t) + NU (x,1)]] )
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where G(x,t) represents the term arising from the source term and the prescribed initial

conditions. The second step in Sumudu decomposition method is that we represent solution
as an infinite series given below

U(x,t) = ) Un(x,1), (10)

and the nonlinear term can be decomposed as:

x,t) =Y Ay, (11)
n=0
where A, are Adomian polynomials [21] of Uy,U;,Us,...,U, and it can be calculated by
formula
A= L4 N[y, =0,1,2 12
H_Edln 20: i 2’_07 n=yu,1,2,.... ( )
Using Eq. (I0) and Eq. (TI)) in Eq. (), we get
Y Un(x,t) =G(x,t) = S7"|Su? |RY. Un(x,0) + Y Ax(U) (13)
n=0 n=0 n=0
On comparing both sides of the Eq. (T3), we get
Uo(x 1) =G(x,1),
Ui (x,1) = =S~ [Su? [RUy (x,1) +Ao]] ,
Us(x,t) = =S~ 1[5u2 [RU; (x,1) +A1]], (14)

Us(x,t) = =S~ 1[5 [RU (x,1) +A2]] -

In general the recursive relation is given by
Up(x,t) = G(x,1),
Ups1(x,1) = =S~ [Su? [RU, (x,1) + An]], n>0. (15)
Now first of all applying the Sumudu transform of the right hand side of Eq.(I9) then
applying the inverse Sumudu transform, we get the values of Uy, U1, Us, ..., U, respectively.
4. NUMERICAL APPLICATION

In this section, to achive the validity, the accuracy and support our theoretical discussion
of the proposed method, we give some examples and results.

Example 4.1. Consider the 2-dimensional nonlinear wave-like equation with variable co-
efficients

2 82
Ull a a ( )CXU)W) a a ('ny U ) U (16)
with initial conditions
U(x,y,0)=¢Y,  Ulx,y,0)=¢", (17
By taking Sumudu transform for (16), and (T7), we obtain
82 2
S[U(x,y,1)] = € 4 ue™ 4+ u*S 9y (UnUyy) — FN (U U) —U| . (18)
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By applying the inverse Sumudu transform for (18), we get

9? 92
Xy Xy — 2
Ux,y,t) =¥ +1e” +5 [ S{a > (Unlyy) =5 5= > (U Uy) — U” (19)

Following the technique, if we assume an infinite series solution of the form (10) and (1),
we obtain

oo

Y Un(x,y,0)= e +te” 457!
n=0

22 & 92 oo o0

2

”ﬂwwgﬁW%Q@(wgmwﬂi%w@wﬂ.
(20)

In 20), An( 2(U)are Adomian polynomials that represent nonlinear term. So Adomian
polynomlals are glven as follows:

A, (U) = UnUyy,B,(U) = U, Uy (21)
Using (12). The few components of the Adomian polynomials are given as follows:
Ao = (Uo)y (U0),y
A1 = (U1) (Uo)yy + (U0) c (Uh)yy (22)
Az = (U2) (Vo) + (U1) 1 (U1) yy + (V) 1 (U2),.,

By = (Uo), (L), ,
By = (Uh),(Uo), + (Vo) (Uh), (23)

By = (U2), (Uo), + (Uh), (Uh), + (Vo), (U2),,

From the relationship in (13), we obtain

Uo(x,y,1) = G(x,1) = e +1e?,

- 9? 12 eV
i) =57 o2 [ AofU) - 8a<wmw»m@%ﬂ}2 e
— J? e e
U2(x7y’ - [ a a (xyBl(U))_Ul(xay7[>:|:| —W‘Fm,
24
which in closed form gives exact solution
o t2 l3 l‘4 t5
U(X,)’J) = Z Un(xvyat) =ev (1 +1t— 2 3 + — 21 + § — ) =ev (sint+cost) .
n=0 :
(25

which is the same result obtained by Adomain decomposition method [22]] and Homotopy
perturbation transform method (23 for the same test problem.
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Table 4.1: Comparison of the absolute errors for the obtained results and the exact
solution for Example 1, where n =3
t/x,y 0.1 0.3 0.5 0.7
0.1 142264 e-9 1.54112e-9 1.80852¢-9 2.29908 e-9
0.3 1.06481 e-6 1.15349 ¢-6 1.35364 ¢-6 1.72081 e-6
0.5 233822 e-5 2.53296e-5 2.97246 ¢-5 3.77873 e-5
0.7 1.80000 e-4 1.94991 e-4 2.28825 e-4 2.90893 e-4
0.9 829627 e-4 8.98724 e-4 1.05466 e-3 1.34074 e-3

Exact Solution

----- Sthirdorderby SDM

FIGURE 1. The behavior of the exact solution and the approximate
solution of U (x,y,?) in case x =y = 0.5, t € [0, 1].

Example 4.2. Let us consider the nonlinear partial differential equation

2

32
UdUnUnex) —Uf =— (U3) —18U° +U, 0<x<1, t>0  (26)

J
Uy =U? e

el

with initial conditions
U(x,0)=¢", U(x,0)=¢", (27)
By taking Sumudu transform for (26), we obtain

82 2
S[U(x,1)] = € +ue* +u*S [UZ (UUUpir) —

dx? Us 8 ox2
By applying the inverse Sumudu transform for (28), we get

(U3)18U5+U} . (28)

2 2
Ux,t) = e +te" +5! {25 {UZ;Z(UXUXXUW) sz;z (U3)—18U5+U”. (29)

Following the technique, if we assume an infinite series solution of the form (10) and (T1)),
we obtain

(30)
In BO), A, (U), B,(U), C,(U) are Adomian polynomials that represent nonlinear term. So
Adomian polynomials are given as follows:

Z Un(x,t) =€ +te"+5!
n=0

= o

Y A.U)-Y B, —18ZC Z n(x,1)

n=0 n=0 n=0

u’S

9? 92
An(U) = UP o (UleUs)  Ba(U) = U 5 (UR) . CalU) = U. G1)
Using (12). The few components of the Adomian polynomials are given as follows:

82
Ao = U(%W ((Uo)x (Uo)xx (Uo)xxx) ’
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A1 =UolU, 38722 ((Uo), (Uo)xx (U0) ) + Ug% (U1); (U0) 1 (U0) ) 32)
+((U0)x (Ul )xx (Uo)xxx) + ((Uo)x (Uo)xx (Ul )xxx) ’

2
By = (Uo); % ((UO)ix) :
9? 92
B1 =2(Uo), (U1), 35 (U0)%) + W0} 55 (BU0L W) . (33)

Co="U;,C1 =5U; U,
From the relationship in (13), we obtain
Up(x,t) = G(x,t) = € + 1€,

o 2 e
U (x,t) =S [u”S[Ao(U) — Bo(U) — 18Co(U) + Uy (x,1)]] = - T
1t o2 tre* e
Us(x,t) =S [w’S[A1(U) = B, (U) = 18C1 (U) + U (x,1)]] = TRRETTIT (34)
which in closed form gives exact solution
oo 2 B3 A .
Xy t
U(x,t)zZ%)Un(x,t):e)<1+t+2!+3!+4!+5!+,,,):e)‘ ) (35)
n=|

which is the same result obtained , for the same test problem, by Adomain decomposition
method [22l] and Homotopy perturbation transform method [23].

Table 4.2: Comparison of the absolute errors for Example 4.2, where n =3
t/x 0.1 0.3 0.5 0.7
0.1 1.55716e-9 1.90193e-9 2.32302e-9 2.83734 -9
0.3 1.16880e-6 142758 e-6 1.74365e-6 2.12970 e-6
0.5 2.58102e-5 315246 e-5 3.85043 e-5 4.70292 e-5
0.7 2.00357 e-4 2.44717 e-4 2.98898 e-4 3.65075 e-4
0.9 9.33716e-4 1.14044 -3 1.39294 ¢-3 1.70134 e-3

Exact Solution

----- 3third order by SDM

04 0.6 0.8 10

FIGURE 2. The behavior of the exact solution and the approximate so-
lution of U (x,y,7) in case x =y = 0.5, ¢ € [0,1]
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Example 4.3. Consider the following one dimensional nonlinear wave-like equation

5 0
Ut,—xa (UUg) — X2 (U ) —U, 0<x<1, 0<1, (36)
with initial conditions
U(x,0)=0, U(x,0) =x* (37)
By taking Sumudu transform for (36)), we obtain

dx
Now, applying the inverse Sumudu transform for (38), we get

S[U(x,1)] = ux® +uS [xza (UpUse) — x% (Ur)* — U} . (38)

ox

Following the technique, if we assume an infinite series solution of the form (10) and (1),
we obtain

Ulx,t) =tx* + 5! [qu {xza (UUsy) — X2 (Uge)* — U] ] . (39)

oo a (=) 5] oo
Z Un(x,t) =tx> + 571 |u®S [xzax Y AuU)—x* Y. B,(U)— Y Un(x1) (40)
= =0 n=0 n=0
In @Q), A, ( 2(U)are Adomian polynomials that represent nonlinear term. So Adomian
polynomlals are glven as follows:
Ay(U) = (UpUsy) ,Ba(U) = (Uye)* . 1)

Using @ The few components of the Adomian polynomials are given as follows:
Ao = (Vo) (Vo) .y »
Ar = (Uo), (U1) + (U1), (Vo) » (42)
Az = (Up), (U2) 4 + (U1), (Uh)  + (U2), (Vo)

By = (Uo)xx’
B =2(Up), (U1), (43)

= (U135 +2(Un) g (U2)

From the relationship in (13), we obtain

Up(x,1) = G(x,1) = tx?,
Ao(U) —x*Bo(U) — Up(x,t ”
} , (44)

A](U)—szl le[:|

Us(x,) =571 [uzs xZ%Az(U)*szz(U) Ua(x, ”H 00"

which in closed form gives exact solution

o t3 tS l‘7
x,1) = ZU,,(x,t)_x2<1 fffff +> = x% (sinz). (45)
= ! !
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which is the same result obtained by Adomain decomposition method [22]] and Homotopy
perturbation transform method 23] for the same test problem.

Table 4.3: Comparison of the absolute errors for Example 3, where n =3

t/x 0.1 0.3 05 0.7
0.1 0. 0. 0. 0.
0.3 0. 0 0 0

0.5 1.96024 e-16 1.76248 e-15 4.89886 e-15 9.60343 e-15
0.7 1.55232e-14 1.39708 e-13 3.88078 e-13 7.60614 e-13
0.9 4.06630e-13 3.65968 e-12 1.01658 e-11 1.99248 e-11

010 | Exact Solution

----- Sthirdorderby SDM

FIGURE 3. The behavior of the exact solution and the approximate so-
lution of U (x,y,t)in case x =y = 0.5, ¢ € [0, 1].

5. CONCLUSION

In this paper, the SDM has been applied to solving nonlinear Wave-like equations with
variable coefficient. Three examples have been presented. The results show that the SDM
is powerful and efficient technique in finding exact and approximate solutions for nonlinear
differential equations amounts to an improvement of the performance of the approach. The
fact that the SDM solves nonlinear problems without using He’s polynomials is a clear
advantage of this technique over the decomposition method. In conclusion, the SDM may
be considered as a nice refinement in existing numerical techniques and might find the
wide applications.
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