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SOME FAMILIES OF ANALYTIC FUNCTIONS WITH
NEGATIVE COEFFICIENTS DEFINED BY SALAGEAN
OPERATOR

M. K. AOUF, A. O. MOSTAFA, O. M. ALJUBORI

ABSTRACT. By using Salagean operator we introduce the subclass Sf;l nj (a, B)

of normalized analytic functions with negative coefficients. In this paper, we
obtain coefficients estimates, distortion theorems, several results for the mod-
ified Hadamard products of functions belonging to this class. Applications
involving an integral operator and some fractional calculus operators are also
considered.

1. INTRODUCTION

Denote by A; the class of functions of form

fz)=z+ Z apz® (j eN=1{1,2,3,..}), (1)

k=j+1
which are analytic in the open unit disc U = {z:2z € C and |z| < 1}. We note
that A; = A. For a function f(z) in Aj;, let

D°f(z) = [,
D'f(z) = zf'(2)
D'f(z) = D(D"'f(:)) (neN)

=z+ Z E"arz® (Ng = NU{0}) (2)
k=j+1
The differential operator D™ was introduced by Saldgean [16]. With the help of the
differential operator D", for 0 <a<1,0< A <1,0< <1, n€eNyand m € N,
let S; (m,n,\, o, B) denote the subclass of A; consisting of functions f (z) of the
form (1) and satisfying the condition

Frna(2) =1
Frnx(2)+1-2a

‘<B (z€U), (3)
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where, for convenience,

E e A NEDM ) XD ) i ()
e TN @"F () +ADH7f(2) "~ V()
The operator D™ was studied by Sekine [18], Hossen et al. [10] and Aouf and
Salagean [5]. Denote by T} the subclass of A; consisting of the functions of the
form

z)=z— Zakzk (ap >0,k >j+1;5 €N). (4)
k=j+1
We note that 77 = T. Further, define the class S}, ,, ; (o, 8) by
g (@, 8) = Sj (m,n, A, o, B) N T ()

Remark 1.Putting A = 0and j = 1, in (3), we get the following class (see Salagean [14])

B -1
To(e, B) = f(2) €T | <B,z€U (6)
’ (D" f(2))' _ ’ ’
D () +1 -2«
which reduces to the classes S*(a, 8) and C*(«, 8) by taking n = 0 and n = 1,
respectively (see Gupta and Jain [9]). Also T),(a,1) = T(n,a) (see Hur and Oh
[11]).
Also by replacing % by (D™ f (2))" in (6), we obtain the class P, («, 5,7)
defined by Aouf et al. [6, Wlth y=a=1].
We note that, specializing the parameters n, A, a, 5 and m, we obtain the follow-
ing subclasses studied by various authors.
(i) S| m 1(a,1) =T (n, ) (see see Hur and Oh [11]);
(i1) S9 mo.1 (o, B) = S*(«x, B) (see Salagean [15] );
(i3i) S m ny (1) =Tj (m,n, A\, a) (see Aouf et al. [3]);
( ) =
(
(

) 87, (a,1) =P (j, A\, a,n) (see Aouf and Srivastava [7]);
) Si\o j(a,1) =P (n,\ a) (see Altintas [1]);
vi) SY, 0 (@1)=T*"(a) and Sig; (a,1) = C (@) (see Silverman [19]);
(vi1) 8§ 1 j (@, 1) = Ty () and S 4 (@, 1) = Co (j) (Chatterjea [8] and Srivas-
tava et al. [21]);

(viii)Sf‘Q 1 (o, 1) = Tg(l, 1, A, 0, 0)( see Kairnar and More [12]);

(ix)S%n 1 (7, 8) = T{" (1,0,7,8,1) (0 < 7 < 5) (Aouf et al. [4]).

2. COEFFICIENT ESTIMATES AND OTHER PROPERTIES OF THE CLASS S) . (o, )

m,n,j

Theorem 1. Let the function f (z) be defined by (4). Then f (z) € S, ,, ;(«, )
if and only if

Z EL4+ME™ - D{(k—1)A+B) +28(1—a)}ar <28(1—a). (7)
k=j+1

Proof. Assume that the inequality (7) holds. Then, for |z| = < 1, we must show
that

(G (2) = Ui (2)] = Blommna (2) + (1= 20) U n (2)] <O
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We have
= > R AE™ = D)) (k- 1) ap2 T -
k=j+1
Bl2(—a) = Y KL+ AE™ = D] (k+1-2a) a2
k=j+1
< D R AET D] (k- 1) ay —
k=j+1
Bl2(l—a)— > KL+ AE™ = 1)](k+1-20)a
k=j+1
< DT ERAHAMET - D{(k—1)(1+8)+28(1—a)} —28(1—a) <0.
k=j+1
Hence, f(2) € S,i‘%mj (a, B).
Conversely, let f (z) €S, i(a, ). Then we have

Frna(2) -1
Frona(z)+1—2a

S RML AR — D] (b — 1) apeh!

k=j+1 oy
2(l—a)— > k*1+Xkm=D](k+1-2a)apzk!
k=j+1
Since Re (z) < |z| for all z, we obtain the inequality:
S kML AE™ —1)] (k= 1) apzk?
Re k:JHDQ <pB (z€U).
2(1—a)— Y E*1+ANE™—=D](k+1-2a)agzk1

k=j+1

(8)
Now choose values of z on the real axis so that F,,, , x (2) is real. Upon clearing
the denominator in (8) and letting z — 1~ through real values, we find that

oo

SR AET = D] (k- 1) a

k=j+1
< 286(1—a)—p i EM14+AME™ = 1D] (kE+1-2a)ag,
k=j+1

which leads us readily to the inequality (7). Thus we complete our proof of Theorem
1. O
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Corollary 1. Let the function f (z) defined by (4) be in the class S;\%n’j(a,ﬁ).
Then

§ 26(1- )

a

P AR =) {(k—1) (1 +8)+28(1—a)}
The result is sharp for the function f(z) given by

fe)=7- ik
Er[1+ME™ = D][(k—1) (1+8) +26(1 — a)]

(k>j+1Lj€eN). (9)

F(k>j+1;5 €N).
(10)

Remark 2. Since
LHXME" =] <1T—p+pk™ (k>j+1 jeN; 0<A<pu<1),
we have the inclusion property

Svl:z,n,j(aaﬁ) c Sy (a,p) O<A<pu<1).

m,n,j
Furthermore, for 0 < a; < ag < 1, it is easily verified that
(k-1 +8)+28(1—a)} _ {(k=1)(1+5)+25(1 - ay))
(1—a1) - (1—a2) ’
so that, with the aid of Theorem 1, we obtain the inclusion property

Spnjil@2,8)C S (1,8) (0<ar <az<1).

m,n,j

Theorem 2. For each n € Ny,

S’?;L,n—&-l,j (a’ ﬁ) C S:;L,n,j (55 /6)7

where
G+DA+B)+28(1—a)
Proof. Suppose that the function f (z) defined by (4) be in the class S}, ., ;(a, 3).
Then, by Theorem 1, we have
SR AAET = D{(k—1)(1+8) +28(1 - a)}ar <28(1—a). (12)

k=j+1

Then we must prove that,

f: KL+ AR™ = D] {(k—1)(1+B8) +28(1—0)}ar <28(1—25). (13)

k=j+1
In view of (12), (13) will hold true if
{(F-1D(A+p+28(1 -0} _k{(E-1D(OA+/)+26(1—a)}
(-9 < (= a)
(k>j+1;5€N),

which leads to
(1+8)(k—1+a)+28(1—a)
0 <
ST I+ +28(1—a)
Since the right-hand side of (14) is an increasing function of k, letting k = j + 1 in
(14), we obtain

(k>j+1;j€N). (14)

s5< 1+B(+a)+26(1-a)
T U+DA+8)+28(1—a)”

(15)
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This completes the proof of Theorem 2. O

Remark 3. Since ¢ > «, it follows from Remark 2 that
Sf)i\’L,n,j((;’ ﬂ) C Sf;L,n,j(O‘a 6) (n € NO)
and hence
S;\n,n+1,j(a>5) - S?;L,n,j(év B) C Sﬁl,n,j(avﬂ) (n € No),

where § is defined by (11).
Theorem 3. Let 0 < aip <1 (k=1,2) and 0< 8 <1 (k=1,2). Then

Somomg(01,B1) = Sy (@2, B2) (16)

if and only if
Br(l—a1)  Pa(l — o)

= 17
1+ 61 1+ B (a7)
In particular, if 0 < a <1land 0< < 1,then
1—p8+2ap . 1—=pB+2ap
A =5\ (— T ) =P A, ——F ). 1
S’m,n,](a’ﬁ) SnL,n,j( 1_’_5 ) ) (.]7)‘7 1+ﬁ ,Tl) ( 8)

Proof. Let us first assume that the function f(z) defined by (4) be in the class
Sﬁ‘n’n’j(al,ﬂl) and let the condition (16) hold true. Then, by (7), we have

i Er1+ AE™ = D] {(k—1) (14 B2) + 282 (1 — ag) } ag

M) 262 (1 — a2)
L $ I D)0 A) $280 e
kg1 251 (1 — Oél) -
which shows that f (z) € Sﬁ‘n’n’j (g, B2). Again with the aid of Theorem 1, reversing

the above steps, we can similarly prove that, under the condition (17),

f(Z) € Sr)w\n,n,j(a%BQ) = f(Z) € Sﬁz,n,j(ahﬁl)'

Conversely, the assertion (16) can easily be shown to imply the condition (17). The
proof of Theorem 3 is thus completed by observing that (18) is a special case of
(16) when a1 = o, 81 = 3, and [y = 1. |

3. DISTORTION THEOREMS

Theorem 4. Let the function f (z) defined by (4) be in the class S;, , (e, B).
Then for |z| =r < 1, we have

il . 26(1 — ) Fit
|D'f (2)] = G+ L+ MG+ =D+ 8)+280-a)] (19
D ()| < v+t 200~ 2) P (20)

GHD N+ MG+ D)™ = DA+ 5) +26(1 — )]
for z € U and 0 < 4 < n. The equalities in (19) and (20) are attained for the
function f(z) given by

26(1 — ) ;
G+D"A+MGE+D)™ = DI (L +5) +28(1 - )

fz)=2-
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Proof. Note that f(z) € S, , ;(a, ) if and only if D'f(z) € S}, ,,; ;(o, 8) and
that

Dif(z)=2z— Z Klapz" . (22)

k=j+1
By Theorem 1,we have

G+ D+AMG+D" =D+ B) +28(1—a)] Y Kay
k=j+1

< D) ETIHAE =D [(k—1) (1+B) +28(1 — o) ax < 28(1 — ),

k=j+1
that is, that
= 28(1 — a)
k'a . . 23
k; S T A ) G0 A2 a)

The assertions (19) and (20) of Theorem 4 would now follow readily form (22) and
(23). Finally, we note that equalities in (19) and (20) are attained for the function
f(2) defined by

28(1 — )
GHD"TRAHAAMG DT = DG+ ) +28 (1~ a)
This completes the proof of Theorem 4. ([

Corollary 2. Let the function f(z) defined by (4) be in the class S’;\,WJ.(Oz7 B).
Then for |z| =7 < 1

D'f(2)=2— 2 (24)

B 25(1_a) rj 1
&= ey T NG )™ DG AT P T 28 (1= o) e
and
) <r+ 261~ o) F*L(26)

G+D" LM+ =D (A +6) +25(1 - )]
The equalities in (25) and (26) are attained for the function f(z) given by (21).

Proof. Taking ¢ = 0 in Theorem 4, we immediately obtain (25) and (26), respec-
tively. (I

Corollary 3. Let the function f(z) defined by (4) be in the class S,An,mj (ar, B). Then
for |z|=r <1

'y B 26(1 — ) L

R | TS V(GRS L, Ry S Ty g AL
and

<1 261~ o) do(28)

+ n— N .
GHD" LM+ )™ = DI+ ) +28 (1~ a))
The equalities in (27) and (28) are attained for the function f(z) given by (21).

Proof. Setting ¢ = 1 in Theorem 4, and making use of the definition of D", we
arrive at Corollary 3. (]
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4. MODIFIED HADAMARD PRODUCTS

Let f, (2) (v =1,2) be defined by

fo(2)=2= Y ary 2 (avp>0;0=1,2). (29)
k=j+1

Then the modified Hadamard product of the functions f, (z) (v = 1,2) is defined
by

(fixf2)(z)=2— Z ap1ag 22", (30)
k=j+1
Theorem 5. Let the functions f, (z) (v = 1,2) defined by (29) belong to the
class S, ,, ;(o, B). Then (fi * f2)(2) € S, . ;(n, 8), where
265 (1= 0)* (1+5)

GAHD"T+MG+ D™ = DI (14 8) +28 (1 —a)}* — 452 (1 - a)<2§1>

n=1-

The result is sharp.

Proof. Employing the technique used earlier by Schild and Silverman [17], we need
to find the largest n such that

o0

Yo KL AR = D] {(k — 1) (14 8) +26 (1 — )} araars < 28(1 —1). (32)
k=j+1

Since

oo

o RLAAET = DI{(k - 1) (1+8) +26(1 - a)}ara <26(1—a)  (33)

k=j+1
and
i E* [T+ AR =D{(k-1) 1+ 8)+28(1-a)tarz <28(1—a), (34)
k=j+1

by the Cauchy-Schwarz inequality, we have

5 kn[HA(km_1)]{2(/;(—11_)21)+ﬂ)+26(1—a)}m§ 1. (35)

k=j+1
Thus it is sufficient to show that
EtL+ A" —D{(k—1) (1 +8)+28(1—n)}

25(1 - 77) Q. 10k,2

(k>j+1;j eN),
that is, that

E-1)(1+8)+28(1—-a)

1 (1—n)
VR = TR ) 1+ B) + 28 (1— 1)

1—a)

|~
—

(36)
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Since (35) implies that

Jaas < 26 (1 — «)
B2 = Tn T F — ) {(k— 1) (1 + B) + 28 (1 —a)}’

we need only to prove that

(37)

26(1-a)
kr[L+A(™ = DI{(k—1) (1+8) +268(1 —a)}
o (=D +p)+280-a)}(1-n)
T H{E-1D(A+B)+280 -0} (1 ~a)

or, equivalently, that

n<1-{281—-a)(k—1)(1+p)}

AR L +HME™ = D][(k—1) (1+8) +28(1—a)? =482 (1 —-a)’} 1. (38)
Since the right-hand side of (38) is an increasing function of k, by letting k = j + 1
n (38), we obtain

26j (1 —a)*(1+5)
GHD"+MG+ D)™ =D+ 8) +28(1— )} =482 (1 - )
which proves the main assertion of Theorem 5.The sharpness of the result of The-
orem 5 follows if we take

fu(z)zz_

<1-

26 (1 - a)

: n - . 2 (v=1,2).
G+ E+AME+D)™ =D+ 5) +26(1 - a)}

(39)
O

Theorem 6. For each function f; (z) and f2(z) belongs to the same class
mng(a 6) then (fl * f2)( ) S Sr)?\an(O', 1) where

R L (Vi )][ (1+8)+28(1 - a)]* = (j + D[26(1 — a)}?
GHDI+AE+D)™ = DA+ B) +280 - ) - 260 -a)

(40)
The result is sharp for the functions f, (z) (v = 1,2) defined by (39).

Proof. Proceeding as in the proof of Theorem 5, we need to find the largest o such
that

i P14+ AE™ = D)(k—o

(1 — U) )ak71ak72 <1. (41)

k=j+1
From (35) and (41). Thus it is sufficient to show that

kP14 A(k™ — 1)) (k — o)

=0 ap10k2 <
LA DI e

that is, that

Jairag < (= DO+ =)o) )
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Since (37) and (42), we need only to prove that

28(1—a) <
Erl+ Ak = D{(k—-1)(1+8)+28(1—-a)} —

(k=) (1+A)+28(1—a)} (1—0)
26(1—a) (ko) ’

or, equivalently, that

5 < FHILAAE™ = DG (1+8) +26(1 - a)}® — k{28(1 — a)}”
TR AR -1 (14 8) +28(1 - ) = {28(1 - )}

Since the right-hand side of (43) is an increasing function of k, by letting k = j + 1
in (43), we obtain

GO+ MG+ =D A+ 8)+2801 — )} — (j+1D{28(1 — a)}?
G+ +AG+Dm =i A +8) +26(1 —a)}2 —{28(1 —a)}?

which proves the main assertion of Theorem 6. (I

Theorem 7. Let f; (2) € Sﬁq,n’j(a,ﬁ) and fo (2) € Sf,‘%n’j(”y, B). Then (f1 * f2) (2) €
57)7\l,n,j (07 B)a where

o <1-{26j(1 -a)(1 =7)}{G+ D" L+ A0G+ D" = D] (1 +5) +26(1 — )]

(43)

LHA+8)+280 7)) -4 (1—-a)(1-7)}" (44)
The result is best possible for the functions
filz)=z— (1-a) 2T (45)
G+ A+AG+)" =D)){GA+B) +280—a)}
and
fal2) = - S S (46)

G+D"A+AG+D)™ =) {7 A+ 5) +26(1 —7)}
Proof. Proceeding as in the proof of Theorem 5, we get

oc<1-—

28k = 1)1 =) (1 =)
L+ AGR™ = DG (1 +8) +26(1 =) {(k = 1) (1+8) +28(1 =)} =452 (1 —a) (1 =)

(47)
Since the right-hand side of (47) is an increasing function of k, setting k = j + 1
in (47), we obtain (44). This completes the proof of Theorem 7. O

Corollary 4. Let the functions f, (z) (v = 1,2,3) defined by (29) be in the class
Sf,‘l’mj(a,ﬁ). Then (fy * fo x f3)(2) € S%’n,j(f,ﬂ), where

4j (1 - a)’ (14 ) .
GAHDTLHAMG+D)™ = DG+ 1) (1+8) +28(1—a)}’ -85 (1 14333
The result is the best possible for the functions f,(z)(v = 1,2,3) given by (39).

E<1-
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Proof. From Theorem 5, we have (f1 * f2) (2) € Sﬁl’nyj(n,ﬁ), where 7 is given by

(31). Now, using Theorem 7, we get (f1 * fax f3)(2) € S,);L!n’j (&, B), where
45 (1~ ) (14 5)

GHD"L+ME+ D)™ = DH{G+ 1) (L+B8)+28(1 —a)}’ =883 (1 —a)®
This completes the proof of Corollary 4. (I

Theorem 8. Let the functions f, (z) (v = 1,2) defined by (29) be in the same

class Sﬁl’n)j(a, B). Then the function h(z) defined by
h(z)=z2— ) (aiy +aj2)e" (49)
k=j+1

belongs to the class Sf‘mn,j (¢, B), where
¢=1-{48j(1+H)(1 - a)’}.

G+ D"+ MG+ D™ =D+ ) +28 (1 - )} = 85%(1 - )} .
The result is sharp for the functions f, (z) (v =1, 2) defined by (39).

Proof. By virtue of Theorem 1, we obtain

(KL AET - D{(E-1) A+ 8) +28(1—a)}\ ,
> ( )

o 28(1 - «) Ok.1
2
. ( S KL AET - D) {2(1;(1 1_)S)+ B +26( - a)}am) <1 (50)
k=j+1

Similarly, we have

R =D {(k =) 1+ 8)+28(1—a)}\ ,
k—;rl( 26(1—-a) ) apo < L.

It follows from (50) and (51) that

5 1(kn[1+A(km—1)}{(k—1)(1+ﬂ>+25(1‘“)}> (a2, +a3,) <1.

(51)

k=j+1 26(1-a)
Therefore, we need to find the largest ¢ such that
(R LHNET =D {(k—-1D)1+8)+28(1—¢
5 (B D09+ 200 -0 (g g
k=j+1
that is,

E[L 4+ AE™ = D] {(k = 1) (1+8) +28(1 - ¢)}
26 (1— ¢)
_ 1<k”[1+A<km—1>J{<k—1><1+5>+2ﬁ<1—a>}>2
- 2 28(1 — )

(k>j+1;j€N),
or, equivalently, that

¢ <1—{4B(1+B)(k - 1)(1 - a)*}.
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AL+ AE™ = D][(k—1) (1 +8) +28(1 — a)]* —88*(1 —a)?} . (52)
Since the right-hand side of (52) is an increasing function of k, we readily have
¢ <1-[MBj(1+B)(1 - a)?].

{G+HD"M+ME+ D™ =D A+ 8) +28(1—a)’] —85%(L—a)?} ! (53)
and Theorem 8 follows at once. O

5. A FAMILY OF INTEGRAL OPERATOR

Theorem 9. Let the function f (z) defined by (4) be in the class S, , .(a, 3),

m,n,j
and let ¢ be a real number such that ¢ > —1. Then the function F(z) defined by
z

F(2) = ctl /tc’lf(t) dt (e>-1) (54)

2C
0

also belongs to the class Sn/\w,n,j (p, B), where

(1+B)alc+1)+4]+28(1—a)
(c+j+1)(1+B)+28(1—aq)

The result is sharp for the function f(z) defined by (21).

p<

Proof. From the representation (54) of F(z), it follows that

Therefore, we have

{(k-1)(A+p8)+268(1-p)}(c+1)

(1—=p)(c+Fk)
c k-1)QA+H)+26(1—a)}
- (1-a)

or, equivalently,

(1+B) e+ 1)+ (k—1)] +2B(1 — )

p= (c+k)(1+8)+23(1—a) '

The right-hand side of (55) being an increasing function of k, setting k = j + 1 in
(55), we obtain

(55)

(1+ B)lalc+1) + 5] +28(1 — )
P="c+j+)0+p8) +28(0—a)
which completes the proof of Theorem 9. ([

Proceeding as in the proof of Theorem 9, we can obtain the following theorem.
Theorem 10. If f(2) € S) n,;(@, B), then the function F(z) defined by (54)

belongs to the class S}, ,, (v, 1), where
(1+B)fe+j+1]+2cB(1 — a)
v - .
T (e+i+D)A+B)+28(1 - )
The result is sharp, the extremal function f(z) being given by (21).
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Theorem 11. Let the function F(z) given by

F(z)=2z— Zakzk (ap >0; k=j+1; jeN),
k=j+1

be in the class Sﬁl’n)j(a,ﬂ), and let ¢ be a real number such that ¢ > —1. Then

the function f(z)defined by (54) is univalent in |z| < R, where

(k’"_l[l HAR™ - DL+ B)(k - 1) +28(1 - o)} (e + 1))“
28(1 — a)(c+ k)

The result is sharp for the function f(z) defined by (21).

R = inf

k>j+1 - (56)

Proof. We find to from (54) that

= EEECY L (e

In order to obtain the desired result, it suffices to show that
|f' () =1 <1 whenever |z| <R,
where R is given by (56). Now

FE-1< Y HetR e

ka1 © +1

Thus we have |f' (z) = 1| < 1 if

oo

Ko+ k .
S CHR) o <1, (57)
- c+1
k=j+1

But, by Theorem 1, we know that

i E*14+ ME™ —D){Q+8)(k—1)+28(1 - )}

28(1 — ) di < 1.

k=j+1
Hence (57) will be satisfied if
et k)| et _ B[+ AG™ = D+ 8)(k = 1) + 2501 — o))
26(1—a) ’

c+1
that is, if

o] < (k”[l FAE™ = D{A+B)(k—1)+28(1 —a)}(c+1)
268(1 — a)(c+ k)

=
) (k> j+1; j €N).

(58)
Therefore, the function f(z) given by (54) is univalent in |z| < R, where R is defined
by (56). The sharpness of the result follows if we take

28(1 —a)(c+k) Lk
M+ Ak =D][E-1)(1+8)+28(1—-a)l(c+1)" °

[E) =2 (59)

O
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6. APPLICATIONS OF FRACTIONAL CALCULUS

We recall here the following definitions of fractional calculus (that is, fractional
derivatives and fractional integrals), which were used earlier by Owa [13] (and, more
recently, by Srivastava and Aouf [20]; see also Aouf [2]).

Definition 1. The fractional integral of order y is defined, for a function f(z),
by

z

- 1 [

D () = i [ e (1> 0). (60)
A OF R

where f(z) is an analytic function in a simply-connected region of the complex

z-plane containing the origin, and the multiplicity of (z — C)l_“

requiring log (z — ¢) to be real when z — ¢ > 0.

is removed, by

Definition 2. The fractional derivative of order p is defined, for a function

f(z)

z

1 g/f@@
TA-wd) (z=0F

where f(z) is constrained, and the multiplicity of (z — ¢)™* is removed, as in Defi-
nition 1.

DEf(2) =

0<u<l, (61)
0

Definition 3. Under the hypotheses of Definition 2, the fractional derivative
of order n + p, is defined, for a function f(z), by

DI = S ADEF () (0<p<lineNy). (62)
Theorem 12. Let the function f (z) defined by (4) be in the class S}, ,, ; (e, 3).Then
| DZH(D'f (2))]
rite B 28(1 )T (j +2)T (2 +p) i
P+ G+ I+MG+ D™ = DG +B) +28(1 - a)}T (G +2+p)
(lz|=r<1; p>0; i€{0,1,2,......n}) (63)
and
D2H(Dif (2)|
(L 26(1 - )T G+ 2T (24 ) ;
PR+ G+ LM+ D™ = DG+ ) + 281~ a)}T (G + 2+ p)
(lJzl=r<1; p>0; i€{0,1,2,... ,n}). (64)

Each of the assertions (63) and (64) is sharp.
Proof. We observe that
f(Z) € ST))\’L,n,j(a’/B) — D’Lf (Z) € Sﬁ\n,n—i,j(avﬂ)
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and that (cf. Equation (2))

z)=z— Z kiayz" (i € Np).

k=j+1

In view of Theorem 1, we have

GHD" L+ MG+ D™ = DA+ 8) +28(1— )} Y Kax

k=j+1
< D R AET = DRk = 1)1+ B) +28(1 — ) }ax
k=j+1
< Qﬁ(l - 04)7
so that, from (23).Consider the function G(z) defined by
G(z) = T(2+u)z"D;MD'f ()
S T(k+D)T2+p),: &
= z— Z k’akz
Ml D(kE+1+p)
= z- Z o (k Klagz®,
k=j+1

where

T (k+1)T(2+p)
I'(k+1+p)

Since ¢ (k) is a decreasing function of k, we get

T(j+2)T(2+ p)
L(j+2+p)

Thus, by using (23) and (65), we see that

¢ (k) =

(k>j+1;jeN; u>0).

0<o¢(k)<o(j+1)= (k>j+1; €N, p>0).  (65)

GEl = r—ol+ DT S Ky
Ml
o 260 —a)I'(j+2)T' (24 p) j+1
- DL+ A+ D)™ = DAL+ 8) +28(1 —a)}T'(j + 2+ p)
and
IG(2)] < r4¢(+ 1)t Z Klay
k=j+1
- 281 —a)l (j4+2)T (24 p) J+1

which prove the inequalities (63) and (64) of Theorem 11. The equalities in (63)
and (64) are attained for the function f(z) given by (24). This completes the proof
of Theorem 12. d

G+ DM+ AG+ D™~ DG+ 8) + 280 —a)T (G +2+n)
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Putting, ¢ = 0 in Theorem 12, we obtain, the following corollary.
Corollary 3. Let the function f (z) defined by (4) be in the class S, , (. B).
Then

|[D2#f (=)
Pl 28(1—a)T(j+2)T (24 p)

PR (1 TGFDTLAANG+ DT - DI+ 8) + 28(1 — a))T (j+2+u)rj>

(lzf=r<1; p>0) (66)
and
D74 f (2)]
Pl ( . 281 =)L (j+2)T (24 ) rj>
Te+m \ TG0 A+ AG+ D" — DG+ A) + 28— )T + 2+ 1)
(2| =r<1; p>0). (67)

The estimates in (66) and (67) are sharp for the function f(z) given by (24) with
1=0.
Theorem 13. Let the function f (z) defined by (4) be in the class S}, ,, :(c, 3).Then
|DE(D'f (2))]
it (1 ) 2601 - )T (G +2)T (2~ ) )
F2-p) GHDM+MG+D)™ = DRI+ 6) +28(1 - a)} T (G +2 — p)

(z|=r<1; 0<pu<1;0€{0,1,2,3,...,n—1}) (68)

and

DE(DIf (=)
4 (1+ | 26(1 - )l (j+2)T 2~ ) )

['(2—=p) G+D MG+ D)™ = DR+ B) +28(1 =)} (G +2 - p)

(l2l=r<1; 0<p<lyie{0,1,2,3,...n—1}). (69)

Each of the assertions (68) and (69) is sharp.

<

Proof. Consider the function H(z) defined by
H(z) = T2 Z“D“(D’if (=)

k= j+1 + - )
= z- Z W (k) ka2,
k=j+1
where
o~ D(R)T(2—p) , ,
U (k)= —_— (k> 1; eN; 0< <1). 70
(k) kz Tyl FZITL p<l).  (70)
=j+1
It is easily seen from (70) that
: o~ LG+ (2-p)
0<U(k)<T(j+1)= : . 71
M <wirn= 3 M ()

k=j+1
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Consequently, with the aid of (23) and (71), we have

HE| = r=v(G+0rI Y Ky
k=j+1
> o 21—l (j +2)T'(2 — p) Pt
- G+ L+ MG+ D™ = DA+ 8) + 281 — )}l (j+2—p)
(z|=r<1; 0<pu<1;0€{0,1,2,3,...,n—1}) (72)
and
|H (z)] < T+WU+1Wﬁ1§3kH%k
k=j+1
28(1 - )l (j +2)T (2 — p) it

G+ DM+ (G+ 0"~ DG+ B8) + 280 —a)T (G +2-n)

(lz2l=r<1; 0<p<1;ie€{0,1,2,3,....,n—1}). (73)

The estimates in (68) and (69) follow from (72) and (73), respectively. Each of
these estimates is sharp for the function f(z) given by (24). O

Letting ¢ = 0 in Theorem 13, we have the following corollary
Corollary 6. Let the function f (z) defined by (4) be in the class S}, ,, - (a, 3).
Then

|DLf (2)]
(- 2(1— @) (j + T2~ p) )
e\ I NG+ D7 = D)+ A) 280 TG+ 2— )
(Jzl =r<1l; 0<u<l) (74)
and
|DLf(2)]
rl=n (1 N 261 —a)T(j+2)T(2— p) rj>
I'(2-p GHD IHXMG+1D)™ = DL+ B) +28(1 — )}l (j +2 — p)

(lz] =r<1; 0<pu<1). (75)

The estimates in (74) and (75) are sharp for the function f(z) given by (24).
Remark 4. Putting ;4 = 0 in Corollary 6 , we obtain the result of Corollary 2.
Remark 5. We note that our results in Corollaries 5 and 6, respectively, are

also obtained by Srivastava et al. [22, Corollaries 2 and 3, respectively, with

v =1].
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