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GROWTH PROPERTIES OF THE JACOBI-DUNKL
TRANSFORM IN THE SPACE LP(R, A, 4(z)dx)

R. DAHER, S. EL OUADIH

ABSTRACT. In this paper, we prove the estimate for the Jacobi-Dunkl trans-
form associated to Ay g in LP(R, Ay g(x)dz) ,1 < p < 2, as applied to some
classes of functions characterized by a generalized modulus of continuity.

1. INTRODUCTION

Integral transform and their inverses (e.g. Jacobi-Dunkl transform) are widely
used to solve various problems in calculus, mechanics, mathematical physics, and
computational mathematics (see, [I1] and [12]).

In [7], Abilov et al. proved two useful estimates for the Fourier transform in the
space of square integrable functions on certain classes of functions characterized by
the generalized continuity modulus, using a translation operator .

The main aim of this paper is to generalis the Theorem 1 in [7] on certain classes
of functions characterized by a generalized continuity modulus and connected with
the Jacobi-Dunkl transform in the space LP(R, Ay g(z)dz) ,1 < p < 2. For this
purpose, we use a generalized Jacobi-Dunkl translation .

In section 2, we give some definitions and preliminaries concerning the Jacobi-Dunkl
transform. The estimate are proved in section 3.

2. NOTATION AND PRELIMINARIES

In this section, we recapitulate from ([I1,[2],[3],[5],[6]) some results related to the
harmonic analysis associated with Jacobi-Dunkl operator A, g.
The Jacobi-Dunkl function with parameters a and g8 whith a > g > _71 and
o # %1, defined by the formula

ol (@) = akenl (@) if A e C\{0},

1 if A =0,

Vo e R, 93P (z) =
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with A2 = pi2 + p?, p = a+ B+ 1 and ¢ is the Jacobi function given by:

i) = F (251 2 a1, ).

F is the Gausse hypergeometric function (see [I]).
1/13”8 is the unique C'*°-solution on R of the differentiel-difference equation

Ao =iXd AeC

Uo)=1
where A, g is the Jacobi-Dunkl operator given by:
Ao gl () = dZ/Zl(l’) + [(2a + 1) cothz + (28 + 1) tanh 2] x w]

The operator A, g is a particular case of the operator D given by

DU(z) = dbcflix) N fj((;”)) y (U(m) —2U(—x)>,

where A(z) = |2|?**1B(x), and B a function of class C* on R, even and positive.
The operator A, g corresponds to the function

A(z) = Ay 5(x) = 2°(sinh |z2])2* T (cosh |z]) 2P F1.

Using the relation

4 by = — p2 + p?

— LS P +1,8+1
o+ D) sinh(2z) ¢}, (2),

dx P

the function wi’ﬁ can be written in the form above (see [I] and [2])

Vr € R, wf’ﬂ(m) = @ﬁ’ﬂ(x) +i sinh(2x)g0ff+17ﬁ+l(x).

A
4(a+1)
For a > ’71, we introduce the normalized spherical Bessel function j, defined by

jalz) = ZHt DJolo)

xoc
where J,, (z)is the Bessel function of the first Kind and I'(z) is the gamma-function
(see [8]) .

3

Lemma 2.1. Let « > 8 > %,a * _71 Then for |v| < p, there exists a
positive constant Cy such that

1= e (@) > Cafl = ja(pa)].
Proof. (See[d],Lemma 9).
Denote L}, 5(R), the space of measurable functions f on R such that

1/p
1lpas = (/ |f<x>|pAa,B<x>dx) <400, if 1<p< oo,
R

esssup |f(x)| < 400,
rzeR

[[flloc a0,
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and L2(R),p > 1, the space of measurable functions f on R such that

o= ([ If(af)l”da(x)>1/p .

where do is the measure given by :

1/

A

81/ A2 — p2|ca,g(v/ A2 — p?)|

do(\) = C(\)d\ =

Lr\J—p, o[ (A)dA.

Here,

207 (oo + 1) (ip)
P(Gp+ip)T(z(a—B+1+in))
and 1g\j_, [ is the characteristic function of R\] — p, p|.

Ca,p(pt) = p € C\(iN)

Using the eigenfunctions wf\x’ﬂ of the operator A, g called the Jacobi-Dunkl kernels
, we define the Jacobi-Dunkl transform of a function f € LZ 5 (R) by:

Fapf (A /f Ao p(z)dz, AER

and the inversion formula

r) = / Fas OV (@)do (V).
R

The Jacobi-Dunkl transform is a unitary isomorphism from L2 5(R) onto L2(R),
ie.
[fll2,0,8 = 1Fa,8(f)ll2 (1)

By Plancherel’s theorem (1) and the Marcinkiewics interpolation theorem (see [13])
wegetforfELgﬁ(R) With1<p§2andqsuchthat%—&—%:1,

1Fa5(Pllg.e < K1 fllp,e5 (2)

where K is a positive constant (see [6]).
The operator of Jacobi-Dunkl translation is defined by :

/f dua’ﬁz, Vr,y € R

where v¢

gcyﬁ(z)7 z,y € R are the signed measures given by

Ko p(x,y,2)Aap(z)dz if z,y € R*
dl/gyﬁ(z) =

O ify=0
Oy ifx=0
Here, §, is the Dirac measure at z. And,
Kap(z,y,2) = Mqp(sinh(|z]) sinh(jy) sinh(|2]))7**1;, , x / po(z,y, 2)
0
X (go(w,y,2)5 A=15in?” 9o
Loy = [=l=l = lyl, =llz] = [yl[] U [[lz] = [yl |z + |y]]

— 0 0 0
Po(2,y,2) = 1=0py .+ 00y +0zy
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sh(x)+cosh(y)—cosh(z) cos(0) .
S scii')lh(:vy) sirfl'(l)?y) = 71f Y 7& 0

Vz € R,0 € [0, 7], aﬁ’w =
0 ifzy =0
go(x,y,2) = 1 — cosh?(z) — cosh?(y) — cosh?(z) + 2 cosh(z) cosh(y) cosh(z) cos 6
t ift>0
t, =
0 ift<o0
and,
272 (a+1) .
e e >P
Myp =
0 fa=p
For f € L}, 4(R), we have (see [2])
Fas(Tf) ) = 9577 () Fos (), (3)
Fap(Dapf)(X) = idFap(f)- (4)

The generalized modulus of continuity of a function f € LZ) 5(R) is defined by
w(f,0)pa.8 = sup [[Npfllpas, ¢>0,
0<h<é
where Nj, :=Tj, +T_j, — 21 and I is the identity operator in L ﬁ(R).

Let W) ,(Aa,s) denote the class of functions f € LY, 5(R)NC"(R) that have gener-
alized derivatives in the sense of Levi (see[9]) satisfying the estimate

W(A;,ﬁfv 5)p,a,ﬁ = O(¢(5))7 d— 0,
where ¢(x) is any nonnegative function given on [0, c0), and Agﬂf =f, AL gf =
Aas(A g f)ir =12,
i.e
Wy 6(Map) = {f € L, s(R)NC™(R), A, 5f € LY, s(R)and  w(Ag gf,0)pa,8 = O(¢(3)),d — 0}.
3. MAIN RESULT

In this section, we estimate the integral
[V Fapfyrdo(y
A[=N

in certain classes of functions in L}, ;(R).
Lemma 3.1. For f € L}, 4(R), we have

Nis

([ = oz s rao) <
where % + % =1.
Proof. From formula , we obtain
Fos(Ag g )N) =" N Fag(f)(A), 7=0,1,2,.... (5)
We us formulas and , we conclude that

Fas(NiAL s )N = 7 (0D (h) + 4 (—h) = 2)N" Fu s (F)(N),

||NhAg7ﬁf||p7a,,8-
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Since

W (h) = P (h)+1i sinh(2h) 5 A (h),

4(a+1)
and @2 is even (see [2]), then

Fas(Nuhi g f)(X) = 20" (9" (h) = DX Fa,5(F)(N).
By the inequality , we have the result.

Theorem 3.2. For functions f € L}, ;5(R) in the class W (A4, 5),we have

swp [ (FapfWlda() = 0 (N Te(5)).
Wy o (ha,p) AN N

where r =0,1,2,....;¢ > 0 is a fixed constant, and ¢(t) is any nonnegative function

defined on the interval [0, c0).

Proof. In the terms of j,(z), the normalized Bessel function of the first kind, we

have (see[I0])

l—=ja(z) = O(), z=>1 (6)
1—ja(z) = 0%, 0<z<1 (7)
VhaJo(ha) = O(1), ha>0. (8)

Let f € W] ,(Aqa,p). By the Holder inequality and lemma 1.1, we have

/ Fa s f(N)[7do(N) — / Ja(AR)| o s F (V) 7da(N)
[AI>N [A[>N

/IA>N(1 = Ja(AR))[Fa s f(N)]1C(A)dA

[ =) (s )ice)? ) ax
>N

(1= o) (1Fa s FNICNH) " (1FasfNICO)) dr

q—1

/ fa,/afwc(w) (/ 1—ja<xh>qa,ﬁfwc(w)
[A[>N A >N

Il
=

>N

1
q

IN

qg—1

/ fa,ﬁf()‘”ng()‘)) (/ - @,‘I’B(h)lqlfa,,@f(k)I“dU(A)>
IAIZN NEN

q

g—1

IN

IN
/N N N

g—1

q

IN

N ( /MZN |fa,ﬁf<A>|Qdo—<A>>

In view of lemma 3.1, we conclude that

Q=
vo| X

(/M>N|)\|qv-|1—wl‘fvﬂ(h)l‘q}‘a,gf()\)|qda(/\)> < = INRAL 5 fllp,a,8-

/ fa,ﬁfwwa(x)) (/ |A-m“qu—so::%)|Q|fa7ﬂf<x>|qda<x>)
A=N A=N

( [ W(h)|'I|fa,ﬁf<x>|Qdo<A>)
A=N

Q=

Q=
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Therefore

/ Fa s fN)|2do()) < / Ja(AR)| s (V) 7da(N)
[A[>N [A[ >N

g—1

K ! .
+ N 2(/ Ifa,afu)l‘fda(A))) INWAG 5 f llpcs
A[>N

From formula and definition of j,(z), we have
Ja(Ah) = O((Ah)772).

Then
| 1Fassld )
[AI>N
_ o( / Ah|a%|fa,ﬁf<A>|Qdo<A>>
AN
. o(Nr ( / |Fa,gf()\)|qd0(/\)> ||NhA;,Bf||p,a,ﬁ)
IAI>N
_ o(uvh)-a-% / |fa,ﬁf<A>Qda<A>>
>N
+ O(N_T </ |fa,5f()\)|qd0()\)> ”NhA;,ﬁf”p»a,ﬁ>'
IAI>N
Or

g—1

q

(1— (Nt / FapfN|7do()) = ON™) ( /M>N|fa,ﬁf<x>|‘Zda<A>>

YR
INnAG 5.1

X

p,a,B+

For f € W] ,(Aq,p) there exist a constant Cz > 0 such that
INWAG 5 llpas < C20(R)-

Setting h = & in the last equality and choosing ¢ > 0 such that 1 — O(c‘o‘_%)
we obtain

Y

q—1

q

/AIZN [Fap NI do(A) = ONT) </>\|2N |]:a’5f(/\)|qd‘7(/\)> ¢57)-
Then
[ FrofOaot) = 0 (N1650).

which completes the proof.
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