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GROWTH PROPERTIES OF THE JACOBI-DUNKL

TRANSFORM IN THE SPACE Lp(R, Aα,β(x)dx)

R. DAHER, S. EL OUADIH

Abstract. In this paper, we prove the estimate for the Jacobi-Dunkl trans-

form associated to Λα,β in Lp(R, Aα,β(x)dx) ,1 < p ≤ 2, as applied to some
classes of functions characterized by a generalized modulus of continuity.

1. INTRODUCTION

Integral transform and their inverses (e.g. Jacobi-Dunkl transform) are widely
used to solve various problems in calculus, mechanics, mathematical physics, and
computational mathematics (see, [11] and [12]).
In [7], Abilov et al. proved two useful estimates for the Fourier transform in the
space of square integrable functions on certain classes of functions characterized by
the generalized continuity modulus, using a translation operator .
The main aim of this paper is to generalis the Theorem 1 in [7] on certain classes
of functions characterized by a generalized continuity modulus and connected with
the Jacobi-Dunkl transform in the space Lp(R, Aα,β(x)dx) ,1 < p ≤ 2 . For this
purpose, we use a generalized Jacobi-Dunkl translation .
In section 2, we give some definitions and preliminaries concerning the Jacobi-Dunkl
transform. The estimate are proved in section 3.

2. NOTATION AND PRELIMINARIES

In this section, we recapitulate from ([1],[2],[3],[5],[6]) some results related to the
harmonic analysis associated with Jacobi-Dunkl operator Λα,β .
The Jacobi-Dunkl function with parameters α and β whith α ≥ β ≥ −1

2 and

α 6= −1
2 , defined by the formula

∀x ∈ R, ψα,βλ (x) =

 ϕα,βµ (x)− i
λ
d
dxϕ

α,β
µ (x) if λ ∈ C\{0},

1 if λ = 0,
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with λ2 = µ2 + ρ2, ρ = α+ β + 1 and ϕα,βµ is the Jacobi function given by:

ϕα,βµ (x) = F

(
ρ+ iµ

2
,
ρ− iµ

2
, α+ 1,−(sinh(x))2

)
,

F is the Gausse hypergeometric function (see [1]).

ψα,βλ is the unique C∞-solution on R of the differentiel-difference equation Λα,βU = iλU , λ ∈ C

U(0) = 1

where Λα,β is the Jacobi-Dunkl operator given by:

Λα,βU(x) =
dU(x)

dx
+ [(2α+ 1) cothx+ (2β + 1) tanhx]× U(x)− U(−x)

2
]

The operator Λα,β is a particular case of the operator D given by

DU(x) =
dU(x)

dx
+
A′(x)

A(x)
×
(
U(x)− U(−x)

2

)
,

where A(x) = |x|2α+1B(x), and B a function of class C∞ on R, even and positive.
The operator Λα,β corresponds to the function

A(x) = Aα,β(x) = 2ρ(sinh |x|)2α+1(cosh |x|)2β+1.

Using the relation

d

dx
ϕα,βµ (x) = − µ2 + ρ2

4(α+ 1)
sinh(2x)ϕα+1,β+1

µ (x),

the function ψα,βλ can be written in the form above (see [1] and [2])

∀x ∈ R, ψα,βλ (x) = ϕα,βµ (x) + i
λ

4(α+ 1)
sinh(2x)ϕα+1,β+1

µ (x).

For α > −1
2 , we introduce the normalized spherical Bessel function jα defined by

jα(x) =
2αΓ(α+ 1)Jα(x)

xα
,

where Jα(x)is the Bessel function of the first Kind and Γ(x) is the gamma-function
(see [8]) .

Lemma 2.1. Let α ≥ β ≥ −1
2 , α 6=

−1
2 . Then for |ν| ≤ ρ, there exists a

positive constant C1 such that

|1− ϕα,βµ+iν(x)| ≥ C1|1− jα(µx)|.

Proof. (See[4],Lemma 9).

Denote Lpα,β(R), the space of measurable functions f on R such that

‖f‖p,α,β =

(∫
R
|f(x)|pAα,β(x)dx

)1/p

< +∞, if 1 ≤ p < +∞,

‖f‖∞,α,β = ess sup
x∈R
|f(x)| < +∞,
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and Lpσ(R), p ≥ 1, the space of measurable functions f on R such that

‖f‖p,σ =

(∫
R
|f(x)|pdσ(x)

)1/p

< +∞

where dσ is the measure given by :

dσ(λ) = C(λ)dλ =
|λ|

8π
√
λ2 − ρ2|cα,β(

√
λ2 − ρ2)|

1R\]−ρ,ρ[(λ)dλ.

Here,

cα,β(µ) =
2ρ−iµΓ(α+ 1)Γ(iµ)

Γ( 1
2 (ρ+ iµ))Γ( 1

2 (α− β + 1 + iµ))
, µ ∈ C\(iN)

and 1R\]−ρ,ρ[ is the characteristic function of R\]− ρ, ρ[.

Using the eigenfunctions ψα,βλ of the operator Λα,β called the Jacobi-Dunkl kernels
, we define the Jacobi-Dunkl transform of a function f ∈ Lpα,β(R) by:

Fα,βf(λ) =

∫
R
f(x)ψα,βλ (x)Aα,β(x)dx, λ ∈ R

and the inversion formula

f(x) =

∫
R
Fα,βf(λ)ψα,β−λ (x)dσ(λ).

The Jacobi-Dunkl transform is a unitary isomorphism from L2
α,β(R) onto L2

σ(R),
i.e.

‖f‖2,α,β = ‖Fα,β(f)‖2,σ. (1)

By Plancherel’s theorem (1) and the Marcinkiewics interpolation theorem (see [13])
we get for f ∈ Lpα,β(R) with 1 < p ≤ 2 and q such that 1

p + 1
q = 1 ,

‖Fα,β(f)‖q,σ ≤ K‖f‖p,α,β , (2)

where K is a positive constant (see [6]).
The operator of Jacobi-Dunkl translation is defined by :

Txf(y) =

∫
R
f(z)dνα,βx,y (z), ∀x, y ∈ R

where να,βx,y (z), x, y ∈ R are the signed measures given by

dνα,βx,y (z) =


Kα,β(x, y, z)Aα,β(z)dz if x, y ∈ R∗

δx if y = 0
δy if x = 0

Here, δx is the Dirac measure at x. And,

Kα,β(x, y, z) = Mα,β(sinh(|x|) sinh(|y|) sinh(|z|))−2α1Ix,y ×
∫ π

0

ρθ(x, y, z)

× (gθ(x, y, z))
α−β−1
+ sin2β θdθ

Ix,y = [−|x| − |y|,−||x| − |y||] ∪ [||x| − |y||, |x|+ |y|]
ρθ(x, y, z) = 1− σθx,y,z + σθz,x,y + σθz,y,x
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∀z ∈ R, θ ∈ [0, π], σθx,y,z =


cosh(x)+cosh(y)−cosh(z) cos(θ)

sinh(x) sinh(y) ,if xy 6= 0

0 ,if xy = 0

gθ(x, y, z) = 1− cosh2(x)− cosh2(y)− cosh2(z) + 2 cosh(x) cosh(y) cosh(z) cos θ

t+ =

 t ,if t > 0

0 ,if t ≤ 0

and,

Mα,β =


2−2ρΓ(α+1)√
πΓ(α−β)Γ(β+ 1

2 )
,if α > β

0 ,if α = β

For f ∈ Lpα,β(R), we have (see [2])

Fα,β(Thf)(λ) = ψα,βλ (h)Fα,β(f), (3)

Fα,β(Λα,βf)(λ) = iλFα,β(f). (4)

The generalized modulus of continuity of a function f ∈ Lpα,β(R) is defined by

ω(f, δ)p,α,β = sup
0<h≤δ

‖Nhf‖p,α,β , δ > 0,

where Nh := Th + T−h − 2I and I is the identity operator in Lpα,β(R).

Let W r
p,φ(Λα,β) denote the class of functions f ∈ Lpα,β(R)∩Cr(R) that have gener-

alized derivatives in the sense of Levi (see[9]) satisfying the estimate

ω(Λrα,βf, δ)p,α,β = O(φ(δ)), δ → 0,

where φ(x) is any nonnegative function given on [0,∞), and Λ0
α,βf = f , Λrα,βf =

Λα,β(Λr−1
α,β f); r = 1, 2, ...

i.e

W r
p,φ(Λα,β) = {f ∈ Lpα,β(R)∩Cr(R),Λrα,βf ∈ L

p
α,β(R)and ω(Λrα,βf, δ)p,α,β = O(φ(δ)), δ → 0}.

3. MAIN RESULT

In this section, we estimate the integral∫
|λ|≥N

|Fα,βf(λ)|qdσ(λ)

in certain classes of functions in Lpα,β(R).

Lemma 3.1. For f ∈ Lpα,β(R), we have(∫
R
|λ|qr|1− ϕα,βµ (h)|q|Fα,βf(λ)|qdσ(λ)

) 1
q

≤ K

2
‖NhΛrα,βf‖p,α,β .

where 1
p + 1

q = 1.

Proof. From formula (4), we obtain

Fα,β(Λrα,βf)(λ) = irλrFα,β(f)(λ), r = 0, 1, 2, .... (5)

We us formulas (3) and (5), we conclude that

Fα,β(NhΛrα,βf)(λ) = ir(ψ
(α,β)
λ (h) + ψ

(α,β)
λ (−h)− 2)λrFα,β(f)(λ),
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Since

ψ
(α,β)
λ (h) = ϕα,βµ (h) + i

λ

4(α+ 1)
sinh(2h)ϕα+1,β+1

µ (h),

and ϕα,βµ is even (see [2]), then

Fα,β(NhΛrα,βf)(λ) = 2ir(ϕα,βµ (h)− 1)λrFα,β(f)(λ).

By the inequality (2), we have the result.

Theorem 3.2. For functions f ∈ Lpα,β(R) in the class W r
p,φ(Λα,β),we have

sup
W r
p,φ(Λα,β)

∫
|λ|≥N

|Fα,βf(λ)|qdσ(λ) = O
(
N−2rqφq(

c

N
)
)
,

where r = 0, 1, 2, ....; c > 0 is a fixed constant, and φ(t) is any nonnegative function
defined on the interval [0,∞).
Proof. In the terms of jα(x), the normalized Bessel function of the first kind, we
have (see[10])

1− jα(x) = O(1), x ≥ 1 (6)

1− jα(x) = O(x2), 0 ≤ x ≤ 1 (7)
√
hxJα(hx) = O(1), hx ≥ 0. (8)

Let f ∈W r
p,φ(Λα,β). By the Hölder inequality and lemma 1.1, we have∫

|λ|≥N
|Fα,βf(λ)|qdσ(λ)−

∫
|λ|≥N

jα(λh)|Fα,βf(λ)|qdσ(λ)

=

∫
|λ|≥N

(1− jα(λh))|Fα,βf(λ)|qC(λ)dλ

=

∫
|λ|≥N

(1− jα(λh))
(
|Fα,βf(λ)|C(λ)

1
q

)q
dλ

=

∫
|λ|≥N

(1− jα(λh))
(
|Fα,βf(λ)|C(λ)

1
q

)q−1 (
|Fα,βf(λ)|C(λ)

1
q

)
dλ

≤

(∫
|λ|≥N

|Fα,βf(λ)|qC(λ)dλ

) q−1
q
(∫
|λ|≥N

|1− jα(λh)|q|Fα,βf(λ)|qC(λ)dλ

) 1
q

≤

(∫
|λ|≥N

|Fα,βf(λ)|qdσ(λ)

) q−1
q
(∫
|λ|≥N

|1− ϕα,βµ (h)|q|Fα,βf(λ)|qdσ(λ)

) 1
q

≤

(∫
|λ|≥N

|Fα,βf(λ)|qdσ(λ)

) q−1
q
(∫
|λ|≥N

|λ|−rq+rq|1− ϕα,βµ (h)|q|Fα,βf(λ)|qdσ(λ)

) 1
q

≤ N−r

(∫
|λ|≥N

|Fα,βf(λ)|qdσ(λ)

) q−1
q
(∫
|λ|≥N

|λ|qr|1− ϕα,βµ (h)|q|Fα,βf(λ)|qdσ(λ)

) 1
q

.

In view of lemma 3.1, we conclude that(∫
|λ|≥N

|λ|qr|1− ϕα,βµ (h)|q|Fα,βf(λ)|qdσ(λ)

) 1
q

≤ K

2
‖NhΛrα,βf‖p,α,β .
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Therefore∫
|λ|≥N

|Fα,βf(λ)|qdσ(λ) ≤
∫
|λ|≥N

jα(λh)|Fα,βf(λ)|qdσ(λ)

+ N−r
K

2

(∫
|λ|≥N

|Fα,βf(λ)|qdσ(λ))

) q−1
q

‖NhΛrα,βf‖p,α,β .

From formula (8) and definition of jα(x), we have

jα(λh) = O((λh)−α−
1
2 ).

Then ∫
|λ|≥N

|Fα,βf(λ)|qdσ(λ)

= O

(∫
|λ|≥N

|λh|−α− 1
2 |Fα,βf(λ)|qdσ(λ)

)

+ O

N−r (∫
|λ|≥N

|Fα,βf(λ)|qdσ(λ)

) q−1
q

‖NhΛrα,βf‖p,α,β


= O

(
(Nh)−α−

1
2

∫
|λ|≥N

|Fα,βf(λ)|qdσ(λ)

)

+ O

N−r (∫
|λ|≥N

|Fα,βf(λ)|qdσ(λ)

) q−1
q

‖NhΛrα,βf‖p,α,β

 .

Or

(1− (Nh)−α−
1
2 )

∫
|λ|≥N

|Fα,βf(λ)|qdσ(λ) = O(N−r)

(∫
|λ|≥N

|Fα,βf(λ)|qdσ(λ)

) q−1
q

× ‖NhΛrα,βf‖p,α,β .

For f ∈W r
p,φ(Λα,β) there exist a constant C2 > 0 such that

‖NhΛrα,βf‖p,α,β ≤ C2φ(h).

Setting h = c
N in the last equality and choosing c > 0 such that 1−O(c−α−

1
2 ) ≥ 1

2 ,
we obtain∫

|λ|≥N
|Fα,βf(λ)|qdσ(λ) = O(N−r)

(∫
|λ|≥N

|Fα,βf(λ)|qdσ(λ)

) q−1
q

φ(
c

N
).

Then ∫
|λ|≥N

|Fα,βf(λ)|qdσ(λ) = O
(
N−rqφq(

c

N
)
)
,

which completes the proof.
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