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SOME PROPERTIES OF CERTAIN SUBCLASS OF
GENERALIZED p-VALENT LOGARITHMIC M-BAZILEVIC
FUNCTIONS

SHU-HAI LI, LI-NA MA, HUO TANG

ABSTRACT. The aim of this paper is to study the properties of a subclass of
analytic functions related to the generalized p-valent logarithmic A-Bazilevic
functions by using the concept of differential subordination. We obtain some
results concerned with inclusion relations, radius problems, argument proper-
ties, and some other interesting properties.

1. INTRODUCTION AND PRELIMINARIES

Let H denote the class of functions analytic in the open unit disc D = {z € C :
|z| < 1}.

For two functions f; and fy in H, we say that the function f; is subordinate to
f2in D, and write f1(z) < f2(2) (z € D), if there exists a Schwarz function w, which
is analytic in D with w(0) = 0 and |w(z)|] < 1 such that fi1(z) = fo(w(2)) (z €
D). Furthermore, if the function fo is univalent in D, then we have the following
equivalence (see, for details, [11],[22],[35]):

f1(2) < fa(2) (z € D) <= f1(0) = f2(0) and f1(D) C fo(D).
Let P denote the class of functions p(z) given by

o0
p(z) =1+ pn2" (2 €D),
n=1
which are analytic in D and satisfy the condition % (p(z)) > 0.

Let P4 denote the class of analytic functions ¢(z) with positive real part in D
with ¢(0) = 1 and ¢ (0) > 0, which map the unit disk I onto a region starlike with
respect to 1 and which are symmetric with respect to the real axis.

Let A, be the class of analytic functions

f(z)=2"+ Z anz” (peN={1,2,3,---}) (1)

n=p+1
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defined in the open unit disc I, and let A; = A. We denote by S* and K the
subclasses of A consisting of all analytic functions which are, respectively, starlike
and convex in D (see, e.g., Srivastava and Owa [35]).

Definition 1 A function f in A, is said to be in the class Jp[A, A, B] if and only
if

2f'(z) @) | 1+ Az
CNTE A e (A
Obviously, for p=1, A=0, A=1—-2p (0< p < 1) and B = —1 in Definition
1, we have the well-known classes J(«, p) (see [14] and [16]; also see [26]). When
p=1 A=1and B =—1, if we set A =0 and A = 1 in Definition 1, respectively,
we have the well-known classes S* and K. Also, for A = 0 and p = 1, we obtain
the class J1[0, A, B] of Janowski starlike functions (see [9],[33],[34]). Furthermore,
for the function classes Sy (p) (0 < p < 1) and K, (p) (see [32]), it is easily seen that
Jpl0,1 —2p,—1] = S and Jp[1,1 - 2p, 1] = K (p).

(A>0, -1<B<A<1, zeD).

It is clear that f € J,[\, A, B] if and only if

2f'(2) |\ (2f'(»)) 1-AB
pf(z) A pf'(z)  1-B2

A—-B
1—B2(

‘(1—)\) —-1<B<A<1, zeD)

and

o @ G e =4
?R{(l Ny A }> —— (B=—1, z€D).

In particular, when A =1 —2p and B = —1, we have f € J,(\,p) = Jp[\, 1 —
2p, —1] if and only if

I OIRCO)
%{“ Ve TG

Definition 2 A function f in A, is said to be in the class J,[\, a, 5, A, B] of p-
valent A-Bazilevic function of type («, §) if and only if

s [ ) () | sy G (2 )

pf'(z) \g(2) pzP! 1+ B2’
where A\ >0, >0, feR, -1<B<1, A# BandgesS,;=S8;0).

}>pp(0§p<1,z€]]]>). (2)

+A

3)

Forp=1, A=0, A=1and B = —1, the class J1[0, o, 3,1, —1] was introduced
by Bazilevic (see, for instance, [8],[24],,[23],[25],[2],3],[4],5],6],[29],[7]). For p =1
and a, =0 (n=2,3,--- ,k), the class J1[A\, a, B8, A, B] was introduced by Wang et
al. [36]. Also, forp=1, a, =0(n=2,3,--- k), A=1-2p (0<p<1)and
B = —1, the class J1 [\, a, 8,1 — 2p, —1] was introduced by Li [13].

By making use of the principle of subordination between analytic functions, Ma
and Minda [17] introduced the following subclasses Ly, o,3,,(A, it, @) and Ny o,5,5(A, @)
of the class A, for a >0, B € R, A >0, u >0 and ¢(z) € P,.

Definition 3 Let « >0, 8 € R, A >0, u > 0 and ¢(z) € Ps. A function f be in
the class Ly . 8,,(A, p, ¢) if it satisfies the condition

1

G2 s (1.9 + B 5, (1,0)(2)] < 6(2) (2 € D), (4)
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wher
B 1) (1N (FN] Y ey (e re Y]
A a) () ] l o (70) (=) ] /
(5)
, I N N LC DA T ) PR
A o)) = (- WELEE A GERER [starin-n [0 - 0278 BT
) )]
“{(1 NG G ] PP ©)

and g € Jp(A, p).

For pn = 0, we have the following logarithmic A-Bazilevic functions of A,.
Definition 4 Let « > 0, 8 € R, A > 0 and ¢(z) € Py. A function f be in the
class Ny o.8,0(A, @) if it satisfies the condition

LGL s 9)(2) < 0(:) (2 D),

where g € J,(\, p) and G?, 5, ([, 9)(2) is given by (5).
o 1+ (1= A+ 9]
1+ —n)A+nB|z
in Definitions 3 and 4, respectively, we have the following subclasses.

A function f in A, is said to be in the class Ly o 8,,(\, 1,1, A, B) if and only if

(0<n<1, -1<B<A<]I)

1-n)A B
Gg,ﬁ,,\,p(ﬂ 9)(z) + :qu,ﬂ,/\,p(f7 9)(z) < pl all I—Z)B;_ nBlz (z e D),

where g € J,(\, p), GY, 55 ,(f:9)(2) and H, 5, (f,g)(2) are given by (5) and (6),
respectively.

A function f in A, is said to be in the class Ny o 5,,(A, 7, A, B) if and only if

1 1-n)A+nB]z
G gl 9)(z) < pr A2 0D
where g € J,(\, p) and Gi’ﬁ’)\’p(f, 9)(2) is given by (5).

Obviously, forn =0, A=1-26 (0<{ <1)and B=—-1in Ly 8,,(A 1,1, A, B)
and Np.a.,(\ 1, A, B), respectively, we have the following equivalence relation-
ships.

(z € D),

f € Lp,oc,ﬁ,p()‘a/j/)g) = P, a,p, P()‘ 0 Ma - 2§a_1)

= WGy, 50, ([:9)(2) + nHE 5, ,(f,9)(2)} > &p
and

f € Npapp(XE) =Npapp(A 0,128 1) <= R{GF 5, ,(f.9)(2)} > &p.

For suitable choices of the parameters o, 5, A\, u, p, n, A, B, p and the func-
tion ¢ involved in Definitions 3 and 4, we also obtain the following subclasses which
were studied in many earlier works:

(1) N19,0,0(A @) = L(X, ¢) (logarithmic A-convex functions) (Ali et al. [1]);
(2) La00(0, 1:0)(9(2) = 2) = Mau(9) (Rosy et al. [31]);

( ) ;0704,0,0(07 Ov 122 07 A’ B) = Mp(av s Av B) (Patel [27])a

(4) Lp 0,0,000,0, 4,1 — 28, —1) = Mp(cr, 11, €) (0 <& < 1) (Wang et al. [37]);
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(5) Lpapo0(0,0,u,A B) = My(c,B,14,A,B) and Ly 4,,0(0,0,,1 — 26,—1) =
Bp(a, B, 11,6) (0 <& < 1) (Raza et al. [30]).

In this paper, we focus on discussing the properties of the classes Ly, o g,,(A, 11,1, A, B)
and Np q,8,,(A\,n, A, B). In order to prove our main results, we shall require the
following lemmas.

Lemma 1 ([21]) Let -1 < B < A<1andt>0. If a complex number ~ satisfies

R{v} > — ) , then the differential equation

2q'(z) 1+ Az
q<Z>+tq(2)+’y 1+ Bz

has a univalent solution in D given by

(z e D)

2T (14 B2)(A-B)/B)
t [§ stT7=1(14Bs)t((A=B)/B)ds

- %a B 7& 07
q(2) =

St gtAZ
tfoz stty—1legtAsgg t’ =0.
If the function h(z) = 1+ c12 + c22? + - -+ is analytic in D and satisfies

zh (2) 1+ Az
MOt e+, 1B

e D),

then
1+ Az

1+ Bz

h(z) < q(z) <

and ¢(z) is the best dominant.

Lemma 2 ([38]) Let a1, by and ¢; # 0,—1,—2,... be complex numbers. Then,
for Rep > Kby 7’5 0,

(i) 2F1 (a1, b1, ¢132) = ey Jo 877 (1= 9) 7T (1= s2) s

(ii) 2F1(a1, b1, c152) = 2F1(br, ar, c15 2);

(iii) o F1 (a1, b1, c152) = (1 — 2) "2 F1 (a1, c1 — by, c15 227).

Lemma 3 ([39]) Let ¢ be a positive measure on [0, 1]. Let g be a complex-valued
function defined on D x [0, 1] such that g(-,t) is analytic in D for each ¢ € [0, 1] and
g(+,t) is e-integrable on [0 1] for all z € D. In addition, suppose that Rg(z,t) > 0,
g(—r,t) is real and R——— for |z <r < landt € [0,1. If g(2) =

(z D)

CD 2 e
fo 2,5)de(s), then %{g(z)}zﬁ.
Lemma 4 ([19]) Let u = uy +iug, v = v +ivy, and let ¢(u,v) be a complex-valued
function satisfying the conditions:

(i) ¢(u,v) is continuous in a domain E C C?;

(i) (0,1) € E and R¢(1,0) > 0;

(iil) R{p(iuz,v1)} < 0 whenever (iug,v1) € E and vy < —%.

If the function h(z) = 1+ ¢,2™ + -+ is analytic in D such that (h(z),zh/(z)) € E
and R{p(h(2),zh'(2))} > 0 for z € D, then R{h(z)} > 0 in D.

Lemma 5 ([15]) Let —1 < By < By < Ay < A; < 1. Then

1+A22 1+A12
14+ Byz 1+ Bz

Lemma 6 ([15]) Let F is analytic and convex in D. If f, g € A, and f, g < F,
then

(z €D).

pf+(1—pg=<F (0<p<l).
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Lemma 7 ([28]) If ¢(z) is analytic in D and |¢(z)| < 1 for z € D, then for
|z =7 < 1,

2¢'(2) + 6(2) 1
14+2¢9(2) |~ 1—7r
Lemma 8 ([10] and [18]) If p(z) = 1+ p1z + pez? + -+ € P, then for |z| =7 < 1,
2p'(2) 2r 1—r , 2Rp(z)
J— > - < .
pz) | 1= ?Rp(z)_l_'_r and |p'(z)] < T,

These estimates are sharp.
Lemma 9 ([12]) Let h be analytic in D with A(0) = 1, h(z) # 0 (z € D) and
suppose that

|arg(h(z) + mzh/(2))] < g[l + %arctan(ml)] (I, m >0)
then -
|arg h(z)| < 51 (z € D).

Lemma 10 ([20]) If p(z) = 1 + p12 + p222 + - -+ is analytic in D, h(z) is a convex
function in D with ~(0) =1 and + is a complex constant such that ®{~v} > 0, then
zp'(2)

)+ — = =h(z)

implies

p(z) <vz77 /OZ 7 h(t)dt = q(2) < h(2).

2. MAIN RESULTS

Unless otherwise mentioned, we assume throughout this paper that « > 0, g €
R, A>0,0<7n<1l, p>0, -1<B<A<1,0<p<],0<E<1,1>0, m>
0, >0, pe N={1,2,3,---} and all powers are understood as principle values.
Theorem 1 If f € Ly o3,(\ 1,1, A, B) (1> 0), then

167 50, (1:9)(2) < a(2) (2 € D), @

where GY, 5, (f,9)(z) and HY, 5, (f,g)(2) are given by (5) and (6), respectively,
1 1+[(1-n)A+nBlz

q(z) = PQ(2) 1+ Bz
and 1
0 S;—l(%);(l—n)(A—B)/Bds’ B #0,
Qz) = ®
Lghlen(s=D(A-mA+nB)zgqs B _ (.

0
In terms of the hypergeometric function,

LR (120 (A= BB 2 +122)] B0
q(z) = (9)
[R5 2+ 5 =2((1=n)A+nB)z)] ", B=0

and if

B
(1—n)A+nB<—% (-1 < B < 0),
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then
Lp,a,ﬂ,p()‘v na ,u/v Aa B) C Lp’aﬁyp()" 777 Ma g)’
where )
p (I-mA+nB,  p B N
= | (1,-(1— ——); 1, —— . 1

§ |:2 1<7M( B )’/L+,B—1 (O)
This result is best possible.
Proof. Let

1

h(z) = EGi,ﬁ,)\,p(fvg)(z)

’ fe% g1 / ’ ’ @ / i1
) ()] [ () (2]
where h(z) is analytic in D with h(0) = 1.
Differentiating logarithmically, we obtain

puzh'(2) 1+[(1—-n)A+nB]z
h(z) =P 1+ Bz '

Goanp(Fr9)(2) + uHy 5 5\ L (f,9)(2) = ph(z) +

(11)
Using Lemma 1 with ¢ = % and v = 0, we have
1+[1-n)A+nB]z
1+ Bz
where ¢(z) is given as (9) and is the best dominant of (11).
Next, in order to prove

Lp,a,ﬂ,P(Aa 7, K,y Aa B) C Lp,a,ﬁ,p()‘a 7, 1, g)a

h(z) < q(z) <

(z € D),

we show that

inf {Rg(2)} = q(~1).

|z|<1
Now, if we set
__pA-nA-B)
f B ’
then it is clear that ¢ > b > 0.
Therefore, for B # 0, by using Lemma 2, it follows from (8) that

1 z
Q) = 1+52) [ W(HBm)“dsz?EiizFl (La;c; BzB—I—1>' 12)

:Bandc: +1,
I

p
I

To prove that
inf {Rq(2)} = q(=1),

|z|<1

"aw) 2 ar

B
(1—77)A+77B<7% and —1<B<0

we need to show that

Since

imply that ¢ > a > 0, hence, by using Lemma 3, (12) yields

Q=) = / e, )i,
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where
14+ Bz
= — - <s<
98 = ra—gps 0ss=Y
and
. F(b) a—1 c—a—1
de(s) T(@)T(c—a) s 1 —s) ds,

which is a positive measure on [0, 1].
For —1 < B < 0, it is clear that Rg(z,s) > 0 and g(—r,s) is real for 0 < |z| <
r < 1andse[0,1]. Also,

5 1 -~ 1+ (1—s)Bz 1-(1-s)Br 1
g(z,s) | 1+ Bz 1-Br  g(—r>s)
for |z] <r < 1.
Again, using Lemma 3, we have

1 b > 1
=) = Qe
Now, letting » — 17, it follows that

1 1
Mam! = acy
Thus, we have Ly, o 5,,(A, 0, 1, A, B) C Ly ,8,0(A, 0, 11, ).
Corollary 1 If f € L, o.5,,(A, 1, 1, A, B) (n > 0), then f € Np o5,(An, A, B).
Putting A = 0, p = 0 and 7 = 0 in Theorem 1, we have the following result
proved in [30].
Corollary 2 If f € L, 4,3,0(0,0, 4, A, B) (> 0), then

1, ) (FONT (G
pCasooll:9)(2) = (g<z>) ( o

v

R{

i3
)) <4(z) (z€D),

and if
A<-MB od —1<B <0,
p

then

Lp,a,B,O(Oa Oa H, Aa B) C Lp,a,ﬁ,()(oa Oa H, 5)7
where ¢(z) = #(z), Q(2), q(z) and ¢ are given by (8), (9) and (10) with n = 0.
This result is best possible.

Putting A =1 and 7 = 0 in Theorem 1, we get the following corollary.
Corollary 31If f € L, 0.3,(1,0, 1, A, B) (1 > 0), then

Lew o= G (PR (FR)
pGaﬁ’LP(f’g)( )_ pf’(Z) <g/(z)) (szl

i3
) <4(2) (z€D)

and if
A< P8 and —1<B<0,
p

then
Lp,(lﬁ,P(]-a Oa ,U,, Aa B) C LPﬂ,ﬁ,p(L 07 :U’, E)a
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where ¢(z) = ﬁ(z), Q(2), q(z) and £ are given by (8), (9) and (10) with » = 0.
This result is best possible.
Theorem 2 If f € A, satisfies

R{GE, 55, (9 ()Gl g\, (Fr9)(2)+uHE 55 (f,9)(2)} > p*v (0<y <1, z€D),
(13)
then f € Ny ap,,(A ), where
_ P+ 8(2p%y + )
4p
and G?, 5, (f,9)(z) and Hf, 5, (f,g)(2) are given by (5) and (6), respectively.
Proof. Setting

§

€(0,1)

Gapap(fr9)(2) = p(1 = h(2) + g, (14)
then h(z) is analytic in D and h(0) = 1.
Differentiating (14) and using the identity (13), we have

» p _ p( = §uzh'(2) + [p(1 = Oh(z) + p¢]®
G(x,,@,)\,p(fv g)(z) + H‘Ha,ﬂ,)\,p(fvg)(z) - p(l _ §)h(z) +p€ .

(15)
Using (14) and (15), we get
Ggﬁ)\,p(fv 9)(3)[Gz,5}>\,p(fa 9)(z) + lu’Hg7ﬂ’)\7p(f7 9)(2)]
= p(1 = uzh'(2) + [p(1 = )h(z) + pe]*. (16)
From (13) and (16), we obtain
Pl = Opzh'(2) + p*(1 = §°h*(2) + 2p*¢E(1 = Oh(2) + p°¢* — p*y
p*(1—=7)
Next, we construct the function ¢(u,v) by choosing u = h(z) and v = zh'/(2),
that is,

$(u,v) = p(1 = v +2p°6(1 = Ou +p*(1 = §)*u® +p°¢* —p*y.  (17)
Clearly, the conditions (i) and (ii) of Lemma 4 are satisfied. Now, we verify the
condition (iii) as follows:

R{p(iuz,v1)} = p(1—Epvr —p*(1 —&)*u3 +p*€* — p*y

> 0.

2
< U 0 — g+
= X+Yu3,
where
X = —%pu(l — ) 4P —pPyand Y = — <p2(1 —)%+ L(g_ 5)) .

We note that R{¢(iuz,v1)} < 0if and only if X =0 and Y < 0. From X = 0,
we have

¢ = TH V2 T8RP F pp)
= .

Thus, by applying Lemma 4, we get f € Ny a.8,,(), €).

Theorem 3 If o > py > 0and —1 < By < By < Ay < A7 <1, then

LP@,B,P(A; n, 12, A2a BQ) - LP,a,ﬁ,p()‘v 7, 11, Al, Bl)

€ (0,1).
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Proof. Let f(2) € Ly a,8,,(A 7, pt2, A2, B2). Then

1+ [(1—n)As +nDBs)z
G o)) + 1oL (,9)(2) = pt LU D2 0Bl

Since —1 < B; < By < Ay < A; <1, so, by Lemma 5, we have

L+ [(1=n)A; +nB1]z
1+ Bz

i

GY o ([9)(2) + p2HE 5\ (f,9)(2) <p

which implies that f(2) € Ly a,8,(A, 0, pi2, A1, B1). Thus, for po = 1 > 0, we have
the required result.
When po > py > 0, Theorem 1 implies that

L+[(1 =n)A1 +nBi]z
4
Ga,ﬂ,)\,p(fvg)(z) <p 1 + Blz .

Also, because

G sap(1,9)(2) + mHE 5\ (f,9)(2)
= (1 - Z;) GY s (f9)(2) + % {G’;,B,A,Aﬁ 9)(2) + 2 H 4\ (f, g)(z)} ,

by using Lemma 6, we get the required result.

Putting A = 0, n = 0 and p = 0 in Theorem 3, we obtain the following result
proved in [30].
Corollary 4 If s > pp > 0and —1 < By < By < Ay < A; <1, then

Lp,a,ﬁ,0(07 07 H2, A2a B?) C Lp,a,ﬂ,0(07 07 M1, A17 Bl)

Setting A = 1 and n = 0 in Theorem 3, we have the following corollary.
Corollary 5 If us > pp > 0and —1 < By < By < Ay < A; <1, then

Lp,a,,é’,p(L Oa H2, A2a BQ) - Lp,oz,[ﬂp(la 07 M1, A17 Bl)
Theorem 4 If f(z) € A, satisfies

{02 @]

‘Gﬁ,g,x,p(f, 9) —p‘ <op(0<o<1)
for g € Jp(A, p). Then

CLGPE) L GEFE)YY
%[(1 Ve T Gy ]>0

and

in |z| < 71, where

21— a—iBl+2ap(l —p) + 0 — /2]l —a —if] + 2ap(1 — p) + 0)%> — 4pN

" 2N
(18)
and
N =2ap — p(1 4+ 2ap) — 0.
Proof. Let

1
M) = Gopapll9)(z) =1,



34 SHU-HAI LI, LI-NA MA, HUO TANG EJMAA-2016/4(1)

where h(z) is analytic in D with h(0) = 0 and |h(z)| < o. By using the Schwarz
lemma, we get

h(z) = 0z¢(2),
where ¢(z) is analytic in D with |¢(z)| < 1. Differentiating logarithmically, we have

BN i) N 170 5) 0 NS PORNGY 1 € BN €069
L=NTF0 A ey e [(1 Ve T
L) IR o) +66) |
ra [0S AL 4 R A i
Since
FENY e

7| (L) (Y] 50
- FENY e

Y(z) = ( zp) <pzp—l) )
then,

- nELE)

This implies that

f'(2) (zf'(2))
>(1—a)p+aR {(1 —A) Zs(g) N\ (25,((;) ]
“f—a—if| W) |2(2¢(2) + 6(2))
P(2) L+ozp(z) |

Now, using the well-known results for the class J,(A, p), Lemmas 7 and 8, we have

@) GER))

R e

> (- a)p+apt g 2

(2ap — p(1 +2ap) — o)r? — (21 —a —iB| +2ap(1 — p) + o)r +p
1—7r2 '

Suppose that
p(r) = (2ap — p(1 + 2ap) — o)r? — (2|1 — a — if| + 2ap(1 — p) + o)r + p.
Since p € N and 0 < 0 <1, so we have
p(0) =p>0and p(1) = -2(]1 —a —if| + o) <O0.
It follows that the root lies in (0,1). This implies that

L LGHRY  GEPEYY
I K TS S 705

if r < 11, where r1 is given by (18).

>0
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Putting A = 0 and p = 0 in Theorem 4, we obtain the following result proved in

[30].
Corollary 6 If f(z) € A, satisfies

R [fz(;)} >0 and

for g € S;. Then f is p-valent convex in |z| < 72, where

Giaoo(f, g)—p|<op(0<o<1)

B 2|1 —a —iB|+2ap + o) — /(2]1 — a —iB| + 2ap + 7)2 — 4p(2ap — p — o)
- 2(2ap —p — o) '
Theorem 5 If f(z) € A, satisfies

Gt o, (f:9)(2) *p‘ <op(a>0,0<0<1)

for g € J,(X, p). Then
i ee i FE AR (e | e e G IR S F B

in |z| < 73, where

(2ap(1 = p) +0) = +/(2ap(1 = p) + 0)* — dap(ap(l = 2p) — o)

S 2(ap(1 —2p) — o) 1
Proof. Let
/(2 N TR (N
h(z) = %GQ,O,A,p(fvg)(Z)—l - {;J;‘((z)) (ch((zo ] {(p{cf'((z))) (5’520 } b

where h(z) is analytic in D with h(0) = 0 and |h(2)| < o. By using the Schwarz
lemma, we get

h(z) = oz¢(z),
where ¢(z) is analytic in D with |¢(z)| < 1. Differentiating logarithmically, we have

Azt <>>> 1 ERIC O R R 20

al=f (7)) [a“ A a)] o T NI
2(2) (g ()] | ox(zd(2) + B(2))

[“ N e % a(l to20(2)

This implies that

R {A(Z(Zf/(z))/y + B(l —A) +A(1— ;)} CIE) - Lyq - n2 @) }

NEIB)] ) a iG]
() L I o |2 () +é2)
w{“ Ve T } o\ 1oz |

Now, using the well-known results for the class

g{((())) { (1”“(1;)} (f'(2)) Hll)(lA)sz(z)}

P (zf'(2)) f'(2) a f(z)
1—(1-2p)r or
> _
- 1+7r ap(l—r)

_ lap(1 —2p) — o]r? — [2ap(1 — p) + o]r + ap
ap(l —r?) '




36 SHU-HAI LI, LI-NA MA, HUO TANG EJMAA-2016/4(1)

Suppose that
m(r) = (ap(l - 2p) — 0)r® — (2ap(1 — p) + o)r + ap.
Since p € N and 0 < ¢ <1, so we have
m(0) = ap > 0 and m(1) = —20 < 0.
It follows that the root lies in (0,1). This implies that
AGEF)) 1 1] G 1 F(2)

R————7— —1=-N+X1-—)] —+1-—)1=X 0

Cetroy * aa-veaa- D B ra-Da-nR )
if r < rg, where r3 is given by (19).

Putting A = 0 and p = 0 in Theorem 5, we get the following result proved in
[30].
Corollary 7 If f(z) € A, satisfies

Z]J:;S) (iéi;)alﬂ‘ <op(a>0,0<0<1)

for g € S». Then f is p-valent a~'-convex in |z| < r4, where

(2ap + o) — \/(2ap + 0)? — dap(ap — o)
2(ap — o)
Setting A = 1 and p = 0 in Theorem 5, we have the following corollary.
Corollary 8 If f(z) € A, satisfies

(Zfl(z))/(f/(z)>a—p‘<o'p(a>0, 0<o<1)

T4 =

f'(z) \g'(z)

for g € S;. Then
(2(2/"(2))") 1 (/')
e R (i

in |z| < r5, where

(20p +0) — \/(2ap + 0)% — dap(ap — o)
2(ap — o)
Theorem 6 If f € N, o 5,(N &), then f(2) € Ly ap,,(A, 1, &) (1> 0) in |2| < rg,
where r¢ is the only root of the equation
p(1—28)r* = 2(p(1 — &) + p)r +p = 0. (20)

In the interval (0, 1), the value of rg is the best possible.
Proof. Let the function h(z) be defined by

1
’ [(zf’(Z))’ (f’(Z))“ (f’(Z) )’3]
) \g@) \por

EGi,ﬁ,A,p(f, 9)(2)
2'() (1)) (1))
f(z) <g(Z)> ( zP )
=1 =8h(z)+¢ (2 €D) (21)
Then h(z) € A, h(z) =1+ c12 + 222 + -+ and Rh(z) > 0.

rs =




EJMAA-2016/4(1) SOME PROPERTIES OF CERTAIN SUBCLASS 37

A logarithmic differentiation of (21) and application of Lemma 8, yield

L [G’;ﬁ,x,p(f, 9)(2) + pH 5, () 9)(2)} —¢

R ¢

B jzh(2)
= {h@ A one)

R
{h(z) STESIe)] +pe}

2ur
Rh(z {1 — }
) p(1 =& —r)? +p&(l —r?)
p(L =261 = 2(u+p(l = E)r+p
= Rh(z . 22
g e ) )
If |z| < rg, where 14 is the only root in the interval 0 < r < 1 of the equation given
by (20), then we find from (22) that f(z) € Lpa.,p(X 1, &) (1> 0) for |z] < rg.
To show that the bound r¢ is sharp, we consider the function f(z) € A, defined
by

+p§}
\

vV
ot

%

1—=2

1 4
EGQ,B,)\,p(.ﬂ g)(Z) = (]' - g)m +£ (Z € ]D)),

or, equivalently

5 |Clor 19 + 50 FE] =€ p - 2922 24 p(l - )z 4p _,

1-¢ p(1+2)(1—(1-2¢)z)
for z = rg, which completes the proof of Theorem 6.
For p = 0, if we set A = 0 and A = 1 in Theorem 6, respectively, we have the
following corollaries.
Corollary 9 If f € N, 4.3,0(0,8), then f(2) € Ly a,5,000,1,&) (> 0) in |z] < 76,
where 7¢ is given by (20).
Corollary 10 If f € N, o.5,0(1,&), then f(2) € Ly a,0(1, 1, &) (> 0) in |z| < 76,

where r¢ is given by (20).
Theorem 7 Let >0, I > 0. If f(z) € A, satisfies
2
< T [l + — arctan (Ml)] ,
2 s p
(23)

{162 () |1+ L1200}

then
1
ot (36200, (£0)) )| < 31 (21)

where GY, 5, (f,9)(z) and H, 5, (f,9)(2) are given by (5) and (6), respectively.
Proof. Let

Wz) = %Gz,ﬂ,x,pq,g)(z)

(@ (@) (1N [erey (P (@)
- lpf(Z) (9(2)) ( 2P ) 1 l pf'(2) (9’(2)> (pz”‘l) ] ’
(25)
then h(z) = 1+ c12 + cp2? + -+ - is analytic in D with h(0) = 1 and k/(0) = 1 # 0.
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Differentiating (25) logarithmically with respect to z and multiplying by z, we
have

=

1 !
LG o £.9)(2) {1 +RHL 8 g><z>} = h) + L),

By using Lemma 9, the proof of Theorem 7 is completed.
Putting A = 0 in Theorem 7, we have the following corollary.
Corollary 11 Let >0, I > 0. If f(2) € A, satisfies

o 53 () () [ron (S reovim- w3 -2l
< g [Z+arctan /;l)} ,
e zf'(z 2\ 2\ ™
w5 () (5 )< 5

Further, for 8 = 0, if we set a = 1 and « = 0 in Corollary 11, respectively, we

get the following corollaries.
Corollary 12 Let p >0, [ > 0. If f(2) € A, satisfies
2
[l + — arctan <Ml>} ,
™ p

we{ i [ (G )
{2 < 3
Corollary 13 Let p >0, I > 0. If f(z) € A, satisfies
wedora [ (G~ Y <3 [ oo (5]
we o fl <3
Theorem 8 If f(z) € A, satisfies

1
LG L)) {1 (0 <

o)

then

then

1+[1—-n)A+nDB]z
1+ Bz

p

then
1, 1+((1=n)A+nB)z
pG(x,ﬁ,)\,p(.ﬂ g)(Z) < q(Z) = 1+ Bz ’

where

_ p Bz pl(1 —n)A+nB]z p
= (14Bz)" ' |oF (1,1:1+ = {112+ 5
q(Z) ( + Z) |:2 1( s Ly + ,LL’ 1+BZ> + p+ﬂ 241 9 Ly + )

(28)
and ¢(z) is the best dominant, G?, 5 , ,(f,9)(2) and Hf, 5, (f,9)(z) are given by
(5) and (6), respectively.

Proof. Let the function h(z) be given by (25), then h(z) = 1+ c12 + c222 + - -
is analytic in D with A(0) =1 and A/(0) = ¢; # 0.

)}

Bz
nw 14+ Bz
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Differentiating (25) logarithmically with respect to z and multiplying by z, we

have
1 !
2610 {14 LHE (190 | = 1)+ Lo,

=

Thus, by using Lemma 10, we obtain

1 p _e [Fti (14 ((1—n)A+nB)t)dt
7Gp , < — u/ = .
S0 =< 1k | — (2)

Now, using the conditions (i) and (iii) of Lemma 2, we can rewritten the function

q(z) as (28). This completes the proof of Theorem 8.
Putting A = 0 and 7 = 0 in Theorem 8, we have the following corollary.
Corollary 14 If f(z) € A, satisfies

1) (g()) (f(z))”ﬂ {Hu (<f<>> flayip @) )

z
p
1

(2) \g(2) 2P pf’'(2) pf(2) pg(2)
=7 J+r 2’:} (> 0),
then .
2f'(2) (FON" (F(2)) 1+ Az
pf(z) <g(2)> ( 2P > <4z = 1+ Bz’

where ¢(z) is given by (28) with n = 0.
Further, for g = 0, if we set @ = 1 and a = 0 in Corollary 14, respectively, we

get the following corollaries.
Corollary 15 If f(z) € A, satisfies

Zf/(Z) (Zfl(z))/ _ Zg’(z) 14+ Az
{pg(Z) [1+u< pf'(z)  po(2) ﬂ} AR FAGE
zf'(2) 1+ Az
po(n) &) =Ty

where ¢(z) is given by (28) with n = 0.
Corollary 16 If f(z) € A, satisfies

{Zf’(z) {1+M ((Zf/(z))/ — Zﬂz))]} L Lt4e (1> 0),

then

pf(2) pf'(z)  pf(z) 1+ Bz
then #2) o
2f'(z + Az
pf(2) a(z) < 1+ Bz’

where ¢(z) is given by (28) with n = 0.
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