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ON FINITE SUM OF G-FRAMES AND NEAR EXACT
G-FRAMES

RENU CHUGH, SHASHANK GOEL

ABSTRACT. Finite sum of g-frames in Hilbert spaces has been defined and
studied. A necessary and sufficient condition for the finite sum of g-frames to
be a g-frame for a Hilbert space has been given. Also, a sufficient condition for
the stability of finite sum of g-frames and a sufficient condition for the stability
of finite sum of g-Bessel sequences to be a g-frame for a Hilbert space have
been given. Further, near exact g-frames in Hilbert space have been defined
and studied. Finally, a sufficient condition for a g-frame to be a near exact
g-frame has been given.

1. INTRODUCTION

In 1952, Duffin and Schaeffer [5] introduced frames for Hilbert spaces while
addressing some difficult problems arising from the theory of non-harmonic Fourier
series. Today, frames have been widely used in signal processing, data compression,
sampling theory and many other fields.

Recently, Sun [13] introduced a g-frame and a g-Riesz bases in a Hilbert space
and obtained some results for g-frames and g-Riesz bases. He also observed that
frame of subspaces (fusion frames) introduced by Casazza and Kutyniok [2] is a
particular case of g-frame in a Hilbert space. Also, a system of bounded quasi-
projectors introduced by Fornasier [7] is a particular case of g-frame in a Hilbert
space.

In the present paper, we study finite sum of g-frames in Hilbert spaces and
observe that a finite sum of g-frames may not be a g-frame for a Hilbert space.
A necessary and sufficient condition for the finite sum of g-frames to be a g-frame
for a Hilbert space has been given. Also, a sufficient condition for the stability of
finite sum of g-frames and a sufficient condition for the stability of finite sum of
g-Bessel sequences to be a g-frame for a Hilbert space have been given. Further,
near exact g-frame in Hilbert space has been defined and studied . Finally, a
sufficient condition for a g-frame to be a near exact g-frame for a Hilbert space has
been given.
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2. PRELIMINARIES

Throughout this paper, H is a Hilbert space over K (R or C) and {H,, }nen is a
sequence of Hilbert spaces over K. B(H, H,,) is the collection of all bounded linear
operators from H into H,.

Definition 1 A sequence {z,}nen C H is called a frame for H if there exist
constants A and B with 0 < A < B < oo such that

Allz|? < Z |(z,2,)* < B||z||?, forall z€ H.
neN
The positive constants A and B, respectively, are called lower and upper frame
bounds of the frame {x, }nen.
Definition 2 [13] A sequence {A,, € B(H, Hy,)}nen is called a generalized frame
or simply a g-frame for H with respect to {H, },en if there exist constants A and
B with 0 < A < B < 0o such that

Allz)?> <> IAn@)[I* < Bllz||*, forall x€ H. (1)
neN

The positive constants A and B, respectively, are called the lower and upper frame
bounds of the g-frame {A, },en. The g-frame {A,, },en is called a tight g-frame if
A = B and a Parseval g-frame if A = B = 1. The sequence {A, }nen is called a
g-Bessel sequence for H with respect to { H,, } nen with bound B if {A,, } nen satisfies
the right hand side of the inequality (1).
Definition 3 [10] A sequence {A, }nen is called a g-frame sequence for H, if it is
a g-frame for span{A}(H,)}nen-

Notation. For each sequence {H, },en, define ( > @Hn> by
12

neN
(Z ®H, ) {{an}neN cap € Hyyn € N and Z lan|? < oo}
neN neN
with the inner product defined by ({a,},{bn}) = >_ (an,b,).
neN

It is clear that ( > @Hn> is a Hilbert space with pointwise operations.
neN lo
The following results which are referred in this paper are listed in the form of

lemmas.
Lemma 1[10] {A,, € B(H, H,)}nen is a g-Bessel sequences for H with respect to
{H }nen if and only if

T: {xn}neN — Z A:L(xn)

neN

neN
Lemma 2[10] If {A,, € B(H, Hy,) }nen is a g-frame for H, then span{A’ (H,)}nen =

is well-defined and bounded mapping from ( > @Hn> to H.
Lo

3. FINITE SuM OF G-FRAMES
Let {Aln € B(H,Hp)}nen, ¢ = 1,2, k: be g-frames for H. Consider the
sequence {Z A, € B(H,H,)}nen. Then {Z A; »}nen may not be a g-frame for

i=
H. In this du"ectlon we give the following examples
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Example 1 Let {A;,, € B(H,Hy,)}nen, @ = 1,2,--+ ,k be g-frames for H. If for
some 1 < p <k,

Ain(z) =Apn(x), forallz e H, i=1,2,--- ,kand n € N.

k k
Then {> > A;n(x)} = {kAp . (2)}, n € N. Therefore {Y A; () }nen is a g-frame
= i=1

for H.
Example 2 Let {A1, € B(H,H,)}nen and {As,, € B(H, Hy)}nen be two g-
frames for H such that

Aip(x) = —Ag (), for all z € H and n € N.
2
Then {3 A;n(z)} = {0}, which is not a g-frame for H.

1=1
In view of Examples 1 and 2, we give a necessary and sufficient condition for the
finite sum of g-frames to be a g-frame.
Theorem 1 Let {A;,, € B(H,Hyp)}nen, @ = 1,27~~~ ,k be g-frames for H. Let

{a;}, i =1,2,--- |k be any scalars. Then {Z ;N\ } is a g-frame for H if and

only if there exists § > 0 and some p € {1 -, k} such that
,BZHAp,n )? < ZHZO% in( x)|?, =€ H.
neN neN =1

Proof.For each 1 < p < k, let A, and B, be the bounds of the g-frame {A,,}.
Let 8 > 0 be a constant satisfying

B Apale ||2<Z||ZaAm 2, @ e H.

neN neN =1
Then

BA, ||m\|2<Z||Zal in(@)?, ze H.

neN =1
For any x € H, we have

)NTE ||2<Zk(2||az wa)IP)

neN =1 neN =1

- kz (1 3 Isn (o)1)

neN
< k(max |a;|? (ZB > [|2]|%.

k k
Hence {Z @i n }nen is a g-frame for H with bounds 84, and k(max |o;|?) (3 B;).
i=1

Conversely, let {Z ;i ntnen be a g-frame for H with bounds A, B and let

for any p € {1,2,-- k} {A,, n}neN be a g-frame for H with bounds A, and B,.
Then, for any z € H, p € {1,2,--- ,k}, we have
Apllz]® < Y 1A (@) < Byllz]®.
neN
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This gives
= Z [Apn(@)|? < 2], = € H.
P neN

Also, we have

Allz|? < ZNII E ailin(2)|* < Bllz|*, x€H.
ne i=1
So,

||x||2<72”2041 7.n ||2 GH.

neN =1

Hence

B, ZHAPTL ||2<Z||Zaz i (@),

P neN neN =1

A
Write B—p = (. Then

B Apala ||2<Z||Zaz in(@)|? z€H.

neN neN =1
Next, we give a sufficient condition for the stability of finite sum of g-frames.
Theorem 2 For i = 1,2,--- ,k, let {A;,, € B(H, Hy)}nen be g-frames for H,

{©in € B(H,Hy,)}nen be any sequence. Let L: | > ®H, — ( > @Hn>
neN 12 neN 12

be a bounded linear operator such that L<{Z Oin(z )}n€N> = {A, »n () }nen, for

i=1

some p € {1,2,- k} If there exists a non-negative constant A such that

ZH(AM— i) @) ? <A Ain(@)?, € Handi=1,2, -k
neN neN

Then {Z ©i.n}nen is a g-frame for H.

Proof. For any ¢ € H, we have

k k

SIS 0w = ZH(Z - 8)@) + X Aol P

neN =1 neN =1 =1
<2kZ<Z|| zn* zn H2+ZHAln ”2)

i=1 neN neN
<2kz(AZnAm I+ 3 i)
neN neN
< 26(1+ 3 Z&») .
i=1

where, B; is an upper bound for {A; ,}nen, i=1,2,.... k.
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Also, for each x € H, we have

(o))

Therefore, we get

Apllzl® < 1Apn @) < ILIP Y IIZGM |?, =€ H,

neN neN =1

2

= [{Apn()}?
= 1Ay (@)

i€N

where A, is a lower bound of the g-frame {A, , }nen-
This gives

T < <Y e
neN =1
Hence {Z ©intnen is a g-frame for H.

Now, We give another sufficient condition for the stability of finite sum of g-Bessel
sequences to be a g-frame for H.
Theorem 3 For i =1,2,--- ,k, let {A;,, € B(H, Hy,)}nen be g-Bessel sequences in

H with coefficient mapping T; : H — | > ®H, | givenby T;(x) = {A; n(2) }nen,
neN Lo
x€e H,i=1,2,--- kandlet {©,, € B(H H,)}nen be any sequence such that

> M(Ain = Oin(z ))H?S)‘ > A (x )H reH, A>0and ¢=1,2,--- k.
neN neN
If for some p € {1,2,--- , k}, there exists 4, > 0 such

Y NApn@)? = Ayllz)?, we H
neN

and
k k
4, > (2<k )P kY ||n||2).
i =1
i#p

k
Then {> ©;n}nen is a g-frame for H.
i=1
Proof. For each z € H, we have

SIS0 - Z|(Z - )+ZAM P

neN =1 neN =1
1/1 9 9
= 5 5 Z ||Apm ” _QZ ||ZAzn ”
neN neN :75;

Y (O - Ann)a >||2)

i=1 neN



78 RENU CHUGH, SHASHANK GOEL EJMAA-2014/2(2)

> 5 (Aobal? -2~ 1) DD TE e

i=1 neN
iEDp

k
kA D (i)

i=1 neN

1 2 - 2 : 2
= 1 (4nhelP — 20— 0 3 o ?) - LTl

i#p

»-lk\H

k k
1
— (40— 206 DT - w3 TR ) el
i= =1

=
Also, for each x € H, we have '
k k
SIS 0@ = Z|(Z M@ + Y AP
neN =1 neN i=1 i=1
k
<2 TI3 (0 i) @I+ 1S Ao Ie)
neN  i=1 neN  i=1
<2/<:)\ZZ||AM ||2+2kZZ||Am )|
i=1 neN i=1 neN

< 2k(1+ )\)(zk:Bi) [l

i=1

k
where B; is a g-Bessel bound for {A; ,}nen. Hence {3 ©; ,,} nen is a g-frame for
i=1
H.

4. NEAR EXACT G-FRAMES

We begin this section with the following definition of near exact g-frame:
Definition 4 A g-frame {A; € B(H, H;)};es for H is said to be near-exact if it can
be made exact by removing finitely many members from it.

To show the existence of near exact g-frame, we give the following example.
Example 3 Let {e,,} be an orthonormal basis for H. Define a sequence {z,,} C H
by

T, =€, t=12--.n
{xi =€i—n, t=n+1n+2,---
For each i € N, define A; : H — C by
Ai(z) = (z,x;), =€ H.
Then {A;}ien is a g-frame for H with respect to C. Indeed, we have
ol < 3 IAa(@)I? < 20, @€ H,
ieN

Further, by removing first n members from {A;}ien, we obtain {A;}72, ; which is
an exact g-frame for H.
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Example 4 Let {e,} be an orthonormal basis for H. Define a sequence {z,} C H
by
Top_1 = Top =€n, N EN.
For each n € N, define A,, : H — C by
Ay (z) = (x,zn), =€ H.
Then {A, }nen is a g-frame for H with respect to C. Indeed, we have

S 1An(@)|? = 20jel?, = € H.

neN
But, after removing finitely many elements from {A,, },.cn, it is an not exact g-frame
for H.

Next, we give a sufficient condition for a g-frame to be a near exact g-frame.
Theorem 4 Let H be a separable Hilbert space and {A; € B(H, H;)}ier be a
g-frame for H. Then {A;};cs is near exact if every infinite sequences {o(k)}72, of
positive integers such that

span{A; (H;) 11 € I}izo(1),0(2), # H (2)
where A} is the adjoint operator of A;.
Proof.Suppose that {A;};cr is not near exact. Then {A;};c; is not an exact g-
frame. Therefore, there exist a positive integer o (1) such that {A;} i#o() is a g-frame

for H with respect to {H;}izoq). Then, by Lemma 2,
el
Aj (o)) € span{A;‘(Hi)}iﬁg(Il) =H, x,01) € Hyq). (3)

Since H is separable, there exists a positive integer n; > o(1) such that

dlst(Ag(l)(a?g(l)),span{Ai (H;) :Zf(11>> < 3 o) € Hy(p).

By assumption, {A;}32,,,. is not exact. Therefore, there exist a positive integer
ito(1)

o(2) > ny + 1 such that

A;(z)(%@)) € span{A;(H;)}> i—ni 1

i#o(1), o(2)

(

( z)}zl it To(2) € H, (o) (4)
(

(

= span{A}

and a positive integer ng > o(2) such that

. . , 1
dist (AJ(Q)(:EU(Q)) span{A;(H;)}" .., ) < 7 Lo € Hy(2)-

i#o(1), o(2)
Further, since

span{A; (H;)} "oy +3pan{Aj (Hi)}> icny 1 C3pan{A; (H;) }izo(1), o(2)

izo(l) i#o(1), o(2)
span{A; (H;) nji " + span{ A} (H;) ?°¢nl(+)1 C span{A; (H;)}izto(1), o(2)

(using(4))
span{A;j (H ‘)]’v#am C span{Aj (Hi)}izo(1), o(2)-
So, we have
span{A; (H;)}izo(1), o(2) = H. (using(3))
Continuing in this way, we get a sequence of indices {o(k)}?2, and an increasing
sequence {ny}3>, with ng_1 +1 < o(k) < ny and n, = 0 such that

dist (Ao(k)(xa(k))vspan{Az’ (H)}™ | am) <55 To) € Hor)

i#o(1), o(2),
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and
span{Af(Hl) RS I}i¢g(1)7a(2)7,.. (k) = H.
Thus, we get a sequence of indices {o(k)}%2 such that
W{A?(HZ) RS I}i#a(l),o@),w = H.
This is a contradiction.
Hence {A; € B(H, H;)}icr is a near exact g-frame for H.
Remark 1 The condition in Theorem 4 is not necessary. (Example 3).
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