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PULSED CHEMOTHERAPY MODEL

AH. LAKMECHE, M. HELAL AND AEK. LAKMECHE

ABSTRACT. A mathematical model for cell population with resistant tumor is
studied in this work. A periodic chemotherapeutic treatment is considered. We
study the stability of the trivial periodic solutions and bifurcation of nontrivial
periodic solutions by the mean of bifurcation analysis.

1. INTRODUCTION

In this work a mathematical model for cancer chemotherapy is studied by con-

sidering normal-tumor cell interactions. Our work is inspired from papers [5] and
[8], where the authors consider some interactions between normal and tumor cells.
The model studied here is derived from Panetta [8] where normal and cancerous
cells are in interaction, and the treatment considered there acts instantaneously
on all kinds of cells. The mathematical model obtained is a system of impulsive
differential equations. Numerical analysis of the Panetta model [§] is considered in
[10], where the role of the initial tumor biomass on the evolution of the tumor is
studied.
In Panetta [8] two cancer models with resistant tumor cells are discussed, the first
one with acquired resistance and the second one with reduced resistance. In this pa-
per we study a model including both the acquired resistance and reduced resistance
given by

j?1<t) = M (1 — % — )\1($2 + .%‘3)) 5 (1)
Zo(t) = roxo (1 - %2363 = A2(71 + 535)) — M, (2)
Zg(t) = T3X3 (1 - %;53 - )\3(1‘1 + .ZQ)) + mxa, (3)
zi(t7) = Tx(t), (4)
wo(ty) = (T — R)za(ts), (5)
w3(ty) = Taas(ti) + Rea(ts), (6)
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where t;41 —t; =7 >0, Vi € N, and for j = 1,3, T}, R are positive constants.
The variables and the parameters are

m: acquired resistance parameter, usually it is very small (see [1]),

r1, T2, r3: growth rates of the normal, sensitive tumor and resistant tumor cells
respectively,

K, Ko, K3 : carrying capacities of the normal, sensitive tumor and resistant tumor
cells respectively,

A1, A2, A3: competitive parameters of the normal, sensitive tumor and resistant
tumor cells respectively,

7: period of drug dose administration,

Ty, Ty, T3: survival fractions of normal, sensitive tumor and resistant tumor cells
respectively.

R: fraction of cells mutating due to the drug dose which is less than 7T5.

Some recent works have considered models similar to —@, see for instance [2],
[, [6] and [9].

We give our main results in the next section, first stability of fixed point solutions
and bifurcation analysis are discussed, next the results obtained are applied to the
model —@. Conclusions are given in the third section, in section four we give
appendix.

2. MAIN RESULTS
In this section we consider the following system

1(t) = Fi(o(t), z2(t), v3(t

)

) ) (7)

ia(t) = Fa(zi(t), 22(t), 25(t)), (8)
a3(t) = Fa(w1(t), v2(t), v3(t)), 9)
w1 (tF) = Ou(wi(t), wati), x3(t:)), (10)
wo(tF) = Oalwi(ts), ma(ti), x3(L:)), (11)
w3(t) = Os(wi(ts), w2(ti), x3(t:)), (12)

where t;11 —t; =cste=17>0Vi €N, z; € R and ©; is positive smooth function,
for j =1,3.

The analysis of (7)-(12) allows us to obtain results applicable to the model (T])-(6]).
Variables and functions of @— are the following:

T : period between two successive drug treatment,

x; : normal (resp. sensitive tumor and resistant tumor) cell biomass, for j = 1
(resp. 2, 3),

O; (xl(t) xo(ti), x3(t;)) : fraction of normal (resp. sensitive tumor, resistant tu-
mor) cells, surviving the 7*" drug treatment, for j = 1 (resp. 2, 3),

Fj(x1,22,x3) : biomass growth of normal (resp. sensitive tumor, resistant tumor)
cells for j =1 (resp. 2, 3).

In our study, we first consider the unperturbed problem #; = Fj(z1,0,0), with pe-
riodic impulses z1(n7") = O (z1(n7),0,0). We assume that the one dimensional
equation with impulse equations — has a periodic stable solution (see
[5],[8]). It is called a trivial solution and could correspond to a preventive treat-
ment. However, from clinical point of view such a treatment is not a warranty that
no tumor can develop.

We consider the onset of a tumor in a patient who is under preventive treatment
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and the displacement of the equilibrium from a situation without cancer cells to
one with a significant fraction of them, this corresponds to a bifurcation from a
stable equilibrium. We study the dependence of the equilibrium on the time period
T between two drug injections.
A solution £ = (z1, z2,x3) of the problem — is a function defined on R with
nonnegative components continuously differentiable in Ry — {¢;};>0 with ¢o = 0,
and satisfying all of the relations through ((12)).
¢ is called a trivial solution of problem 1] if its second and third compo-
nents are zeros, otherwise it is a nontrivial solution. Also, £ is called trivial
(resp. nontrivial) 7-periodic solution if it is a trivial (resp. nontrivial) solution
with £(n7) = &((n + 1)7) for all n > 0.
In our study, we consider that © = (©1,02,03) is positive and that the positive
octant is invariant with respect to the flow ® associated to @—@[) The functions
F = (Fy,F,, F5) and O are assumed smooth enough. Finally, we suppose that
Fy(x1,0,23) = O2(21,0,23) = 0, F3(21,0,0) = O3(x1,0,0) = 0 and 6;(X) # 0
(X € Ri) for z; # 0, i = 1,2,3. Our main objective is to study the stability of
the trivial periodic solutions with non negative components, the loss of stability for
some values of the parameters, and the onset of positive nontrivial periodic solu-
tions as a consequence of this lost.
We have

Et) =d(t, Xp),0 <t <, (13)
where £(0) = X;. We assume that the flow ® applies up to time 7. So, £(7) =
®(7, Xo). Then, within a very small time interval starting at time 7, we assume that
the treatment is administered and kills instantaneously a fraction of the population.
The term £(77) denote the state of the population after the treatment, £(77) is
determined in terms of £(7) according to equations —. We have £(771) =
6(¢(r)) = O(®(r, Xo)).
Let ¥ be the operator defined by

U(r, Xo) = ©(P(7, Xy)), (14)

and denote by Dx ¥ the derivative of ¥ with respect to X. Then & = ®(., Xp) is a
T-periodic solution of (7)-(12) if and only if

\IJ(T,X()) ZX(), (15)

i.e. Xp is a fixed point of ¥(r,.), and it is exponentially stable if and only if the
spectral radius p(Dx¥(r,.)) is strictly less than 1 ([3]). A fixed point X of ¥(r,.)
is the initial state of — which gives a 7-periodic solution £ verifying £(0) = Xj.
Consequently, for each fixed point Xy of ¥(7,.) there is an associated 7-periodic
solution ¢ and vice versa.

Remark 1 We say that a fixed point is trivial if it is associated to a trivial periodic
solution. The fixed point of ¥(7,.) can be determined using a fixed point method
with some additional conditions on F' and © assumed smooth enough ([3]).

If 2o = 3 = 0 the problem , has a 7p-periodic solution denoted zy, it is
assumed stable, 7.e

(9("‘)1 8(1)1
— (P — 1. 1
o, ( (7—07 (1‘0,0,0))) o, (TO’ (1:0’0’0)) < ( 6)
The function ¢ = (z,,0,0) is a trivial solution of (7) — (12)), and ¢, = ¢(0) =
(25(0),0,0) is a fixed point solution of ([F).
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2.1. Stability of the fixed point (y. Denote xg = z4(0), then (x¢,0,0) is the
initial condition for ¢, that is {(0) = (0,0, 0).

o
We have Dx ¥ (19, X) = DxO(®(19, X)) 7= (70,X), then for Xy = (x0,0,0) we

. 0X
obtain

Dx ¥ (1, Xo) = Dx©O(®(70, X0)) 2% (70, Xo)

001(2(70,X0))  9091(2(70,X0))  991(P(70,X0)) 0P1(70,X0) O0P1(70,X0) 9P1(70,X0)
oz Oxo O3 oz Oxo O3
_ 9092 (®(70,X0)) 03 (70,X0)
= 0 T 0 0 —m, 0
0 003(2(10,X0))  993(2(70,X0)) 0 9®3(10,X0)  9®3(70,X0)
Oz Oxs Oxa Ox3

3 3
8@1(¢(T0,X0)) 8<I>1(7—0,X0) Za@l(q)(To,XO)) 8<I>1~(7—0,X0) Za@l(q)(To,X())) 34%‘(7’0,)(0)
i=1

8301 8(121 89:1 8:1}2 69:, 8:703
i=1 i
_ 0 902 (®(70,X0)) 92 (10,X0) 0
89:2 8{1:2
3
0 2 6@3(@(7’0,){0)) 8@1(7’0,){0) 8@3(‘1’(7’0,){0)) 6<1>3(7—0,X0)
axi (9&72 axs axg

=2

The solution ¢ is exponentially stable if and only if the spectral radius is less than
one, that is
00; 0P,
I (P X)) —2L
85Uj ( (TO’ 0)) axj

Consider the variational equation associated to the system —@D

d

a(DXCI)(t,XO)) = DxF(®(t, Xo))(Dx®P(t, Xo)), (17)
with the initial condition is Dx®(0, X¢) = Idgs.

0P (t, Xo) _ aFla(wCl(r))dT’ 0D (t, Xo) _ 2P g, and 0P3(t, Xo)

(TQ,X()) <1, for j=1,2,3.

‘We obtain
X1 8%2 8%3
t OF3(¢(r)
edo TEZTI for 0 <t <79
We have the following result

00, 0 OF;
Theorem 1 If conditions T;(C(TQ)) e’ o7
J

fied, then the trivial solution ¢ = (x4, 0, 0) is exponentially stable.

Clrdr 4 for j = 1,2, 3 are satis-

2.2. Critical cases. In this section, we analyze the bifurcation of nontrivial peri-
odic solutions of system @ — ([12) near ¢. Let ¥ and X such that 7 = 79 + 7 and
X = X+ X. The equation ([15)) is equivalent to

M(7,X) =0, (18)
where M (7,X) = (My(7, X), Ma(7, X), M5(7, X)) = Xo+ X — V(o + 7, Xo + X).

If (7, X) is a zero of M, then (Xo + X) is a fixed point of ¥(m + 7,.). Since  is
a trivial 7o-periodic solution (7)-(12)), then it is associated to the trivial fixed point
X of U(7g,.). From the stability of the solution x4 in the one dimensional space,
we have

REED
&vl

0d

(C(To))‘ 'aﬂ (20,0,0))] # 0. (19)
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From and the implicit function theorem, we have a branch of trivial 75—
periodic solutions of —. Let

i i b ¢
DxM#X)=|d ¢ f (20)
G h i

with ¢ = Go, b= by, ¢ = éo, d = do, é = éy, f = fo, § = o, h = ho and i = i, for
(7, X) = (0,(0,0,0)). We have dy = 0, fo =0, o = 0 and dg > 0.

A necessary condition for the bifurcation of non trivial zeros of the function M is
that the determinant of the Jacobian matrix Dx M (0, (0,0,0)) be equal to zero,
that is éo.Z{() =0.

There are three critical cases: (C1) éy = 0 and iy # 0, (C2) é, # 0 and 79 = 0,
and (C3) éy = 0 and 7y = 0.

Now, we analyze the possible bifurcation in all cases.

(C1): For éy = 0 and o # 0, we have M (0, (0,0,0)) = 0. Let DxM(0, (0,0,0)) =
E, then dimker(E) = codimR(E) = 1. Denote by P and @ the projectors onto
ker(E) and R(F) respectively, such that P+ Q = Idgs,

PR3 = span{Y,} = ker(E), with Yy =
QRS = Span{(lvoa O)a (0707 1)} = R(E)

Then (I — P)R3 = span{(1,0,0),(0,0,1)} and (I — Q)R3 = span{(0,1,0)}.
Equation is equivalent to

My (F,aYy+Z) = 0,
My(T,aYo+2Z) = 0, (21)
M3(7_—7 O[Y() + Z) = 07

where Z = (21,0, 23), (7, X) = (7,aYy + Z) and (a, 21, z3) € R3.
From the first and last equations of , we have

dM,(0,(0,0,0)) dM,(0,(0,0,0)) do éo .
det( oMs(0.10,0.0))  9Ms(0.0,0,0) ) = det( 0 ) = do-io 7 0.

621 323

From the implicit function theorem, there exist § > 0 sufficiently small and a unique
continuous function Z*, such that Z*(7,a) = (2](7,),0,25(7,a)), Z*(0,0) =

(0,0,0),
‘oho b h
M, (7", <<C,O¢O—,O> a—|—zi"(7‘,o¢),a,—{Oa—l-zg‘(?,oz))) =0 (22)
aopto ao 20

o b 1
M3 (T, ((C,Of —,O>a—i—zf(T,a),a,—{Ooz—&—zg(ﬂa))) =0, (23)
apto ag 20

for every (7, «) such that |o| < ¢ and |T| < 4.
0z*
Moreover, we have a—(0,0) = (0,0,0).
- Je!
Then M(7,X) =0 if and only if

and
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Equation is called determining equation and the number of its solutions is
equal to the number of periodic solutions of (7)-(I2) (see [1]). We now proceed to

solving equation .
First, it is easy to see that f2(0,0) = 0.
df2(0,0)

From the Taylor development of f around (7, ) = (0,0), we find that === =
82(00) _

Ja
Let Ay = %, By = % and Cy = %. It’s shown that A; = 0.
Hence

2
fo(7, @) = ByTa + Cg% +o(la]* +|7%).

By taking 7 = o, we have fo(oa, ) = CY7292(0, a) where ga(0,a) = 2Byo 4+ Ca +
0 (14 0?) . Further %(a, 0) = 2B5 and g2(0,0) = 2By0 +Cs. So, for By # 0 and

oo = —2%“2 we have g2(09,0) = 0 and %(UO,O) # 0, using the implicit function
theorem we find a function o(«) such that for o small enough g2 (o (@), o) = 0 and
— — _ G

Then, for a near 0 and 7(a) = o(a)a we have fo(7(a), ) = 0.
Remark 2 As mentioned above, we are interested only on positive solutions, i.e.
solutions with positive components, so all the components of the term X, + X =

Xo + oYy + Z*(7(a), @) must be nonnegative, then we must have a > 0, —?—;’a +

z5(T(a),) > 0 and 19 + 7(«) > 0. These conditions are satisfied for % < 0 and
0

(> 0) small enough, since 23(0,0) = azg‘a(;),o) = 8Z%(2’0) =0.

In conclusion we have the following theorem.

0 9% (¢(r))dr
Theorem 2 Let ’aej (C(To))‘ o’ 7y Cdr for j =1,3 and

ox;
79 OF:
%—%(C(m))‘ elo” 7a (Crdr 1, we have the following results:

a) If BoCy # 0 we have a bifurcation of nontrivial periodic solutions of —
with period 7(a) = 79 + 7(a) starting from Xy + aYy + Z*(7(a), «) for all a(> 0)
Cs

small enough, moreover 7(a) ~ —ﬁa. Consequently, we have a supercritical
2

bifurcation if BoCy < 0 and a subcritical cases if BoCy > 0.
b) If BoCy = 0 we have an undetermined cases.
(C2): For éy # 0 and i = 0, we have M (0, (0,0,0)) = 0. Let DxM(0, (0,0,0)) =

E, then dimker(E) = codim R(E) = 1. For this case we take Yy = <_CO, 0, 1> and
do
5 o
QR® = span { (1,0,0), | 0,1, = | b = R(E).
0
Then (I — P)R? = span{(1,0,0),(0,1,0)} and (I — Q)R?* = span{(0,0,1)}.

Let Z = (21,22,0), (7,X) = (7,aYp + Z) and (a, 21, 22) € R3.
From the first and second equations of , we have

9M,(0,(0,0,0))  9M,(0,(0,0,0)) bo 60
det | parn@7b0.0y)  onm@ 00y | = det ( 0 é ) = dg.¢g # 0.
021 0z2

By the implicit function theorem, there exist ¢ > 0 sufficiently small and a unique
continuous function Z*, such that Z*(7,a) = (2](7,a),25(7,«),0), Z*(0,0) =
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(0,0,0),

M, <?, <2Za + 21 (7, @), 25 (T, o), a>) =0 (25)
and

M, (77 (—Zza + 21 (7, @), 25 (T,Oé),Oé)) =0, (26)
for every (7, «) such that |o| < 6 and |T| < 4.

oz*
Moreover a—(O 0) =(0,0,0).
Then M(7,X) = 0 if and only if

f3(7, ) = M3 <7', (—?/004 + Zf(T,a)7z§(T,a)7a)> =0.

ao
We obtain  fs(7,a) = Bsra+Cs% +o((Ja]+|7])2).
Using the same arguments as in the case (C1), we have the following results.
70 255 (e (o)) dr ) ) 70 9F3 (- (o)) dr
N[l T T <1 (5= 1,2), [ 32(C )| o N

1 and 23 (7(a), ) > 0 (for @ > 0 small enough) be satisfied. We have the following
results:

a) If B3C3 # 0 we have a bifurcation of nontrivial periodic solutions of —
with period 7(«a) = 79 + 7(a) starting from X + oYy + Z*(7(«), ) for all a(> 0)

small enough, moreover 7(a) ~ —ﬁa Consequently, we have a supercritical

bifurcation if B3C3 < 0 and a subcrltlcal cases if B3C3 > 0.
b) If B3C3 = 0 we have an undetermined cases.

Note that in the particular case Z = (21,0, 0) we have Ms (T, (—?Oa + 21,0, a)) =
ao
0, for all (7,21, ) € R®. Then, equation is reduced to

o (27)

We have dMl(O (0 0.0) — 6M1(g:£? 0,0)) gz; = ag # 0. By the implicit function the-

orem, there ex1st 0 > 0 sufficiently small and a unique continuous function Z*, such
that Z*(7, a) = (27 (7, «),0,0), Z*(0,0) = (0,0,0) and M; (7', (—Za + 21 (7, ), 0, a)) =
0

0 for every (7, «) such that 0 < a < § and |7| < 4.
Then M (7, X) = 0 if and only if f3(7,a) = M3 (7", (—?Oa + 21 (7, a),O,a)> =0.

ao
In conclusion, we have the following results.

70 OFj e (r))dr 0 OF3 (¢ (r)\dr

Theorem 4 Let ‘276;(((7'0))‘ elo” 7y (CrDdr 1(j=1,2)and ‘863 ‘ Jo© 2 (¢(r))dr _
1 be satisfied, then we have the same results as in theorem 3.
Remark 3 In the case (C3) we have:
(i) If hg # 0, then Ay = By = Cy = 0, which is an undetermined case, to study it
we need to determine the higher derivatives of fs.

(i) If ho = 0, then dimker(E) = 2, in this case the approach above can not be
applied.
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2.3. Applications to the cancer model -@. In this section we apply the
results obtained above to the model —@.

By taking x5 = 0 and x3 = 0, the problem , has a 7-periodic solution

x1(t, (20,0,0)) = z4(t), 0 < t <79, where

Kl (Tl — 6_“7-0)

s(t) = 5 28
o ( ) (Tl — 677‘17—0) + (]. — Tl)e*’“lt ( )
Ky(Ty —e ™70
with IE():—I( ! _6 S )
—e T1T(
The solution x, is defined and stable in the one dimensional space if and only if
Ty > e~"70 that is
> ! 1 ! (29)
o> —1In|—=).
7 T

To determine the stability of the trivial solution ¢ = (zs,0,0) in the three dimen-

sional space, we must calculate €y and ig. We have
—roAg K —r3Ag K

1 1
h=1— (T2 —R)Tl 1 e(rg—rg)\gKl—m)To and ip = 1 —T3T1 1 e(Tg—'f‘a)\(jKl)To.
In view of the fact that \aK; < 1 and A\3K; < 1 (see [§]), we have

ro2Ag Ky
T < Tl " + R (30)
and
r3A3 Ky

Ty <1y ™ . (31)
If ¢y > 0 and iy > 0, then ( is stable as an equilibrium for the full system —@.

In this case, we have
oAy K7 1 r3Agz Kq .
In (Tl 1 (TQ — R) - > ln( i) In (Tl 1 T3 >

tn7;) <7< and —12 < 7 <
1 0 T2(17>\2K1) —m T1 0 7"3(17)\3]:{1)
So
roAg K1 r3A3 Ky
1 In <T1 n (TQR)1> In <T1 n T3‘1>
@ < Tp < min (32)
T1 0 TQ(I*)\QKl)*m ’ 7’3(17)\3K1)

Using theorem 1, we deduce the following result.

Corollary 1 If — are satisfied, then the trivial solution { = (x4,0,0) of
—@ is exponentially stable.

If conditions , are satisfied and

Kj(rgAg—r2A3+mA3) ro(1—XoKq)—m

T, > Tl r1(1-X3K71) T3 r3(1—X3K1) +R (33)
r2Aa Ky r3A3 Ky T2 Ky
In <T1 T (Ty — R)—1> In (Tl B T3—1> In (T1 T (Ty — R)‘l)
we have min , =
Tg(l—/\QKl)—m T3(1—/\3K1) Tg(l—)\gKl)—m

That is, the trivial solution is stable for

roAg K1 .
1 - _

ln(%) . In <T1 (T2 R) >
T1 0 ’I"Q(l—)\gKl)—m
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If conditions (30)), are satisfied and

Ky (rghg—rpAg+mAg) rma(1—-AgKj)—m
T2 < T1 r1(1-A3K7) T3 r3(1-A3 K1) 4 R, (35)
rodg Ky raig Ky ragAz Ky
In (Tl T (Ty — R)—1> In (Tl n T31> In (T1 B T31)
we have min , = .
Tg(l—)\QKl)—m 7“3(1—)\3[(1) ’1"3(1—)\3K1)

That is, we have stability of the trivial solution for

r3Ag3 K1
In <T1 n T3_1>

In(7;)
—= <1< 36
T1 7o 7’3(1 — AgKl) ( )
Remark 4 Equality
rg2Ag Ky
In (T1 " (Ty - R)_1>
= 37
o 7’2(1—>\2K1)—m ’ ( )
corresponds to €y = 0 and equality
r3A3 Ky
In <T1 n T3—1>
T0 = (38)

7’3(17/\3[(1) ’

corresponds to g = 0.

If —, and 1) are satisfied, we deduce that €, = 0 and i # 0, so the

conditions of theorem 2 are satisfied. Further, for A = 0 we have
By = —(To — R) (ro — m) e(r2=m)70 () and
02 _ (T2 . R) r2e(r2fm)‘ro (6(7‘2*’”1)7'0 B 1)

kQ(?"Q—m)
—r3A3 K1
2 (rg—m)To 0 [U e'r'3u((T —67"‘170)6%1“—&-(1—7—' ) 2
+(Ty — R)Zrame 21000 [0 [ 1 ) dsdu

67(7-27T37m)s((T1_6—7-170)67-1s+(1_T1)) 1

2(7,{1'10)7"26“277”)7'0 0 —rgAg K1
+(T2 _ R) i —aart Jo ersu((TI _ e—m-ro)emu + (1 _ Tl)) 1 du.
ka(l—e~Tm170) 71
From conditions cited above, we have ig > 0 and hy < 0, then Cs > 0, therefore
ByC5 < 0. From theorem 2 we have
Corollary 2 If conditions —, 33]) and hold, then there exists ¢y > 0,
such that for all |\a| < €g, the problem —@ has a nontrivial periodic solutions.
More specifically, there exists § > 0, such that for all 0 < a < 3, we have a

nontrivial (7o 4+ 7(«))-periodic solution

‘oho b h
CO, 0 a+zi‘(7(a),a)7a,—,_Oa—i—z;(T(a),a))).

L I T

doio dO 20

If —, 1] and 1] are satisfied, we deduce that €y # 0 and iz) = 0, so the
conditions of theorem 4 are satisfied.

Further, for A3 = 0, we have

B3 = —r3T3e™™ < 0 and Cy = 2K; "T3e"37 (€37 — 1) > 0, therefore B3Cs3 < 0.
From theorem 4 we have

Corollary 3 If conditions —, (135) and hold, then there exists ¢y > 0,

such that for all |A\s] < €g, the problem (] —@ has a nontrivial periodic solutions.
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More specifically, there exists § > 0, such that for all 0 < a < 3, we have a
nontrivial (1o+7(«))-periodic solution ® (.7 (a:o + (_CO) a+ 25 (7(a),a),0, a) )
ao

3. CONCLUSION

In this work, we have studied a nonlinear mathematical model describing evo-
lution of cell population constituted by three kinds of cells (normal cells, sensi-
tive tumor cells and resistant tumor cells) under periodic pulsed chemotherapeutic
treatment. We have found sufficient conditions for exponential stability of trivial
periodic solutions corresponding to eradication of the tumor. We have studied con-
ditions of bifurcation of nontrivial periodic solutions which corresponds to the onset
of the tumor, that is the disease is eradicated but it is still viable, and it reappears
for small perturbation on the treatment period 7. Bifurcation of nontrivial periodic
solutions are studied in (C1 and C2) corresponding to weak drug destruction rates
of sensitive tumor cells, resistant tumor cells and the both tumor cells, respectively,
that is the drug action on the tumor cells is not very efficient. Note that the case
(C3) needs a more specific study of the higher derivatives of terms describing the
evolution of the population and chemotherapy functions, it should be interesting to
consider a dependence with respect to the drug dose treatment in order to study
the perturbation in both parameters (dose treatment and period of administra-
tion), also a study in case of many drugs should be interesting these works are in
preparation. In this work we consider an impulsive differential equations, it should
be interesting and more realistic to consider a functional dependence like constant
delays in the differential equations.

4. APPENDIX

4.1. First derivatives of ®. From (2.11), for all ¢ € [0, 7], we have

021 (t,X0) 0P1(t,X0) OP1(¢,X0) OF (C(t) OoFi(C(t) OF(L(t)
69:1 8:172 613 8901 61?2 8{1}3
d 0¢Q(t,XO) 6‘1’2(t,X0) 6@2(@){0) _ 0 SFQ(C(t)) O
dt ox1 Oxo Oz3 Ox2
0®3(t,Xo) 9P3(t,Xo) O9P3(t,Xo) 0 OFs(¢(t)) OFs(C(t))
oxq Oxo Oxs Ox2 Ox3
%1 (t,Xo) 9P1(t,X0)  IP1(t,Xo)
oxq Oxo Ox3
% 8@2(15,)(0) 8<I>2(t,Xo) 8¢2(t1X0)
arl 3£2 azg
0®3(t,Xo) 9P3(t,Xo) 9P3(t,Xo)
oxq Oxo Ox3
with the initial condition Dx (®(0, X)) = Igs. Then we obtain
OB (t,X0)
2a(6X0) _ g, (39)
3<I>%(;,2Xo) — exp (fg BF%(ECQ(T))dr) ’ (40)
ODs (t,X
Beif) o, ()
O3 (t,X
Besfu) o, (42
0P (t, X, t t OF: T OF: u u QF: T
S _ (11 ZE4S0) (25450 e (25, a9

0®3(t,Xo) _ exp (f()t 3F3(C(7“))d7.> , (44)

Oxs Ox3
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0%1(t,Xo) _ Xp(

oxq 0 0x1

a<1>16(;,2x0) _ f exp (ft 8F§§f”)d ) {(apla(is))) exp (fs ana(fy))dT

t 8F1(C(r)) dr
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+ (%) Js exp (f 8F38(£3( ))dr) (az%(i@)) exp (fu Mdr) du} ds

and

1 ey (112245 (P4 o (7 P4

forall0 <t <.
From (2.14), we have

3 3

1-N"001 08  _NT00 0%
dx; Oxy Ox; Oxo
, 7 , i=1 i=1
a b ¢ 3 3
2 N\ 00, 99, N\ 09, 99,
d ? f - aIl 8@1 1 axi 612
4 3 =1 =1
g h 1 3 :
N\ 003 89; 893 0®;
Ox; Oz Ox; Oxa
i=1 =1
For (7",)_() = (0,0), we have
3
_ 8()1 a‘bl _ a()l GQH
, ¢ , Oxr1 Ox1 Ox; Oxo
ao bo Co
7 . ‘ __8@23@2
do € fo | = 0 L~ 5es 9as
’ e 3
go ho o 0 _N 003 99,
azi 8m2
=2

4.2. First derivatives of Z*.
(Cl) éo =0 and io 7é 0.

90, 8%,

3
00, 99;
Bxi 8%3
i=1
3

003 0P;

8zi 6%3
i=1
3

003 0%;
6Ii 3I3

811 6z3
0

003 893
a$3 awg

00, 0P3
a$3 3z3

(45)

(o +7, X0+ X).

(10, X0) -

Let 77(7_—) =70+ T, 771(7_—’&) = zo + (760,1071)010) o + ZT(’I_',CV), 772(’7_',04) = «a and

aptlo
n3(7,a) = fLiZ“ + 23(7, o).
From (2.16) and (2.17) we have

{ 2241(0,0) =0,

23%(0,0) =0,
then
{ %(771—@10@(7777717772»773))( 0
3= (13 — O3 0 ®(n,11,12,13))(0,0) = 0.
Therefore

0,0
0,0

821 (o 0) Zael(cp(m,xo)) (a@i(g;,xo) + 8P (10,X0) 821 (o 0) n

8I1

8Z3

9P, (10,X0) 925 (0, o)) 0
or ’

.O

oT oxq

3
9z5(0,0) 803 (®(70,X0)) (a@(TO,XO) n 8%, (10,X0) 821 (o 0) + 8%, (10,X0) 9230, o))
oT ox; oT

=1

a$3
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. P2 (10,X0) _ 0%2(10,X0) _ 9P3(70,X0) _ 9%a(10,X0) _ 90%3(10,X0) _
Since 2P2{Te-Xo sy aliofo) — , 2R2l.Xo 20:%0) = 0 and
7663(%(;3’)(0)) = 0, we obtain

(1 _ 001(2(70,X0)) 8<I>1(ro,Xo)) le (0 0) 2861@ 70,X0)) 8% (10,X0) 825 (0,0)
oz oz Jx3 or
1#£2
8@1(@(7’0,){0)) 8<I>1(7—07X0)
Oxq ot )
(1 _ 903(®(10,X0)) aq>3(rg,xo)) 923(0,0) —0
Oxs Oxs oT .
So
, dzl (0 0) sz(O 0) _ 891(®(10,X0)) 9%1 (TO,XO)
fb + Ox1 )
i 3z38(3 ,0) 0,
that is

ooy _ o0 o (46)
or -

In the same way as above, we obtain

{ ai(nl - @1 © ‘1)(7777717772a773))(070) = 07
aj(nB - @3 © ‘I’(Uﬂha 7727773))(070) = 0.

{ 6z1(0 0) _ 1 90:1(®(10,X0)) 9P1(70,X0)

Therefore

(coho boio + 321(0 0)) z:aol(‘I> 70,X0)) {3‘1’1‘(7'0-,)(0) <00ho boio + a21 (0, 0)>

aglo oz a()Z() Jda

+8¢‘i(7‘0,X0) + 8¢i€T07X0) ( ho + 8Z3 )} =0,

()3?2 d£3

( —ho 4 97(0,0) 00)) Zaeg@ 70,X0)) { ((970,)(0) (Cﬁh’fﬁ,”’ﬂiﬁ +az;a(o,o))
1 doio o

+0<1> ((;;2,)(0) + 9P, ((970,)(0) ( . o 4 &%(0,0))} —0.

xr3 (0%

Since 8¢2§)§J1’X°) B@Qé?g’x") 8(1)35;01’)(0) =0 and %?’X")) =0, we obtain
(1 901 (®(10,X0)) aq>1(m,xo)) 927(0,0) ael(‘b(m,xg)) 99, (10,X0) 923(0,0) _
Oz Oz O ox; Ox3 O
1#£2
991 (2(710,X0)) 9®1(70,X0) 0 ho—boic 20 ((P((T ,X0)) 0%®i(70,X0)
_(1_ 1 amf o 18;1501 0)(602’0%010)—"_2 1 0,X0 ana o (10)
i#£2
3
901 (P(70,X0)) 0P;(10,X0)
R T
i=1
(1  995(P(10,X0)) aq>3(rg,xo)) 923(0,0) _ (1 _ 995(®(70,X0)) 8<I>3(ro,Xo)) (;ho)
dx3 Ox3 O Ox3 Oz3 i0
+Z 593(‘1’8(;';17)(0)) 8‘I>'ié7;?27X0) )
So
do 321(0 0) +é 823(;)0) 0,
i azga((i) 0 _,
that is

927 (0,0) -0
0:50.0) _ (47)
Oa -
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(C2) éy # 0 and ig = 0.

Let 77(?) =To+T, 771(7_—a a) = To— %a+z>lk(7_—v a)a 772(7_—70‘) = Z;(’I_',Oz) and 773(7__’0‘) =
o.

From (2.19) and (2.20) we have

{ ﬁ(0,0) - 0,

In the same way as above, we obtain

62’1‘(9,0) _ 'L8®1(4>(T0,X0)) 8<I>1(T(2,X0)
000 _ o0 o (48)
or -
and
9:10.0) _
0:50.0) _ 07 (49)
da -
4.3. First derivatives of f;.
(C1) €y =0 and ig # 0.
We have
2 — D(p,—O,0d
5 57 (2 — O2.0 (1, 11,712, 73))
3
_ 00, (8‘1%(77,771,7727?73) + 9% (n,m1,m2,m3) 021 + 0%, (n,m1,m2,m3) %)
ox; orT oxq orT Oxs3 orT :
i=1
Since 2P2(0.Xo) _ 0%a(m.Xa) _ 0%a(rXo) _ () ypg 202(P(ruXe)) _ 00x(R(m.Xo) _

oxq - oxs oT 0x1 Oxs3
0, we obtain 970.0) _ Moreover,

ot
9 0
W= 5 (n =020 0(n,m,7,713))
3
= 1829 [0%inmnzms) (coho—buio y 9z 4 O%i(n:m1.m2.m3)
- ox; ox1 doio Ja Oz
i=1
0% (nn1,m2ms) (—ho | 923
+ Ox3 1{] + da :

Since 8@2(%(3’)(0)) = 8@2(‘%(;?)(0)) =0, 84)2((3;01’)(0) = 8‘52(%7;’:;){0) =0 and
1— 392(‘1;(;;7)(0)) a‘I’Qé;OZ*XO) = ¢y = 0, we obtain 78}(28(2’0) = 0. Therefore D f5(0,0) =
(0,0).
(C2) €p # 0 and ig = 0.
We have
Of-
9 = Z(ns—O300(n,m1,n2,13))
3
_ _\ 093 (8<I>i(n,711,772m3) 4 O0%i(n.mmzms) 021 | O%i(n.mm2.ms) %)
x; o7 1y or Oz or ) °
i=1

8@3(@(7’0,){0)) _ 3@2(7‘0,){0) . 8<I>3(7—0,X0) .
We have 225l = Sl = 280l = ay

d 6@2(7’0,){0) . 8‘1)3(7'0,)(0) .
orT - T
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From , we have w =0, then w = 0. Moreover

o
= = %(?7%*@30@(77,771,172,773))
- 1- %{%@(*CO_’_@ZI)J{_%W(%)
i=1

813

+ 0%, (n,m1,m2,m3) }

We have 3‘1’2(7'07)(0) 3‘1’2(%7'0,3(0) B(I)B(ngX(J) =0, 593(‘1;(7'07)(0)) =0 and
oz T 1 1
393@)(7'0»)(0)) 023(10,X0) __ ; _
1-— 6 =0.
xr3 T3

From (49)), we have 222(0,0) = 0, then 2200 — 0. Therefore D f3(0,0) = (0,0).

4.4. Second derivatives of f;.

Let A, = 2400 5, — 2400 g ¢, - 2400,
(C1) €, = 0 and ig # 0.
Calculation of A,.

2 2
We have 52 = 25 (ny — ©5 0 (1,71, 72,73)), then

3 3

2fs _ E :§ : 920, [ 0%i(n,m,m2.n3) 4 2®i(n.mn2.m3) 3z1 4+ 0 @i (n,n1,m2,m3) 923

or2 awLan oT oxq Ox3 oT
Jj=11:i=1

« ((0%i(nn1,m2,m5) + 9%, (n,n1,m2,13) 321 + 9%, (n,n1,m2,m3) D23
or oxq Oz or

965 {02%(7187;1127712,773) i 9 02®i(n,m ,m2,m3) 821 + 902 ®i(1m,12,m3) 025

ox; OTOxq 0703 orT
=1
w0\ 2 *
+32‘1>i(77,771,772’773) 0z} + 232<I>i(77ﬂ717712,773) 0z] 0z3 + 9% (n,m1,m2,m3) 07 21
Ox? or Ox10x3 or OF O 72
w0\ 2 *
L O2Pi(nmnzimg) (0257 4 Oi(nmamans) 02
3 or Oz3 ar2 -

82@2(¢(T0,X0)) 8@2(¢(T0,X0)) 6@2(‘19(7'0,)(0)) . 8¢Q(T0,X0) 8<I>3(T0,X0) _
We have 522 Bos Bas =0, =57 oz

82 (70,X0) _ 02 @Q(TU,XO) 0®s(10,X0) _ 9®3(70,X0) _
am =0 and 57 o =0.
o X o X 02%(0,0
Frorn and , we have i 26(73’ 0 _ & 82(50’ o) = 0 and Z%(f ) = 0, then
TOXT1
Ay =
Calculation of (5.
9 o
We have 803022 — 9a2 (772 — 00 q)(n,nlan%?%))v then
52f2 _ ZE %0,
- d;claac,
j=11:=1
s § 0®i(m,m1,ma2,ms) coho—boio | 071 + 8% (n,m1,m2,m3) + 8% (n,m1,m2,m3) dz3
Oz, doio Oa Oxo Oxs3 10 dal
9%, (n,n1,m2,m3) ( coho—boio , 021 0%, (n,m,m2,m3) | 0%;(mm,m2,m3) 9z3
X Ox1 doio + Oa + Oxa + Oxs io ¢+ o

3
2 . .o «
_ 90, ) 82°®;(nym,m2,m3) [ coho— bozo +321 +262'~‘1>i(77,771ﬂ72ﬂ73) coho—boig +821
ox; 02 doio 0x20x1 doio da

=1

[
+282(I’i(77a771)772’773) (*l"f’(} + 6z§> (C’Oh,()*,bloiz) + %Zf) + 3‘1%'(777771’772)773) (82'2;)
(6%

Ox301, 0 da doio Oz a2

25, 25, 822\ 8 9212
+ 9 <I>1(né;712n72n73) + 99 @, (n,m1,m2,n3) ( ho + 23) Oz3 + 9%®i(1,m1,m2,m3) ( ho + Zs) )
2

Ox3012 0 o Bza io
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From and , we have & ‘Ei(?;fO) 3 ‘1’2;9(;0,)(0) 0.

.. . . _9%D . 9% . 9%
For determining C, we must calculate (E1): 5o72-, (E2): 8132 and (E3): 5252
at (7’07 Xo)

The second partial derivatives of ®5 can be obtained from the following differential
equations

(E)): 4 (a2<1>2(t,xo>> F>(¢(1)) %@y (t,X0) n aF2(<<t>> 9%®5(t,X0) 4 8F2(c<t)> 9*®3(t,X0)

dt 8902611 8w1 812 T 8902 Xr1 8@2811
1 (22R0) 021 (1.X0) | 9P (C(1) 8<I>2(t Xo) | O*Fa(cin) 8<I>3<t Xa)) 001 (1%0)
Ox? Oxo Oxo0x1 Oxo Ox3011 Oxo ox1
+ BZFQ%C(t)) aq%(uxo) + 62F2(C(t)) 8<I>%(t ,X0) + QZFgg(t)) aq>%(t,xo) a<1>2a(t,xo)
r10T2 () 2 xro r30T2 xro X1
+ 828F2%C(t)) a@gt,xo) + 826F2(é§(t)) 6@%(1& ,X0) + 02F2(<(t)) 8<I>%(t . X0) 3fI>3a(t,X0)
r10x3 T2 To0T3 T2 3 T2 Tl
with the initial condition 9225(0.X0) _ 0, then
8w28m1 - ?
d (M) _ OR(U() *®a(tXo) | 9PFa(C(1)) 9%a(r0,Xo) %1 (10, X0)
dt 69;28:701 812 8:102611 Szzé)wl alﬂz 83:1
with the initial condition 2722(0.X) _ 0. We obtain
Oxo0x:y
Py (t,X0)  _ t t 0F2(¢(s)) 9 Fa(¢(r) T OF; (C(S
0;261110 - -[0 eXp( 0 26:172 ds [‘);20351 eXp . dS d’r'
(E») : 8?2 @;(t ,Xo) aF%( (t)) 82<I>é(t ,Xo0) + aFg( (t)) 62<I>;(t ,X0) + 6F28(((t)) 8%;(2)(0)
a:2 T x €T x T3 5
+ P Fa(¢(1)) 9%1(t,X0) + 62F2(<(t)) 0®a(t.Xo) | 82F2(<(t>> %3 (t,X0) | 891 (¢,X0)
8r1 Oxo Ox0T1 Oxo Ox30x1 Oxo Oxo
4 D2 F3(¢(1) 0% (1, Xo) + 32F2(C(t)) Oz (t.Xo) O’ F3(L(t) 9P3(t,X0) | 9P2(t,Xo)
8:131812 ox 2 69:2 812385172 81122 69:2
92 Fa(L(t)) O (¢, Xg) + 62F2(§(t)) O®5(t,Xo) A2 Fa(C(t)) 0P3(t,X0) \ 0Ps(t,X0)

+ 81‘16.’1)3 81‘2 (91‘28.’1;3 8(1}2 + 8w§ a.'l,‘z 61‘2
. C . .- 255 (0,X
with the initial condition % =0, then
2

d (M) _ 9B 82<1>2(t Xo) +{ 902 F2(C(1) 01 (.X0) | O7Fa(((1) 02 (t.Xo)

dt 81’% - sz 89:18:702 81122 8:1}% 8%2

4 282F2(§(t)) 8<I>3(t,X0)} 8P4 (t,X0)
83?38%2 Oxo Oxa

2
with the initial condition % = 0. We obtain

Pt Xo) _ fot exp (fg BFZ(C(S))d5> { 9O Fa(((r)) 9% (r,X0) + 92 F5({(r) 9%2(r.Xo)

oa32 Oxo0x1 Oxo O3 Oxa

92F, (C(r)) 9Ps(r.Xo)
+2 8x236z2 38952 : }d'f‘

(E3) d (3 P (t, Xo)) OF3(¢(1)) %P1 (¢, X0) + AF>(¢(t) 8°P (. Xo) + AF,(L(t) 9%®3(t,Xo)

8:133812 E)ml 63038952 6(122 8:638(1?2 813 8:1:3612
82 F2(¢(t) 8Py (t,X0) + 32 Fo(¢(t)) P2 (t,Xo) + B2 Fa(C(t)) 8P3(t,X0) | 0P1(t,X0)

+ Ox? Oxs Oxo0x1 Oxs Ox3011 Ox3 Oxa
+ 82 F5(¢(t) 8P1(t,X0) + 82F2(§(t)) AP (t,X0) + 8% F5(¢(t)) 0®3(t,X0) | OPa(t,X0)
8118%2 813 8.”63 8.%3812 8.’E3 8m2
+ *Fa(¢(1) 0% (t,X0) + 62F2(<(t)> 9%:(t.X0) | O’ F3(¢(t) 9P5(t,X0) | 9Ps(t,Xo)
Ox10x3 Oxs Ox20x3 Oxs Hz_?; Oxs Oxo
with the initial condition % =0, then
i 82@2(75,)(0) an( (t)) 62<I>2(t7X0)
dt Ox30x2 - Oxo Ox301T2

(32F2(C(t)) 0%, (t XU) + 2 F(¢(t)) 9®s(t, XU)) 0%2(t,X0)

8ZE18I2 m36z2 81’3 8:172
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with the initial condition %ngo) = 0. We obtain

@y (t,Xo0) _ [t t 9F>({(s)) F*F(¢(r) 81 (r,X0) | 9*Fa(¢(r)) 8®3(r,Xo)
6I230$20 fO exp( 0 28w2 ds ) ( 8w216m2 18w3 : 8;36952 36$3 . )d’/‘

From 1) we have az%(é)’o) 8238(2 0 — 0. Therefore

C 232@2( (10,X0)) 0P2(10,X0) [ 9L1(10,X0) ( coho—boio + 91 (10,X0) + 9% (10,X0)
2= Oxo0xTy Oxo oxq a’Oi/O Oxo Oxs
_ 9%03(®(10,X0)) [ 922(10,X0) 2 _232@2(¢(TO,X0)) AP35 (10,X0) + 8%3(10,X0) [ —hy AP (10,X0)
02 Oxo Ox30x2 Oxa Ox3 io
_ 992(2(10,X0)) 232<I>2(707Xo) coho—boig + 9 ®5(10,X0) +232<I>2(T0,X0) —hg
Oz Ox2011 a’oi’o 8;6% Ox30x2 26
Calculation of B,.
8?2 el 9
We have 52 =3z (%(T]Q — 50 (13(777771,772,773))) , then
3 3
32}"2 _ Z 820y [ 0%i(n,m1,m2,m3) 4+ 9%i(n.mm2.m3) 321 4 9%i(nmn2.m5) Oz3
Ot 8{1?7,81] orT Oxq O3 orT
j=11i=1

oxq doio Ja Oxo Oxs i0

w

. 09, [ 8*®i(nm1m2.m3) ( coho—boio + 0z + @i (n, 771,772’773) 921 ( coho—boig + 921
ox; FOT doio O Ox32 or doio Oa

+ ‘92 @ (n,m1,M2,13) 3z3 coho—boin | 921 + 9% (n,m1,m2,m3) 0°2% + %@, (1,1m1,m2,m3)
Ox30x1 doio Oa oz 070 OT0To
922 (n,m1,m2,m3) 321 + 22 (n,m1,m2,m3) 3Z3 + 92®i (n.m.m2.m3) ((=ho +2 3z3
Ox10xo Ox30To 0703 10
+ 92 (n,m1,m2,n3) 321 —ho +2 823 8 ‘bi(nmlmz,ns) 925 ( —hg + 0z
Ox10xs3 oT io 81§ BE ilo Do .

From ( , we have M = 1 88, 3. Xo) ypg 6233(2’0) =0.

ag arl or
8%®y(t,X0) _ n 9%®a(t,Xo) _
From equatlons , ) and , we obtain Do = 0, Deves = 0 and

T A A

B __0%03(®(10,X0)) 0®2(70,X0) 9®1(70,X0) + 01 (70,X0) 1 901 9®1(70,X0)
2 = dz1 02 zo o7 9z1 do Ox1 o7
_ 095(P(70,X0)) [ 8*P2(r0,X0) + 02®5(70,X0) 1 803 9%®1(10,X0)
Oxo OTOxo Ox10xo Go Oxq orT

(C2) ¢y # 0 and ig = 0.
Calculation of As.
2 2
We have %ff; = %(ng — O3 0®(n,m1,72,73)), then

%fs _ZZ %0, (6‘1> i(m,m,m2,m3) + 8% (n,m1,m2,m3) 3Z1 + (mmmzms)%)
o= 2

or2 Ox;0x; Ox1 Oxa or
Jj=11i=1
« ((0%i(nn,m2,m5) + 3% (1n,m1,m2,m3) 3z1 + 3%, (n,m1,m2,m3) 925
or Oz Oxo or
_ 003 [ 0°®i(n,m1,n2,m3) + 26 @i (n,m1,m2,13) 8—21 + 20 @i (n,m1,m2,m3) 925
ox; oT2 07011 OT0xo or
=1
*\ 2 *
+6 Pi(n,m1,m2,m3) ( 021 + 2824%(7777717712,773) 021 0z + 9% (n,m1,m2,m3) 87 31
Ox? or Ox10x2 or ot oxq o072

N\ 2 2 _x
+ 2°®i(n,m.m2,ms) [ 023 + %, (n,m1,m2,m3) 0°23
3 o7 Oz 972 (-

()

8w2

9% (n,m1,m2,m3) (cbh'o—p'oi[) 4 %) 4 9% (mmmzms) 4 O%; (i mams) ( —Ho I 6z3 )}

)
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6293(<I>(7—0,X0)) _ 003(®(10,X0)) _  9’®2(r0,X0) _ 9®®3(10,X0) _  9%P2(10,X0) _
We have 22 = D =0, 572 972 =0, =%
3<1>3(T07X0) _ 0 and 3<I’2(7'07X0) 3<I>3(7'07X0) -0

P

9?Ps(10,X0) _ Pa(10.X0) _ 92®3(10,X0) _
Frorn , and , we have =5 70=5> = 927 =0, =g =
9%®3(70,X0) _ 0, and 322(0 0)

= 0 respectively.

Ox?
From second partial derlvatlve of equation (2.20), we have
2% 2%
28 (0.0) (1 — 29a(E(n0.Xo)) 3‘I>2g;>2,xo)) — 22004 — 0, then o 200 _

Finally we obtain A3z = 0.
Calculation of 03.

‘We have 6 fS = 5?12 (773 - @3 o @(7’] n1a7727773))7 then

28 --303 4%
8{1?7;31]’

1=

% 34%(77;5;1,?72,?73) _aizo + % 4+ 0% (nang;;nz,ns) 9z | 9 (n-g;;nzms))
% a‘bj(UéU;£n27n3) %20 + %% 4 9% (nan;énzms) 022 49 (nén;;nzm))

3 964 {82@i(71771177]277]3) (—co +2 oz )2 N 252@(7;,711,772,773) Oz3 (—gb + LZT)

ox; Bz? O0x2011 Oa ap O

=1

+2 32‘1%{()7;;7781;?2#73) 760 + 321 + 5‘1)1'(775;111772,773) 3;%21‘ + 62@1‘(776’21%’?727773) (%)2
2 2 _* 2

+ 23 ‘Prié()m:al;zzﬂls) 6z2 + 6‘I> (7737227772,773) (%%) + 9 ‘Pi(ﬂézgﬁzms) } )

2
To determine C3 we must calculate (Ejy): 6%2%.52,0)7 (E5): % and (Eg):
82@3(70’)(0)
Ox2
(E4): From the second partial derivative of equation (2.20), we have

1 0805 (10,X0)) OP2(10,X0) | 9225(0,0) ¢ 8%25(0,0) 0
Oxo Oxo da? — C07 9z -

2 _*
then 82#(2’0) =0.

(E5): The term % can be obtained from the following linear differential
equation

a (fﬂ%(t,xo)) OFL(C(0) 9'B1(0X0) | OF(C(D) 9*BaltXo) | OFL(C(0) 0% ®s(t, Xo)

dt Ox30xT1 oxq Ox30x1 T Ox30xT1 Oxs ax:}axl
+ 62F3(c(t)) 3‘1’1(t7X0) + 62F3(C(t)) 0®a(t.Xo) | 9’ F3(¢(t) 9P5(t,X0) | 9%1(t,Xo)
8”6 8I23I1 8 311338&71 62133 axl
+ 82F3<<<t)) 9%, (t Xo) + 62F3(<(t>) 8<1>2<t Xo) + 9% F3(¢(t)) 0P (t,Xo) | 92 (t,X0)
01}1812 13301}2 8173 89:1
+ 92 F3(¢(t)) a<1>1(t,X0) + 82F3(§(t)) 8q>2(t,xo) + 8 F3(¢(t)) 0P3(t,X0) \ 0Ps(t,X0)
awla.'lig, BI?, 8$281’3 8:173 6w§ 6(1:3 6(L‘1

8°23(0,X0)

pea05, = 0> then

with the initial condition

d [ 9*®5(t,X0) _ OFs(¢(1) 8%®3(t,X0) +82F3(C(t)) O3 (t,X0) 01 (t,X0)
dt Ox30x1 Oxs Ox30x1 Ox30x1 Oxs Oz

2
with the initial condition 232Xl — 9. We obtain
130331

D0s(LX0) _ [Ty (ft (L)) g ) (82&(4@))) exp (fr 8F1(C(S))ds) dr.
0

8:E381?1 61?3 Igawl 81’1
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(Eg): In the same way as above, we have

d (62<I>3(t,xo) — OF((V) P (t.Xo) | OFs((1) D*®s(t.Xo) | OF3(L(1)) @3 (t Xo)
dt 02 Ox1 0z Oxo 02 Oxs3 Oz
4 (2Z2Es®) 021(8.X0) | 9*F5(C(2)) 0<I>2(t Xo) 4 O2F(C(1) 9Pa(t,X0) | D1t Xo)
83? 813 arzazl 6:63811 a:tg 8%3
+ 52F3(C(t)) 0%, (t Xo) + 32F3(C(t)) 3‘1’2(15 Xo) + 2 F3(¢(t) 9®5(t,X0) | 0®2(t,Xo0)
8{131822 3138{132 313 813
+ 9> F3(¢(1)) 0%, (t>X0) + 32F3(C(t)) 34)2(t Xo) + 32F3(C(t)) 9P3(t,X0) \ 9%3(t,Xo0)
Bwlazg ng Izawg 81123 6213
with the initial condition % =0, then
3
d (M) — OF3() *#5(1,Xo)
dt 3 - B3 z3
4 (28 F3(¢C(t)) 01 (t,X0) 4 8% F3(¢(t)) 8<I>3(t,Xo)> 0P (t,Xo)
8333821 8333 8w§ 6383 6373
2
with the initial condition % = 0. We obtain
3
?®3(t,Xo) t OF5(¢(s)) 82F (¢(r)) 01 (r,X0) 32 F3(¢(1)) 8®3(r,Xo)
gwg 2 =ex p (f 36:83 ds )fO ( 6;83367;1 1Bx3 -+ gw§ %xg . )d?"
Therefore
o 8203 (®(70,X0)) [ 0®1(70,X0) [ —ci 8P (10,X0) \ 0®3(10,X0)
03 - _2 389:16;3 . ( 18{1301 . (ai/coo) + 161?3 . ) 38;3 .
_ 903(®(70,X0)) 262<I>3(7—0,X0) — + 2°®3(10,X0) | _ 0°03(®(70,X0)) [ 925(70,X0)
Oxs Ox30x1 ap 3z§ 8m§ Oz

Calculation of Bs.
We have 22 = 2 (2 (13 — ©3 0 ®(1, 71,72, 73)) , then

’fs _ Z Z 8203 (3‘1%(7777717772,773) + 9% (n,m1,m2,m3) 621 + 9%, (1,m1,12,M3) 32‘?)

OTO Ox;0x oT Oxq Oxo oT
j=11:=1
9%, (n,1m1,m2,13) *Co 021 9%, (1,1m1,m2,13) 3z2 9%, (n,m1,m2,m3)
X ( (9931 + + amg + 8&73
3
_ 993 2% (n,m1,m2,m3) + 22 (n, mmzma) 3z1 + 2@, (n,n1,m2,m3) 025 —co +2 821
oz TOx1 oz 1 Oxo0x1 or
i=1
4 024 (nm1.m2.m5) %27 + 22 (n,m1,m2,n3) n 9%®; (n,m1,m2,m3) 921 + 9%®; (n,m1,m2,m3) 925\ 925
Ox1 070 OT0xo Ox10x2o or 03 or da
+ %, (n,m1,m2,m3) 023 + 2*®;(n,m1,m2,m3) + 2°®;(n,m1,m2,3) 821 + %@, (n,m1,m2,m3) 825
Oxo 070 OT0x3 01013 Ox20x3 or [

From 7 we have 200 — L 001(2(0.X0)) 001 (0. X0) g 225(00) _ g,

From the second partlal derivative of equatlon (2. 20) we have

902 (®(10,X0)) 8P2(10,X0) 25(0,0) . 9%25(0,0)
(1 * i)w; BT ) 9700 — €0 groa =0

. %@, (L, X, %@, (L, X,
From equatlons , , and 44, we have 33'(8931 o — 0, aig% o — =0,

D295(t.X0) _ ) gpq PPaltXo) _ OFE() o) (ft an<<<r))dr) . We obtain

o701 0703 Oxs3 Ox3

Bs

Oxs TOx3 Ox10x3 oT

_ 98%03(2(70,X0)) 8@1(70,)(0)+8<I>1(TO,X0)82I(0,0) AP35 (70,X0)
Ox10x3 or Oz, or Oz .

_ 903(2(70,X0)) {a’*’d>3(ro,xo) | 928s(10,X0) 921(0,0)
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4.5. The cancer model cases. In the following, we calculate all parameters and
partial differential equation terms in different cases.
?}C;): =T, (i #2), o =T, - R,

Oxo
00, . . .. 905 _
5. =0, (i #jand (i,7) # (3,2)), 5.2 = R,
921(70,X0) _ =2 _—ri70
D =T "e ,
—r2A2 K
9®2(10,X0) _ T 1 glra—r2deK1—m)7o
Oxa -1 )
9% (0, Xo) —r3Ag Ky ( Ao K1)
3{70,20) __ 1 T3—T3A34881)T0
Ox3 - Tl € )
roAg Ky
0®s(10,X0) _ me(=AsKD73T0(1_e=7170) " 71 fTO e(ra—rzg—m)u d
Oxa r3A3 Ky raig K1 0 Ki(rarp—r3ig) AU
T, "™ (l—e-Ti70) 71 ((T1—e~7"170)em % +(1-T1)) "1
. o radg K
0P1(70,X0) _  miMK1(Ti—e "170)e™ 7170 7o L.y, TN T 1—rslaky
O3 - sk Jo € ((Ty—emmm)e " +(1-11)) L du,
T2(1—e7"170) 1
0P1(10,X0) _  miMKi(Ti—e "170)e" 170 0 e(ra—m)u d
Oxo - o T2X2 Ky 0 [PECL SN U
TP (1—e™m170) 1 (Ty—e~m170)em¥+(1-T1)) "1
u (rg—r3—m)p —r1TO\ TP (r3rg—raAg) K1
L om [ Jo el TP (T —eT170)e P 4 (1-TY)) "1 dpd
0 T3A3 Ky )
e=T3u((Ty—e="170)e 1 U4 (1=T})) 71
ap = Tl_l(Tl — e_rl‘r"),
’ _ Tl)\lKl(T17€77‘1TO)67T1TO 70 e(rz—m)u
bo - o_T222Ky 0 oA Ky ,1du
Ty(1—er170)?” T (Ti—e=r170)erin(1-Ty)) ™
rgAg—r Ky
0 fou e(rz—TS—m,)p((Tl76—7‘1T0)67‘1p+(17T1))( 3A3—r2A2) dpd
+ m 0 TaxaKi w e,
e—r3u((T1_E—7‘1‘ro)erlu+(1_T1)) 1
;o mMEi(Thi—e "170)e” "0 rTo pag —T170\ pT1U 1*T3/r\r~73K1
Co = —=naE Jo et ((Ty — e "70)em 4+ (1 —T1)) 1 du,
Ty (1—e="170) Ty
, —roAg Ky oK ,
, ™ _ _ ,
d0:O7 60:1_(T2_R)T1 ! e(TQ r2azit m)Toaf0:07 90:07
, —r2Aa Ky
hO 7RT1 r1 6(r27r2)\2K17m)'ro
raAg Ky
mTye! = A3K1)m370 (1~ 7170) " 71 To e(r2—rz—mju d
T3 3Ky rarg Ky fo Ri(rara—r3g) QU
T, "™ (1—e-Tmi70) 71 ((Ty—e~7170)em1%+(1-T1)) L
) —rgA3Ky
and ig=1—T3T, " elrs=msAski)mo,
(C1) € =0 and i # 0.
We have
0" ®3(10,X0) _ rodge(r2—r2r2 K1 —miTo (677“17'[) _ 1)
Ox20x1 r1+roAa Ky ’
7‘1’1—'1 "1
—raA Ky
2?5 (10,X0) _ (ra(1=Azk1)—m)ro Ti "5 (Ti—e”"170)
usday = 1T2A1Ake LYY
(1—e—T170) 1
To o1t u oT35
= Jo (Ty—e=m170)em1u(1-T1))? fO raigky ds | du
(Ti—e~170)erts+(1-T1)) ™
—raAo Ky Nk
_e(r2(1=Xak1)—m)7o r2(I+Azka) Ty 70 r3A3 K

i Jo €U (T —e M 0)en + (1 —=Ty)) 7 du,
ka(1—e=r170) " 1
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82®2(T0,X0) _ 2T1T2)\1)\2k16<r2(1_/\2k1)_m)TO(Tlfe_rl‘ro) j‘TO erlu fu ((Tlfe_rlro)€T11L+(17T1))_2
Ox2 - T2 A2 Ky —rorg K 0 0 (Ti—e—"170)er 1o+ (1-T1))—1
T, ™ (l—e-mi70) 71
(Thme=m170)em (1)) (Trme="170)em L (1-Ty)) 7 lratra=mr
Ty—e” "170)e 1% +(1-T, 1 s ((Ty—e~T170)e™ % (1-T, =] e(ra+ra—
x g +m Tare—rarpry Or | dsdu
e(ra=m)s(1—e=r170) 71 €35 ((Ty—e=m170)er1™ 4 (1=T1)) -
—raAa Ky
T2€(T2(1—/\2k1)—m)70T1 1 —raAg Ky
- —T2A2 K

fOTO e(rg—m)u((Tl _ e—TlTo)eTlu + (1 _ T1>)7"1 du
ko(l—e—7"170 1
21e ) —r2A2 Ky —7r3A3 Ky
_ 27.2me(r2*m)70 (Tlerng) = fTO e"'Bu fu ((Tl_677'17'0)67'1u+(1_T1)) T e(TZ_TS_m)Sdeu
0 .

—r3A K] 0 (rohg—rarg) K
ka(l1—e~m170) ™ (Tr—e~m170)em+(1-T1)) "

We obtain
R —bnin (rg—rgXoKj—m)Tg , _
CQ = _2(T2 - R) (COhO }7010) e T1 o X K] (6 T — 1)

apio
riTy

71

—(T _ R) 27"1r2)\1)\lee(Tz(l**Zkl)’m)TO(Tlfe*Tl‘rO) f,,_o i w ((Tl7877‘17—0)67‘1”4'(17711))72
2 222K —rgAg K1 0 0 ((Thy—e T170)em154+(1-T1)) 1L
T, " (1—e"m170) "1
—roAg K1 —r3A3 K1

x [(@zerrrent Qo)) e (e M) () T et g g
roAg Ky m 0 (roAo—rgAz) Ky r sau

e—(r2—m)s(1_e—r17—i) =1 ergs((Tl_e—rlro)erlr+(1_T1)) =1

—roAg K
2 A0 K N

,TQG(TZ(FXZMFM)TOTI - foTD e(rzfm)u((Tl — 677"17—0)67’1“ + (1 — Tl)) 1 du

P LYLS]
ka(l—e~7m170) "1

— ST ) « : ( e

2rome'™2 7 ™)70 (T e 170 "1 e\"2TT3TIE 0Ty gy, (U T1—e "170)e"1 " (1-T, T1
- YL Jo et fy Cpxg=rapky dsdu

ka(l—e=T170) 71 ((Ty1—e~m170)em°+(1-T1)) m

—raAa Ky
—h 1—Asky)— T, ™ (Ti—e”T170)
—2(T> - R) ( Z-;)()) r17a A Aghy (2 (1= A2k =m)To 2L TAEKT

(1—e~r170) ™1

T0 eTlu u eTSS
XJo (Thi—ei70)eriv i (1-T1))2 o e 48 | du
((Ty—e~m170)ems+(1-Ty)) ™1
—r3A3 K3

=X Ky
_ _ ro(14+Xak2)T, "1 ) _
76(7’2(1 Aoki)—m)To 2( 2k2) 1—r3>\3K1 o ergu((Tl —e T1TO)6T1U+(17T1)) ey du
ka(l—e~7m170) "1

_ mKi(1-T1)(T1—e "170)e™"170

0% (70,X0) _
- o xS(TO) - T12(1767T170)2 )
0z1(0,0) _ riK(1-Ty)e "170
or (I1—e~m170)2 7
o ZraXo Ky
92®y(10,X0) __ ro — 1m — rodo Ky (T1—e”"170) T 6(7‘277‘2)\21(17777,)7'0
970z \' 2 Ti(1—e—"170) 1 :
We obtain
?®o(710,X0) __ rodgelrz—r2r2K1-mimo —r170 1
Dwsdar TEarry cul - 1),
T1T1 "1
oA Ky (Ti—e T170)\ B2 A2 K1 —m)
_ _ _ _ r2Ae Ky (Th— r1 ro—r2A2 K1—m)To
By, = (T, — R) (7“2 m 0 —e—170) )Tl e
(rg—rgXo K1 —m)71q K (1=T; Ty —e T170)e~"170
_ rodoe 1( 1)( 1 )
+(T2 R) Titroro Ky (I—e—7"170)2 .
T ”
1

(C2) ¢y # 0 and ig = 0.
_r3A3Ky

?®3(10,X0) _ _radap T —r170) 7370 (1=A3 K1)
We have T Owsdz, | —TTl (1 — € )6 5
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1 T3A3K)
1P f()p 67'3u[(T1—677'1T0)€T1u+(1—T1)] 1 du
d

52@’3("’0,){0) 2X1 Azriraks (Th—e T170)
bz mar— Jo. e D
(1—6_7‘1"'0) T, "1 e—r3(1-A3Kq)Tg [(Ty—e—7170)em1P+(1—Ty)]2
e (T —em1m0)erv g (1)~
_2r3 r3(1=X3K1)tom ™1 70 _rsu L —eT1T0)e LU 4 (1T =
ks © T Jo'e T—e—7170 du.
We obtain
_1_Tr3X3Kq ’
Oy = 2T MT 1 (1 _ e—rlTo)erng(l—)\sKl) —ch
3 3 1 1 -
1_Tr3A3Ky
P fF e (Ti—e M TO) (1T T du
21 3rirgki (Thi—e”"170)
T -rals® f [FRYYSN dp
(1—ef7~170) 1 T1 e—Tr3(1=A3K1)7g [(Tl78—7*170)67‘1294,(17711)]2
—r3A3 Ky (T4 —e= 170 )™ 1% 4 (1-T} ) _Tr3A3Ky
_2r3 ,r3(1—-A3K1)70 [l TO _rau 1 —e"T1T0)e 1Y (1T o
ks © h fo € I—e—"170 du

027(0,0) _ riKy1(1—Ty)e "170
ot (I1—e=m170)2
—rgAg Ky

0°®3(70,X0) _ =y (1 _ >\3K1(T1—€7T170)€T170> T, "1 o(rs—rsXsKi)To

OT0x3 Ty(e™170—1)
‘We obtain
MoK (Ty —e=T170)gm170 —radaKy
_ —e€ e ™ — >\ K
By = —rg(1-= 1Tll(eﬁfofl) )T3T1 b elramradaKmo

_1_T3A3Ky —ro
Ty _ —r170\,rsTo(1=A3 K1) r3As Ki(1=Ti)e
+ 13T, (1—e Je Toe—riro)r
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