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MEAN SQUARE CONVERGENT THREE AND FIVE POINTS
FINITE DIFFERENCE SCHEME FOR STOCHASTIC
PARABOLIC PARTIAL DIFFERENTIAL EQUATIONS

MOHAMMED. A. SOHALY

ABSTRACT. In this paper, we focus on the use of two finite difference schemes
in order to approximate the solution of stochastic parabolic partial differential
equations problem. The conditions of the mean square convergence of the
numerical solution are studied.

1. INTRODUCTION

Stochastic partial differential equations (SPDEs) are defined as partial differen-
tial equations involving random inputs. In recent years, some of the main numerical
methods for solving stochastic partial differential equations (SPDEs), like finite dif-
ference and finite element schemes. This paper is organized as follows. In Section 2,
some important preliminaries are discussed. In section 3, the stochastic parabolic
partial differential equation is discussed.

2. PRELIMINARIES

[15]. Let us consider the properties of a class of real r.v.’s
X117 )(]_27 ..... ; )(217 X22, ..... , anw ceey and BbbE(X%l), E(Xlzz)7 ..... , ]E(X%l),
E(X%,), ... , E(X2,), ... are finite. In this case, they are called "second order
random variables”, (2.r.v’s).
[15]. A sequence of r.v’s {X,x,n,k > O}converges in mean square (m.s) to a
random variable X if
lim || X — X[|=0 ie X =X

n,k—o0

3. STOCHASTIC PARABOLIC PARTIAL DIFFERENTIAL EQUATION (SPPDE)

In this section the stochastic finite difference method is used for solving the
SPPDE. Consider the following stochastic parabolic partial differential equation in
the form:
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w(x,t) = Bugg(x,t)+ou(z, t)d W(t) ,t€[0,T],z € [0, X] (1)
u(z,0) = wup(r) , x€l0,X] (2)
uw(0,7) = u(X,T)=0 (3)

Where dW(t) is the white noise stochastic process|[?]] and 8, o are constants.

3.1. Stochastic difference scheme(with three points). For difference method,
consider a uniform mesh with step size Ax and At on x-axis and t-axis. Notational,
uy will be approximate of u(x,t) at point (kAz,nAt) Hence for 1 the difference
scheme is:

with =R rBluly — 2uf +upy) +oug (W = W) (4)
u) = wug(zy) (5)
uy = ux =0 (6)
Where r = AA—;Z, and it can be written in the form:
upth = (1= 2rB)ui + rB(uf g — up_y) + oup (Wit —wyy) (7)

3.1.1. Consistency Of (SFDS). [[6],[9],[11]]. A random difference scheme L} u} =

G} approximating RPDE Lv = G is consistent in mean square at time ¢t = (n+1)At,

if for any continuously differentiable function ® = ®(x,t) , we have in mean square:
E|(L® — Q) — (LE®(kAz, nAt) — GP)|* = 0

as k—oo,n—00,At - 0,Az -0 and (kAz,nAt) — (z,t)

Theorem 1. The stochastic difference scheme (7) is consistent in mean square
sense

Proof. Assume that ®(z,t) be a smooth function then:
L(®)} = ®(kAz, (n+1)A)—®(kAz, nAL)— BV, (kAD, 5)ds—o "V B (kAz, 5)dW (s)
And:

L = ®(kAz,(n+1)At) — &(kAz,nAt) — rB(®((k + 1)Az, nAt) — 2®(kAx, nAt)
+O((k — 1)Az,nAt)) — o®(kAx, nAt)(W((n + 1)At) — W(nAt))

Then we have:
" At
E|(L®)} — Li®* = E ’_5§l§t1>“<1>m(mx, s)ds + 55 B(®((k + 1) Az, nAt)

—2®(kAz,nAt) + ®((k — 1)Az, nAt)) — e "D (kAz, s)dW (s)
+o®(kAz, nAL) (W ((n + 1)At) — W (nAt))?|

= E —ﬁ[ggl)At@m(kAx,s)ds At (®((k + 1)Ax,nAt)

- Ax?
—2®(kAz,nAt)) + ®((k — 1)Az, nAL))] — o[E VA B (kAD, 5)dW (s)
+®(kAz, nAt) (W ((n + 1)At) — W (nAt))]?] .
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Then

(n+1)At

1
E|(L®)} — Ly®]* < 28%E|" V2@, (kAz, s)ds — o2 (®((h + 1Az nAt)

—2®(kAz, nAt) + ®((k — 1) Az, nAt))ds|?

2
+20°E |V [0 (kAz, s) — ®(kAz, nAL)]dW (s)

And from the inequality][8]]:
E |5, [f (s, w)dW, [ < (¢ = t0)" " [n(2n — 1)]1. B[ £ (s, w)[*"]ds

And ®(z,t) is deterministic function we have:

E|(LO)! — Li®> < 282E|"{VA0,, (kAx, s)ds (®((k + 1)Az, nAt)

b
Ax?
—2®(kAz, nAt) + ®((k — 1) Az, nAt))ds|?
+202 ,,("HUAN (kAL s) — D(kAz, nAt)|* ds
at time ¢t = (n + 1)At, At -0, Az — 0, and (kAz,nAt) — (z,t) then:

E|(L®)} — (LP®(kAz, nAt)]> =0

Hence the stochastic difference scheme (7 )is consistent in mean square sense. [

3.1.2. Stability Of (SFDS). [[6],]9],[11]]. A random difference scheme is stable
in mean square if there exist some positive constants €,4 and constants k,b such
that:
]E‘ n+1)2 bt 02
Uy ’ < kE supE‘u |
k
Forall 0<t=(n+1)At , 0<Azx<e and 0<At<S
Theorem 2. The stochastic difference scheme (7) is stable in mean square sense.
Proof. Since
up ™t = (1= 2rB)ui + rB(ui gy — ui_y) + oup (W = W),
then
Blup ™| = B|(1 = 208)uf +rBluyy — uf_y) + oup (W = W)

Since {W(..,t) — W(.., s)} is normally distributed with mean zero and variance t —s
, increments of the Wiener process are independent u; and

(WP — W) = (W(kAz, (n + 1)At) — W(kAz, nAt))
we will have:
Elup™® = (1-2rf)2Eluf|” +2|rB|[1 - 28| E |uf (ulyy +uft_y)]
(B |up ey + up_ |* + o AR ]
Since

E|X 4+ Y] <k(E|X?+E|Y]?) ,k=1lats<landk=2""'ats>1
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then we have:

B[ < (L= 208)E uff +21n8l |1 — 208 (E [ufuf| + B fuug, )
+2(rp)? E‘ukﬂ‘ +E|up_ 1’ ) 4+ o2 ALE |up|?
< (1= 209 o+ 48] |1 — 28] supE
k
+4(rp)? SupIE\u K +02AtsupE|uk|
Since
Bl 11 —2rp| = [(rB)(1 - 2rB)|,
then

2
E|uf " < [I(1—2rB)| +2 |<rﬁ>|12s1;pE lupt|? + mts%puz Jup|®

Now with

0<rB= <

(Az)?
hence
E |u ”+1| 1+ JQAt)sup]E lup|?

and by substituting:At = ~t5 we get

n+1 ot n+1 02 o2t 0|2
E|up*t'|* < 1+ =) E|ug|” =E7'E |u]
Hence: the scheme is condltlonally stable with £ = 1 and b = ¢? in mean square
sense with the condition

At 1
< = < —
Osrh=amr S0 P>0
(I
3.1.3. Convergence of (RFDS). [[6],[9],[11]] . A random difference scheme L}u} =
Glapproximating RPDE Lv = G is convergent in mean square at time t =
(n+ 1)At, if

E|uf —ul* =0
as At - 0, Az - 0 and (kAz,nAt) — (z,t) orasn — 0, k — 0 and
(kAz,nAt) — (z,t)
Theorem 3. (A Stochastic Version of Lax-Richtmyer) [11]

A random difference schemelLuy = G} approximating SPDE Lv = G is conver-
gent in mean square at time t = (n 4+ 1)At, if it is consistent and stable.

Theorem 4. The random difference scheme (7) is convergent in mean square sense

Proof.
Eluft —uf’ = E|(L}) " (Liuf - Ljw)|’
Since the scheme is consistent then we have:
Liuf ™ Lu
Then we obtain
E|(L}) " (Ljug — Liw)[* =0
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as At —-0,Az =0, and (kAz,nAt) — (z,t). And since the scheme is stable
then (L7)~'is bounded, Hence E |[u} — ul> -0 as At — 0, Az — 0. Then the
random difference scheme (7) is convergent in mean square sense. g

3.2. Stochastic difference scheme (with five points). For difference method,
consider a uniform mesh with step size Az and At on x-axis and t-axis. Notational,
uj will be approximate of u(x,t) at point (kAz,nAt) Hence for 1 the difference
scheme is:

4

upt™ = up +7"5( Uk 2+3uk 1 2UZ+§UZ+1 Uk+2)+guk(W oW

(8)

12

)
ug =u% =0 (10)

Where r = AAJZ, and it can be written in the form:

up = (1~ *Tﬁ)uk +7( 1Uk 2t ;luk 1t ;l“kﬂ 112Uk+2) Foup (Wt —wi)

(11)

Now Possible to prove the consistency, stability and the convergence of SFDS
(11)) according to definitions (1, 2, 3) as follows:

3.2.1. Comnsistency Of (SFDS).

Theorem 5. The random difference scheme (11) is consistent in mean square
sense

3.2.2. Stability Of (RFDS). In this sectin we will discuss the stability of (11).
Theorem 6. The stochastic difference scheme (11) is stable in mean square sense.

Proof. Since:
n —1 4 4 n n
k+1 (1—*T‘ﬁ)uk +Tﬂ( uk 2+3uk: 1+3Uk+1 12u,€+2)+0 k(W +1 Wk)

then:

_— -1 4 4. 1 .
]E|“k+1’ =E (1**7”5)% +7"5( Uk 2+3uk 1+3uk+1 12uk+2)+0uk(wk+1

Since: {W(..,t) — W(..,s)} is normally distributed with mean zero and variance
t — s, increments of the Wiener process are independent of u}! and(W,?Jrl -Wp) =

W)

2
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(W(kAz, (n + 1)At) — W(kAz,nAt)) and: we will have::

Elpt P = (- 2rB)E gl +2|rﬁ\1—rﬁ

—E ’“k up_o + Uk+2)’

4 n n n n
+§E lui (up_y +upyy)|) + o* AtE Jup|®
2

+(rB)°E |~

(U +upyq)

(ufp—_o +uj o) + 3

12

— (- 2raE +2lrﬁ|'1—r6 LB (s + o)

4 n n n
+3E [uf (s + ui)]) + (r8)7 E! uf_y )|t + P ALE |uf

144
+*]E|(Uk—1 JrUk+1)| + 7E|uk—2(uk—1 +upyq) + upio(up 4 +Uk+1)|]

Since:|r | ‘1 - 7rﬁ’ |rﬁ 2r3—1 | then we get:

E |yt = <1~rﬁ)E\ !

rB(Crs - 1)' (E R, + )

FRE (o i )]) + (B (B (s + o)+ 0 AME
8
36
Scinc:E | X + Y[ <k(E|XP+E|Y|) ,k=1ats<1and k=2""at s> 1 then
we have:

144

16 n n 2
+§]E ’(qu +uk+1)‘ “<E ’Uk o(up_1 +upyq) +upo(up_y +Uk+1)|]

E|upt!)® = (1—*7“6)1EI P42

1
7"5( rB— 1)‘ (5 E|ukuk+2|
4
+E |u2u2_2| + 3 [Eukuiii] +E |uiui_, ]
+(rB)?[

32
+5(E g [P+ E g ) +

]E}uk 2| JFIE|Uk-s-2| +E|UZ—2UZ+1}

8
%[E |UZ—2UE+1|

144

+E |“Z+2UZ+1‘ +E |“Z+2U2 1|H + 0®AtE |y ?

2
< (1- frﬂ) supE lup)® + 2 TB( rfB— 1)‘ (—sup]E lup |?
k
8 n 64 n12
+§iUPE|Uk| ) + (rB)? [144SUPE|Uk| Ty SI;I)EWH
32 n|2 2 n|2
+%supE|uk| |+o AtsupE|uk\
3
< (1- *Tﬂ) suPIE|Uk| +— ?"5( rf—1) SUP]E|uk|

289
+22(rB)?supE [u}* + JzAtsupE lup|?
36 K k

5 17
— [‘(1 — QTB)‘ + 5 |7‘ﬂ\]2sup]E |u§;|2 + o2 AtsupE \UZ\Q
k k
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1

5
E|upt? = (1—§rﬂ)2 | + 2 |rB(5 rﬂ—l)'(umuzuﬁw\

+E |uzu;;,2| +3 E E|upuf, | +E yuzug,l}] + o2 ALE |up|?

+(rB)?| 144 E{“k 2| +E|“k+2| E} Upt1 ‘HE‘“ZA ?

8
‘*‘;[E ‘U272UZ+1| +E |“272UZ+1’ +E |“Z+2Uz+1‘ +E ‘“ZHUZA H]

2
< (1 oS g+ 2|5 - 1) (ZpsuvE gl
8 "2 64 12
+§iUP]E|Uk| )+ (rB)? [144SUPE|UIC| KSQPEWH
32 n|2 2 n|2
+—supE |[u}|"] + o“ AtsupE |uj|
36 k k
5 34 5
< (1= 5rB)supE [up|* + = |rB(57B8 — 1)| supE [uf |
2 k 6 2 k
2
+§(rﬁ)2sup1E [ + o> AtsupE [u
k
=t G|+ 3§ porswE il + oAt
Now with:0 < rf = ) < 2 then: |1 —3(rB)| =1—5|(rB)|, hence:

EIuZ+1|

IN

1+ 3 \rﬁ\]zsupIE |uZ|2 + o2 AtsupE \u’,;\2
k k
1 5 2 9 "2
= [t g 8P+ 2 i8I+ oA supE fu
k

it is enough to select A such that:1 + § Ir8 + 2|rB] + o2 At < XN2At for all k then

we have:and by substituting:At = n%_l we get:

2
Bt < (14 Rl =B o)

Hence: the scheme is conditionally stable With k=1 and b = A2 in mean square
sense with the condition : 0 < rf = , B8 > 0. O

3.2.3. Convergence of (RFDS).

Theorem 7. The random difference scheme (11) is convergent in mean square
sense
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