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THE RENORMALIZED SOLUTIONS FOR TRANSPORT
EQUATIONS WITH PARTICULAR FORMS

JINLONG WEI, XIMEI YANG

ABSTRACT. We prove the existence and uniqueness of renormalized solutions
for transport equations with particular forms. As a direct application, we
derive the high-order differentiability of the almost everywhere flow solutions
of ordinary differential equations to initial values. Meantime, as an another
application, the transport equation with a partial viscosity term, i.e. Fokker-
Planck equations is also treated, and we obtain some regularity results.

1. INTRODUCTION

We study in this article the existence and uniqueness of solutions to a class of
transport equations with irregular coefficients, namely the equation of the form

8tu(t,l'1,$2,f£3) —+ (bl(.%l), b2(l’1,1’2),b3($1,1’2,1’3)) . Vu(t,xl,xg,:rg) = 0, (11)

with coefficients by, by and bz that only have Sobolev (typically Wﬁml ) regularity.
Our work is a follow-up of Le. Bris and Lions’ work [7], but with a slight extension.
In our present work, we obtain some new existence and uniqueness results for
renormalized solutions under weaker presumptions on b = (b1, b, b3) and it is the
main part of Section 2.

Section 3 is devoted to state the first application which aims at raising the
art of the theory of solutions of ordinary differential equations with coeflicients in
Sobolev spaces to the level of the classical Cauchy-Lipschitz theory for the regular
coefficients. We discuss it briefly below now.

Consider the following ordinary differential equation

X(t) = b(t, X),
{ X(0) =, (1.2)

where z € RY, b: RTY x RV — RV (For simplicity, we assume the vector field b
is time independent and N = 1 now). It is well known in the Cauchy-Lipschitz
theory that, once the existence and uniqueness of a solution (1.2) are proved, then
under the additional assumptions that the first kth derivatives of vector field b
with respect to the spatial variable exists and is continuous, one may prove that
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the solution X (¢,z) to (1.2) is kth derivable with respect to its initial datum « and
that its first kth derivative satisfies the following ODE system:

9 89X
ooy = ox X

Qé)?r (t:r)f 6b(8X) +@62X

ot )= ox2\ o X Oz’ (1.3)
9 9kx _ o*b

ot dxk T BzF-

On the other hand, the renormalized theory for the linear transport equation
below

du+b-Vu=0, in (0,T) x RY, (1.4)

has been allowed us to achieve (see [12]) the existence and uniqueness result for
ODEs of type (1.2) with only locally W11 vector field b (with a bounded divergence,
say). The observation allows us to do so is the fact that a generalized almost every
flow X (¢, z) associated to (1.3) is indeed related in a unique way to a renormalized
group solution ug(X (¢, x)) to a transport equation of the type (1.4), up being the
initial value supplied with (1.4) (see[11]). We mention that several authors (Di
Perna, Lions, Le Bris) have been given more than a formal sense to ODE system
(1.3), exactly like in the framework of the Cauchy-Lipschitz theory. Of course, all
this is loosely stated, and will be made precise in Section 3. It is sufficient to say for
the time being that the vector (X, %f,~-- %l;),f) is a solution of the system (1.3),
which is indeed of the form

Yi(t,x) = ei(t, V1),
Ya(t,x) —Cz(t Yi(t, ) Yz(t m))

(1.5)

Yirr(t ) = eppa (2, Yl(t 90) : Yk+1(t z)),

8%b .2
with ¢; = b, co(t,x1,29) = 8 1'2, ca(t,x1,m2,73) = o= 715 + ax x3,-

We remark that for £ = 1, Le Bris and Lions have studied the 1th order differ-
entiability of the flow of ODE (1.2) by virtue of transport equation (1.4) with the
following particular form

atu(t7l') + (bl(.’El), b2(1’1,$2)) . VU(t,CL’) =0 (16)

and they also get the 2nd order differentiability of the flow of ODE (1.2) under
the additional presumption b € W?2!. Now in order to recover the kth order
differentiability of the flow of ODE (1.2) to the level of classical Cauchy-Lipschitz
theory, we study a particular class of transport equations namely, the transport
equation with the following form

Owu(t, z) + (b1(z1), b2(z1,22), - ,bpt1(T1, 22, .. ,Tp41)) - Vu(t,z) = 0.

In particular, firstly, we argue the above equation for £ = 2 and achieve the existence
and uniqueness of the renormalized solutions under the weaker assumptions, then
based upon the equivalence between transport equations and ordinary differential
equations, the 2nd order differentiability of the flow of ODE (1.2) is obtained.
Besides, we fulfil the kth order differentiability of the flow of ODE (1.2) with vector
field b in VVIIZC1 (RY) by analogy. It is noted that for kK = 2, our present result

plays the same role as [7] but we only presume the vector field b with locally W21
regularity. In this point view, our result is a slight extension comparing to [7]. For
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more topics about the transport equations and its applications, one can pay his
attention to [1-6], [9] and the references cited up there.

As another application, we discuss the transport equations with partial viscosity
terms, namely the equation

Opu + (b1(x1), ba(x1, 22),b3(x)) - Vu — %Amau(t,x) =0, in (0,T) x RV,
u(t =0,) = ug, in RV,

in Section 4, and we get some new regularity results of solutions.

(1.7)

2. TRANSPORT EQUATIONS

This section is devoted to the statement and proof of existence and uniqueness
result for solutions of (1.4) with a particular form and before opening our discussion,
let us make precise the mathematical setting and introduce some notations.

As announced in the introduction, we consider the linear transport equation
(1.4) with initial value ug, namely
Ou+b-Vu=0, in (0,T) x RV,
u(t =0, -) = ug, in RV,
where T' > 0 is a given real number.

For simplicity, we firstly consider b has the form
b(x) = (b1(w1), ba(w1, 22), b3(21, T2, 23)),

where
3
by: RN 5 RM by o RMFN2 5 RY2 gy RN 5 RY) YN, = N.
i=1
Denote by
V=V, Vay, Vay), divy =divy, + divy, + divg,.
We make the following assumptions on the vector field:
D) by =bu(en) € Wl (RM): (Ha) = i € L, (RM) + L (RM);
)1 divy, by (x1) = 0; (Hy): by = ba(wy,m0) € L} RN, VVI2 loc(]RNQ))
): et e pl (RN LL (RN2) 4 L9 (RM2)); (H) : divy, by = 0;
Hy): b3 = by(z1,22,23) € L1 oo RNFN2 WY (RNa));
(Hsg) : €L (RN1+N2 L1 (RN3) +L°°(RN3)) (Hyg) : divg,bs = 0.

1+|m3| z1,T2,lo0C

Ty, loc(

Hj
Hs

(H
(
(
(

In view of (H7) and (Hy4), we rewrite above equation in a particular form
Opu(t, x) +b1(x1) Vi, utbo (1, 22) - Vayu+b3(z)-Veyu =0, in (0,T) x RN, (2.1)
We are now in a position to state our existence and uniqueness result :

Theorem 2.1. Assume (H;) — (Hy), let
uo(r) € (L' NLZ)RY) N LY ,,(RM T2 L (RY))

T1,T2

NLE RV LY L (RN2HNs)) (2.2)

xr2,Tr3
then there exists a unique
u(t,x) € L=(0,T) (LY 1 L) (RY)) 0 L(0, T); L, (RN Y2, L (RN2))

N L®([0,T]; L2 (RM Ly, (RV2HN3Y)) (2.3)

x2,T3
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solution of (2.1) corresponding to the initial value u(t = 0,-) = ug.

Remark 2.1. Here we adapt the same notion of the solution to (2.1) as in [12]:
we call u a solution of (2.1) with initial value ug if the following identity holds:

T T
/ dt drups + dxugp(0, z)dx + / dt dzudiv(eb) = 0,
0 RN RN 0 RN

for any ¢ € D([0,T) x RY), where D([0,T) x RY) denotes the set of all smooth
functions on [0,7) x RN with compact supports. We also denote D ([0,7) x RN)
the nonnegative functions in D([0,T) x RY).

We divide the proof into two steps. The uniqueness being the central issue, we
begin by verifying it. It is the consequence of the following two lemmas, the first
one dealing with the regularization, the second one stating the uniqueness. Then,
we demonstrate the existence part.

Lemma 2.1. We assume (H;) — (H7). Let u € L*=([0,T]; (L* N L>®)(RY)) be a

solution of (2.1), that pa,, Pas, and p,, be three regularization kernels in variables

x1, T2 and x3, respectively (i.e. p,, = %pi(?), pi € D (RNY) ), [pi=1, fori=
e v

1,2,3), then ua, as,05 = (U * Pay) * Pay) * Pas 1S & smooth( in z) solution of

8’“04170427043

ot +b- Vuahamas = €ay,az,as> (2'4)

with
lim lim lim o Eanazas = 0 in L*([0,T]; (Lz loe N Ly oc))- (2.5)

s —0 ag —0 (&5} —0
Proof. All the functional spaces used here are local, this is clearly enough. How-
ever, in order to lighten the notations, we default the subscript loc.
We first regularize in the x3 variable by regularization kernel p,,, namely,
(U * pas)
ot
where we used the fact b; and by do not depend on z3. Denote by
[b3 ’ VI;svpas](u) =bs- vfﬂs (u * Pag) - (b3 : Vﬂﬁsu) * Pas)
then we can write (2.6) as
(U * pay)
ot
by condition (H7), It is easy to see that (for example see [12])

+ by - vﬂh (u * pa3) + by - V$2 (u * pas) + (b3 ’ vwgu) * Paz = 0, (26)

+b1 'vzl (u*pa3)+b2 'vzg(u*pa3)+b3 'vzg(u*pag) = [b?)'vxgapag,](u)

(b3 - Vs, Pas)(u) = 0 in Ll | as az — 0.
Set Ugy, = U * Pay, and €q, = [b3 - Vay, pas](w), then
O,
ot

Next, by regularizing variable 2, we obtain

+ by - Vllua?, + by - szu% + b3 - Vx3ua3 = Eay-

atuaa,OQ +by 'Vﬁvluas,oéz + <b2 'vwzuom) * Py 1 (b3 'VI3U’0¢3) *Pas = (5043 ) *Pass (27)

where Uag,an = Uag * Poy = (u * pas) * Pay = (u * pDQ) * Paz = Uag,as-
Notice that

(b2 : Vr2ua3) *Pay, = by - szuaz,as - [b2 : vrz’paz](uas)
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and
(b3 * VagUag) * Pas = b3 * VagUas,as = [03 * Vg, Pas](Uag)
and conditions (Hy), It is clear that
[b2 - Vg, Pas)(Uay) — 0in L as ag — 0 for ixed ag > 0.

Hence (2.7) can be written as

OUay oy

ot

where €az,az = €az * Pay T [b2 : Vﬂiz?paz](ua3> + [b3 Vg, pa2](uaa)'

Duplicating above regularization procedure with variable x, if one denotes by
Uag,as * Par DY Uay,as,a4, then it yields

+0b; - v;muag,oeg + by - vxguag,oeg + b3 - vwguag,ag = €as,a3s

atuahaz,(m+b1'Vllualyaz,oés+b2'vwzua1,a27043+b3'vw3ua1,0¢27a3 = €ai,a,a3) (28)

where

€on,o,08 = b1 - quﬁm](“%,@ts) + [b2 - Vi, Pm](“az,ag)

+ [b3 ’ Vm3,pa1](ua2,a3) + €az,as * Pay -

Obviously for fixed ag > 0, a3 > 0 by [12], we know the first three error terms tend
to zero as a; goes to zero in L., and the last term goes to Eas,as-

Similarly as ag > 0 be fixed,
€ag,as — Eag 11 Li as ag — 0,
Thus we proved our result for smooth (in ) solution of u, with

lim  lim  lm €4, 0.0, = 0 in L>(0,T7; (LL ,,.) (RY)).

043‘)0 O(Q*)O 011*)0 IJOC
On the other hand, observing the fact that: If u, is a sequence in L' N L> (or
L. N L) and u, — u in L*(or L},.) and u,, is uniformly bounded in L> (or

loc loc
Lo ), then w € L™ (or L2), and u,, — win L*(or L{2.), we complete our proof.

loc loc loc

To prove the uniqueness, we need another useful lemma.
Lemma 2.2. We assume (H;) — (Hy). Let
u(t,x) € L=([0,T]; (L' N L¥)(RY)) N L=([0, T); L3S ,, (R Y2 Ly (RY)))

T1,T2
N L0, T); L (RN Ly, ,, (RY2F9)))
be a nonnegative solution of (2.1) with the initial condition uy = 0, then u = 0.
Proof. Let u be a nonnegative solution as claimed in the lemma. With obvious
notations introduced in Lemma 2.1, we have

€ay,az,03 (:U) = atua17027043 (t’ 1’) +b1 (xl) : Vrlual,azﬂm (t’ :C)

+ b2(x1’ ‘TQ) : vaﬂzual,a2,a3 (t7 .’17) + b3($) ) vzgual,ag,a37 (29)
with
lim lim 1im €0, 0,0, =0 in L([0,T]; (LL e ML)

xz,loc z,loc
az3—0 az—0 a1 — ’ ’

We introduce three cut-off functions: ¢, 1, &, with respect to each variable 1, o
and x3. For any natural numbers m, n, k, we denote them by

eu(mr) = (), unlwa) = w22, Enlas) = (),
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where
p € DL(R™M), v € DL(R™), £ € Dy (R™),
@, ¥, §=1 on [z <1, |22| <1, || <1,
and
@, 1, £ =0 on |z1] =2, |xa| > 2, |g| > 2
respectively.
Firstly we multiply (2.9) by & and integrate over the x5 space to derive

0
/gkeal,ama?,dx?) = 8t/ ua1,0627043(t7x)§]€($)dx3
RN3

+ b1 (1’1) : Vﬂh Uay 00,03 (t7 m)gkdx?)
RN3

+ bg(l‘l,l‘g) ’ vl’z Uay,az,a3 (tvx)fkdxii

RN3
+ /N bS(xla T2, :L'S) : vxgual,ag,oég (tv x)fkdl’;} (210)
RYV3
By integration by parts formula, we obtain

/ b3 (‘rlv Z2, l‘3) : Vﬁta Uy, 02,03 (ta Jf)gkdl‘g
RN3

= - Uy ,an,03 (t7 Z‘) M . v$3 g(%)de

RN3
1+|.T3| bg(ail,xg,l'g) T3
S oo () V€22 dzs, 2.11
/]RNSUI’ 2, 3( l‘) k 1+|1‘3| 35([{)553 ( )

where we used the fact div,,b3=0.
Then multiplying ¢, to (2.10), combining (2.11), we get

/ €k¢m5a1,a2,a3dz2d1'3
RN2+N3

0
= 5 - Uay om.as (b T)EpYmdradas
2+N3
+ b1 (Il) ’ vﬂ01 Uay,az,03 (t?x)gkwmdede

RN2+N3

+/ b (1, z2) - Vm/ Uy, a0 (t T)Epmdrsdrs
RN2 RN3

1+ |z3| bs(x)
— L (T
/]RN2+N3 u()é1704270ts( 750) A 1+ |.’173|

We treat the third term in the right hand side like the fourth term in (2.10), namely
integration by parts, we conclude

/ §k7/)m5a1,a2,a3d$2d$3
RN2+N3

: vx,dg(%)wmd@dm. (2.12)

0
= a/RN n ual’az’ag'(t’m)é—kwmdedxg
2+N3
+ bl (xl) . vxl Uay, 0,03 (t, x)fkwde’QdZ'g

RN2+N3
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ba (71, z2) o, 1+ |zs
N 7vx - a,0a,0 t7 dxrsd
/RN2+N3 1+ |22 de(m) m Uay az,a5 (8, T)EpdT3dTo

7/ " (t m)1+|3€3|b3($1,$2,3€3)
RN2+Ng Q1,002,317 k 1+ |.’L‘3|
Repeat above calculations to the first variable, i.e., multiplying a cut-off function

vn and integrating over the 1 space, then by virtue of integration by parts formula,
we fulfill

/ §k¢m¢n€a1,a2,a3d$

d
= Uy 00,03 (tvx)ékd)m@ndm
dt ]RN ’ ’

_/ bl (371) . vwl Uay,n,03 (ta $>fk’(/)m(,0nd$2d$3d!1}1
RN1 RN2+N3

b T1,T X 1+ T
_/R balwn,ma) G 22y niﬂgonual,ag,ag(t,x)&kdx

N 1+|l‘2‘ . E

.vm3§(%) Gmdwsdrs. (2.13)

14 |z3| bs(x1, 22, 23)

_/ Uay,az,03 (t,x)%ibm A
RN

-V%g(%)dm (2.14)

L+ |3
By applying Lemma 2.1, one gains
d
0 = E/ ufkwmwndx—/ by(x1) - Ve, wbrbmondradzsde
t RN ]RNl RN2+N3
ba (21, x2) T 1+ |23

— LT el vm Sz N d

\/RN 1+|I2| 2w(m) m » Ufk r

1+ |z3] b3 (w1, w2, 23) T3
— t -V, &(=)d 2.15
|t ayons, SRR D) g (2, (2.15)
if one tends « first, as next, ag third to zero in turn, for fixed k, m and n.
Notice that

u(t,z) € L=([0,T]; (L' N L®)(RY)) N L>([0,T}; LY ,, (RM N2 L1 (RN9)))

Z1,T2

and

|b3(2)| 1 Ni+Ns. 71 N oo (o N:
1+|.’L'3,| eLxl,xQ,loc(R ! 2;Lx3(R 3)+Lx3(R 3))

and u is nonnegative, for any fixed nature numbers n and m
wonth L+ |23] b3(x1, 2, 23)

By applying the Lebesgue dominated convergence theorem, for fixed n and m, the
fourth term tends to zero as k goes to infinity.

~Vm3§(%)1k§|x3|§2k — 0, as k goes to infinity.

Now let us estimate the third term

ba(x1, z2) o, 1+ |xs
V("2 uépd, 2.16
/RN 1+ |22 v 2¢(m) m 7 ubpdz ( )
Note that o )
2(T1, T2 1 N 1 N. oo (T V:
— = c L. (R":; L (R"? L2 (R™Y2
1+ |$2| E :El( ? Iz( )+ 12( ))3
one can write |22122) | — pl 4 b2 where

1-‘,—‘.’1)2‘
by € Ly, 10c(RY; Ly, (RY2)), 05 € Ly, 1. (R™; L33 (R™2)),

x1,loc
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which implies

b2 (xl 5 1'2)
1+ 2o

On the other hand, for above fixed n,

= @nb} + @nb3 € Ly, o, (RVFN2) + L RV L (RM?)).

n T1,T2

b2 (21, 72)| 1 (N
PAZL o)l g dis € T (RN:),
/}RNIWS T 1dxs ,(R7?)

for

w € L([0, T); (L' N L) (RY)) N L([0, T); L (RN Ly, o, (RY2F12)))

T2,T3
and the integrand of (2.16) tends to zero as m goes to infinity, and u is non-negative.
By making use of the dominated convergence theorem, we also get the third term
vanishes as m goes to infinity.

The same discussion also implies the second term of (2.15) vanishes as n tends
to infinity. Collecting the behavior of the last three terms, and using the Bochner
theorem, we obtain with (2.15), as k first, m next, then n, go to infinity

. . . d d
lim lim lim — U Vmpndr = — udx = 0.
RN

n—00 m—00 k—oo df dt RN
As ug = 0, this yields u = 0, for all ¢ > 0 , since u is nonnegative and this
concludes the proof.

Having proved Lemma 2.1 and Lemma 2.2, we now complete the proof of The-
orem 2.1.

Proof of Theorem 2.1.

(Uniqueness) Assume for the time being that we have at hand two solutions u;
and us to (2.1) satisfying the regularity stated in Theorem 2.1 and sharing the same
initial datum. By virtue of Lemma 2.1, the difference u = u; — uo, satisfies

8’“041»0627013

pr + b VU, as,05 = €ar,a0,a81
with

lim lim lim €4, 00.0s =0 in L®([0,T7; (L} 1o N L35, (RY)),

as3—0 as—0 a1 —0 ZE,lOC IE,lOC
with obvious notations.

Multiplying 3’ (Uay, 2,0 )5 fOr some function 8 € C(R), B’ bounded, we conclude

aﬁ(’ua Ne e ) /
— s+ b Vﬁ(ualsa27a3) = 501@2@36 (ual,a27a3)'

ot
By letting a4 first, next as, then ag go to zero, we obtain
0
) b w8 =0,

for such admissible function 5.

By a tedious discussion argument, we can choose a sequence of admissible func-
tions B (x), such that Si(x) — |z|, as k goes to infinity. We end up with
Olul
— +b-V|u|=0.
5 To Vlul

Applying Lemma 2.2, we know u = 0, and show the uniqueness.
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(Existence) Existence in the functional space L>([0, T]; (L' N L>)(RY)) is given
in a straightforward way by an application of proposition II.1 of [12], and we omit
it. Thus what we should do now is to check the solution in

L([0, T L3 o, (RM N2 Ly (RY2))) 0 L2([0, T]; L3S (RY Ly, (RYF2))),

T1,T2 x2,T3

Let b = pe * b, uf = p- * ug, where p. is a smooth kernel, and in particular, we
choose p. as a product of three regularization kernels p1 o(x1), p2.c(x2), p3.:(x3),
then we can rewrite b. as

be = ( ia 37 bg)
where
bi = (bl * ,01,5) * P2.e % P3¢, bg = (b2 * P1,e * p2,5) * P3.e, b'i;;, = bd *Ple* P2 * P3e-
Consider regularized equation

{ 9us 1 p, - Vu. =0, in (0,7) x RY,

ot

u(t=0,-) =uj, in RY, (2.17)

it is clear that there is a unique solution wu. to (2.17) which is smooth and
ue € L([0, T); (L' 1 L) (R™))

and ue — u, as € — 0, since u§ — uo, as € — 0. Hence if we multiply (2.17) by &,
with clear notation, introduced in Lemma 2.2 and integrate it over z3 space and
by partial integration, we deduce

{ % Jans uedws + (b5,05) - Vi ay [ang vedzs =0, in (0,T) x RNz,

fRN3 Ug(t =0, ) = fRN3 USdIg, in RNlJrN?’ (218)

by virtue of letting £ go to infinity.

By the Kruzkov theorem for conservation laws equations, we know

g
H/ u.drs = H/ ugdxs
RN3 Lo RN3

1 ,@9,t
With the aid of taking e go to zero and notice that ug € L3, (RN N2, L1 (RN3)),
we deduce that

oo
L11’12

u(t,z) € Lo([0,T}; L 5, (RM Y2 LT (RM))).

Z1,T2

Similarly, if we integrate (2.18) over x5 space and use integration by parts for-
mula, combining

up € L (RN LY (RMTVs)) and uf — ug, as € — 0,

T2,23
we also get
u(t,z) € L%((0,T); L (RY; Ly, , (RN H12))),
by letting € go to zero. This completes the proof of Theorem 2.1.
Remark 2.2. For the sake of simplicity, we have chosen to present our result when

the vector field b is assumed not to depend on the time variable, although our result
also hold mutatis mutandis in the time dependent case b = b(¢, ) when we allow
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an L' dependent with respect to time. Then, assumptions (H;)— (Hy) are replaced
by

(Hy):by=bi(t, 1) € LH(0, T WY, (RY));
by (z oo
(Hy): 15585 € M0, T); LL, + L)
(Hyr) < by = bo(t, 21, 29) € L'([0, T]; LY, 0 (RN Wmliloc(RNz))ﬁ
(Hy) : 2522 € LY((0, T); LL, (RM; L1, (RM) 4 LS (RM2)));
(Hy):bs = bs(t, w1, 29,23) € L0, T]; L o RNFN2 WY | (RNaY));
(Hy) : % € LY([0,T]; LY, 4y 10e(RNFN2 L1 (RNS) 4 L2 (RY9))).

Remark 2.3. Similarly, we can extend our result when the divergence is controlled
in the L* norm, namely
{ (Hyr) @ divy, by € L;‘:(RNl); (Hgr) : divg,bs € LY

T1,To (RN1+N2)
(Hy) @ divgybs € L°(RY).

3

3. THE HIGH-ORDER DIFFERENTIABILITY OF THE FLOW SOLUTIONS WITH
INITIAL DATUMS OF ORDINARY DIFFERENTIAL EQUATIONS

3.1 Preliminaries

We devote this short section to state our first application of the theory of renor-
malized solutions for linear transport equations to the type of ODE (1.2) in order
to recover the art of the theory of solutions of ordinary differential equations with
coefficients in Sobolev spaces to the level of the classical Cauchy-Lipschitz theory
for the regular coefficients. For this aim, let us look back some notions and old
results.

Remembering that in [12], firstly, Di Perna and Lions introduce
LY = {u € L; measure{|u| > A} < oo, ¥ A > 0},

where L is the set of all measurable functions taking values in R and admissible
functions we denote by

A={B €C(R); 8 is bounded and vanishing near zero},

then they give the notion of renormalized solutions for linear transport equations
and by the equivalence between ODEs and the associated linear transport equations
they show the existence and uniqueness of the almost everywhere flow solutions to

the ordinary differential equations with vector field b belongs to Lj,..

Very similar to [12], in [7], Le Bris and Lions introduce

LY0 = {u € LY measure{wy; |u(z1,22)| >} < cs(x1) € L

o, Vo>0}

and the same admissible functions A as before, then they get the 1th order differ-
entiability of the almost everywhere flow solution to initial values with vector field
partially belongs to Wzlocl and 2nd order differentiability in plus the W?2!-regularity

on vector field b.
But now we should make a slight change and plus some additional conditions

in order to draw forth the almost everywhere flow solutions here encouraged by Le
Bris and Lions. For this purpose, we present a new notation Lg as follows.

We denote Lg by the set

{u € L% measure{xs; |u(x1,z2,23)] > 6 } < cs(x1,22) € L3 2o

(RN +Y2),
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measure{ (22, 3); |u(z1,72,23)| > 6} < cs(x1) € LT (RM), V5> 0}

Then for any admissible function 5 vanishes on [0, 6], we have
[ 18tutar,aa,a)ldos
RN3
B(ule))ldzs + | 1B(u()) da

/{zs;u(ml,xz,mg)|>6} {z3;|u(zr,z2,23)|<0}
< |1Bllz=es(ar, xa) € LS, (RN HN2) (3.1)

and

/ |B(u(z1, 22, 23))|d3
RN2+N3

- / 1B(u(z))|dzs + / 1B(u(z))|des
{(z2,x3);lu(x)[>d} {(z2,x3);u(x)[<d}
< |Bllmcslzr) € LSRN, (3.2)

which hints
B(u) € Ly,

Z1,T2

(RN1+N2;L;3(RN3)> ) LOO (RNl L1 (RN2+N3))7

2,3

where Lg as the subset of L?, is equipped with the topology induced by that of L°.

We therefore say that v is a renormalized solution of (2.1) supplied with an initial
condition ug € Ly whenever 5(u) is a solution of (2.1) in the sense of Section 2,
with initial datum B(ug).

From [13] (Proposition 1), we have the following fact :

Lemma 3.1. Consider the ordinary differential equation

X(t,z) = b(X(t,x)),
X Zoa s 33)

where b is given by in (2.1). Then X is an almost everywhere flow solution of (3.3),
which means that X satisfy (3.3), for almost all z, in the sense of distributions
together with the following three properties:

()X € C(R; L' (RY));
(ii) [ (X (t,2))dz = [ p(z)dz, ¥V ¢ € DRN), VteR; (3.4)
(i) X(t+s,2) = X(t,X(s,2)), Vt,s €R, a.e. v € RV;

iff [S(t)uo](x) = uo(X (¢, x)) is a renormalized group solution of the following trans-

port equation
Fru(r) = b(z) - Vu(),
AL (35)

that is

(i) S(t)uo € C(R; LY (RM));

(i) S(1)B(uo) = B(S(t)uo), ¥ § € DRY), ¥ up € LX(RY), V1 € R,
(iii) S(t) is linear, V ¢t € R;

(iv) S(t+s) = () S(s), Vt,seR;

(v) u(t, z) = [S(#t)uo)(z) = up(X (¢, z)) is a solution of (3.5),
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where we shall say that X is a solution of (3.3) whenever for all V 3 € D(RY), we
have

{ 2 B(X) = VB(X(t,y)) - b(X(t,y)), (3.6)
BX)(t = 0,y) = B(y), .

in the sense of distributions, where b satisfies (Hy/) — (Hy).

Remark 3.1. It is to be remarked that the equivalence we have recalled above
holds when the equation is set on the torus. A necessary and sufficient modification
when one works on the whole space is to impose a convenient behavior at infinity for
the vector field b. In our case (Ha/), (Hs ) and (Hg ) will play this role. Similarly
the above result hold true if we replace L' by L} . or L% or LY . from [12] (Ps27),

loc

but what we should modify is to take place of ¢ € D(RY) by ¢ € A.

3.2 kth-order differentiability
We are now in a position to state our first result in this section. Since this result
is only a corollary of above Lemma, we omit the proof.

We consider the ordinary differential equation (3.3) again, for the sake of sim-
plicity we rewrite here in the case for a vector, denoted by ¢, which does not depend
on time

Y(t,y) = e(Y(t,9)),
{ Y(£=0,y)=y. (8.7)

Let us assume that c¢ satisfies the following properties

(P €l0) €Wy (P2 g € (1 R (R divge =0
For some fixed r € RY, by differentiating ¥ with respect to the initial datum y
along the direction 7, we obtain
0

S VY y) = VyeY) (- YY)t )

Grouping the two equation together we may write

where we have denoted by R(t,y,r) = (r- V,Y)(¢,y).

Then we fix (y/,r’) € R*, and differentiate Y and R with respect to (y,7) along
the direction (y',r"), we get

Y'(t,y,y') = Vye(Y(t,y)Y'(t,y,y),
R(t,y,ry,1") = Vyc(Y(t,y) R + V2 c(Y(t,y)) - (RY'(t,y,y)),
t=0,59) =y,

(
,E (3.9)
(t=0,y,m,y'r") =1,

Y
R/

where Y =" -V,)Y, R = R'(t,y,r,y'r") = (¥, r") - Vy.R(t,y,r).
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Collecting (3.9) with (3.8), we obtain the closed system :

Y(t.y) = (Y (t,y)),

R(t,y,r) = VyC(Y) (ty,m),

Y/(t,y,y') = Vye(Y (t,9)Y'(ty,9),

R(t,y,ry, T)—Vy( (f,y))R”rVQ c(Y(t,y) (B(t.y,r).Y"),  (3.10)
Y(t - Ovy) =Y,

R(t=0,y,r)=r,
Y/<t = 07y7y/) = y/a
R (t=0,y,ry,r")=1r"

It is easy to see that this system of ordinary differential equations is associated
with the following transport equation:

%u —c(y) - Vyu — Vye(y)rVyeu — Vye(y)y'Vyu

—(Vye(y)r' + V3 ,e(Y(t,y)) - (r,y')Vyrw = 0. (3.11)
Set on a function u = u(t,y,r,y’,r’). If we denote by
bi(z1) = —c(x1), ba(x1, 22) = =V c(x1)xe, b3(r) = =V, c(x1)r3— Vg:l 2, C(T1) T2,

where 21 =y, 3 = (r,9’), x3 =/, then we can rewrite (3.11) as a compact form

%qub( ) Vau =0,

where

b(z) = b(w1, w2, x3) = (b1(21), b2(w1, ¥2), b3(1, T2, 23)).
Obviously it is easy to check that vector field b satisfies conditions (H;) — (Hy). By
Theorem 2.1 and Lemma 3.1, we get the 2nd order differentiability of the almost

everywhere flow Y'(¢,y) with y only under the assumption b € leocl , precisely
speaking we have :

Theorem 3.2. We assume (P;)—(P3), then there exists a unique almost everywhere
flow (Y, R,Y’, R'), such that

e Y, R satisfy Theorem 4.1 in [7];

e Y’ is continuous from [0,T] to the set of functions of (y,y’) that, for almost all
y are L}/,)ZOC, and for almost all ¢/, Ly ¢, i.e. almost everywhere finite measurable
functions of y;

e R’ is continuous from [0, T] to the set of functions of (y,r,vy’,r’) that, for almost

all y are Lry +10es and for almost all 7, y", 1/, Ly joc;

e (YR, Y’ R') satisfies the conservation property (3.4):(ii) of the Lebesgue measure
in (y,r,y’,r"), and the semigroup (3.4): (iii);

e (Y,R,Y' R’) satisfies (3.10) in the sense of (3.6).

If we assume, in addition, c¢(y) € LP + (1 + |y|)L>°, p € [1, o], then
(}/7 Rvyl) € (C([()?T] Ly loc) C([Oﬂ T] Ly T, loc) C([O T] Ly y', loc))
and

"ec([0,T); L}

y,ry’,r loc)
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Remark 3.2. The first item has been proved in [7] by Le Bris and Lions, now we
spread out it only for the completeness. It time for us to present and prove our
second result.

Theorem 3.3. Assume bb(x) € Wllf)’cl (RY), consider the following ordinary differ-

ential equation .

X(t,z) =b(X (¢, 2)),

X(0) ==z.
Assume, in addition, that b(z) € L' + (1 + |z|)L°°(RY), divb = 0, then there is a
unique almost everywhere flow X (¢, z), such that X (¢, z) € C([0, T]; W,> ! (RN)).

loc
Proof. We divide our proof into three steps. Since the proof is machinery and

awkward and we have proved it for £ = 2, in order to avoid unnecessary overlapping
we now only present the train of thinking and omit some details.

Step 1. Construct the existence and uniqueness theorem of the solution for the
following linear transport equation

%u—l—b-Vu:O,
where
b(ir) = b(xlvaf" 7$k+1) = (bl(xl)vbQ(x17x2)7 ) bk‘Jrl(mlaan“' 7xk+1))7

with partial I/Vllw1 regularity, by extending Lemma 2.2 and Lemma 2.3.

Step 2. Mimic Section 3.1 to define the renormalized solutions, by virtue of [12]
and [7] we can get a equivalence between ordinary equation X = —b and the above
linear transport equation.

Step 3. By step 1 and step 2 to get the conclusion .

Remark 3.3. (1) If we only presume %Irl € L' + L™, one also obtains a relative
weaker result to the almost everywhere flow, namely

X(t,2) € C([0,T); Latoc)s V™ X(t,2)y1y2 - Ym € CU[0,TT; Lastoc X Ly, oo v 10e):
where 4., GRN, and 1 < m < k.
(2) If we replace
b(z) € L' + (1 + |z[) L= (RY)
by
b(z) € LP + (1 + |z]) L (RY),
for any p > 1, then above conclusion is also true.

(3) Besides, we have in addition that for almost all z,y1,y2, - ,¥m € RY,
VX (t,2)y1y2 -+ Ym € CH([0,T]).

4. MICRO-MACRO MODEL

As an another application, in this section, we discuss a class of transport equa-
tions which have been argued in Section 2, with an additional viscosity term, i.e.
the Fokker-Planck equations, with the particular form

Opu(t, ) + (b1 (x1),ba(x1, x2),b3(x)) - Vu — %Awgu =0, in (0,7) x RN
: N (4.1)
u(t:Oa oy '):u07 in R )

which is arising in the modeling of polymeric.



EJMAA-2014/2(1) THE RENORMALIZED SOLUTIONS FOR TRANSPORT EQUATIONS 113

The strategy for giving a meaning to this equation is then a combination of the
existence and uniqueness for solutions. Let us consider it now.

Firstly, it is noted that if the viscosity term vanishes, then Theorem 2.1 tells
that if
up € (L' NL®)(RY)N LY , (RN ANz L1 (RN3))

T1,T2

oo (mN1. 71 No+N.
NLZ (R™*; L (RN2113)),

Z2,T3

there exists a unique

u(t,x) € L2([0,T); (L' N L®)(®Y)) 0 L=(0,T]; L3S, (RY V2 LL (RY))

x1,T2

NL>([0,T]; LS (RN LY (RN2 ),

Z2,T3
solution to (4.1), under the assumptions (Hy)—(Hg) on b. But, in present, we wish
to the solution u have better properties under the existence of the viscosity term if
the vector field b as before. Let us discuss it now.

Theorem 4.1. Let b = (b1, b2,b3) be as in Theorem 2.1 but replacing (H7) by
(I7) : b3 = bz(x) € L2, .(RY). We presume, further, that

xz,loc
i, o

. = > cId uniformly definite for 1 <4, j < N3, (@1)

o oz},
in the sense of symmetric matrices, where bg and :z:?,) denote the jth component of
vector field b3 and variable x3. Let

up € (L' NL®)(RY)N LY , (RN AN L] (RN3))

T1,T2

oo N1, 71 Nao+N,
N LY (R™ L (RY2748)),

x2,T3

then there exists a unique

u(t, @) € L2([0,T); (L' 0 L®)(®Y)) 0 L=(0, T); L3S, (R V2 LE (RY))

Z1,T2

. Ny. 71 N2+ N:
NL>([0,T]; L (R™; Ly, 4, (RT2T72)))

x2,T3

)
NL([0,T); L3, o, (RN Hy (RY2)).
)

1,22
solving (4.1) associated with the initial condition u(t = 0,-) = ug. Besides, we also
have:

thu € L2((0, T L2, ,, (RN Ve B2 (RN)NL™ (0, T L2, ,, (RN N2 Y (RY))

Z1,T2 Z1,T2

We divide the proof into two steps: the existence and uniqueness part, the
regularity part. The regularity part is being the central issue, we demonstrate it
last. We begin by showing the existence and uniqueness of solutions in L? space,
then by regularization to get the L' regularity. Now let us give some details.
Proof. Step 1 L2 — theory

e an a priori estimate for tentative solution u

Multiply u to the both hand sides of identity (4.1) and integrate over the spatial
variable over R, this procedure yields

1d 5 1 9
.t 4= \V4 - 4.2
2dt/u 2/| sl 0 (4.2)

by virtue of integration by parts formula and conditions (Hs), (Hg) and (Hy).
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By applying Gronwall’s lemma, we deduced that
u(t, @) € L*([0,T); L3, o, RN Hy (RM*))) 0 L*([0, T); L*(RY))
for up € L2(RY).
On the other hand, ug € L>(RY), the maximum principle also implies u €
L>(]0,T] x RY), thus
u(t,z) € L=([0,T]; L* N L®(RN)) N L*([0, T); L2, ,, (RN N2 gl (RN3))).

T1,T2

e regularization and existence of L? weak solutions

Here we call u is a solution of (4.1) with initial value wy if the following identity
holds:

T T T
1
/ dt dmwpﬁ—/ ump((),x)dx—!—/ dt| drzudiv(pb) — f/ dt| drzul,,o =0,
o JRY RN 0o JRN 2Jo Jrw
(4.3)

for any ¢ € D([0, T)xRY).

Approximate vector field b by b € D(RY), then use the first step, by virtue of
compactness method, it is easy to get the existence and uniqueness and we skip it.

Step 2 regularity

Now in this part, we will prove the solution u indeed has good properties, precise
speaking:

u(t,x) € L=([0,T); (L' N L) (RY)) N L0, T); LS 4, (RM Y2, Ly (RM)))

Xr1,T2
N L([0, T]; L3 (RY; Ly, (RY=HN))),

For this purpose, firstly, let us check that
t2u e L2([0,T); L2, ,, (RN N2 B2 (RN)NL((0, T); L2, ,, (RN Hy (RY))),

x1,T2 T1,T2

Denote u? by ﬁu, then multiplying u® by t2 first and differentiating it with ¢ next,
3

we get

8b]

8 l

1 1 1 1
o (t2u’) = §1€_§uz —b-V(t2u') — 3 (43 ul) + Awg (t u'). (4.4)

By multiplying by t%uiflC and summing over ¢ and integrating over the space, we
obtain

8b] 1
5 [ IVt =5 [1vaul = [ b - 5 [192,, 0t
<45>

by making use of integration by parts formula and letting k take to infinity, where
the repeated the indices will be summed.

By virtue of (Ql) it follows that

2 2 1 / 2 / L2
V V4 < = V V 2 . .

The Gronwall lemma ylelds that
t2u e L2([0,T); L2, ,, RNV 52 (RN)NL((0, T); L2, ,, (RN H] (RY))),

T1,T2 I1,T2

The similar discussion argument also tells us that u € L!. Now, it is time for us
to check the remains.
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Choose regular kernel p,, as in Lemma 2.1 with space variable x3, by regularizing
equation

1
Ou(x) + (b1 (1), ba(21, 22), b3 (21, 22, 23)) - Vu(z) — iAxsu(x) =0
to variable x3 by p.,, we derive

1
[b3 ’ v9337p6¥3](u) - §[A137pa3](u) = atua?, + b (xl) ’ Vﬂvlua?, +bs - vﬂizulXS
1
+ b3(z1,%2,23) * VigUag — iAxsu%, (4.7)

where

[bs - V%,pas](u) =bs - Voytay — (b3 - Vﬂ?su) *Pag = 5(1137

1 1 1

§[A$37pa3](u) = §A£E3U‘Q3 - iAwsu * Pas = 523
and for simplicity we denote u * po, by Uqs,-

It is clear that

el =0 in L=([0,T); Li,(RY)), as az — 0,

€2 =0 in L([0,7] x RV N2 =1 RN)) as a3 — 0.

Let & be a cut off function to variable z3 as in Theorem 2.1, then multiply (4.7)
by &r(x3) and integrating over x3 space, we derive

/ (ehs + €2y )Ek(T3)
RN3

0 1
= 7/ uagfk(x?)) + b (.’1?1) : Vzvl ’ua3§k($3> -5 Awsuasz(x?))
5t ]RN3 ]RN3 2 RN3
Fbalonen) Vo [ i)+ [ bale) Vol (49
RNs RN3

Let a3 go to zero first, k tend to infinity next, by applying integration by parts
formula, we deduce
at’()(t,fﬂl,SCQ) + (bl(xl), bg(l‘l,fﬂg) . lemv(t, 131,582) = 0, in (O,T) X RN1+N27
v(t=0, -, ) =vp, in RV1+N2
(4.9)
where
vo :/ up € (L'NL®)RMT¥)L2° (RN LY (RY?)) and v:/ u(t, r)dxs.
RNs RNs
By Theorem 2.1(now bs = 0), we get
u(t,z1,22) € L2([0,T); (L N L=) (RN ) 0 L([0, T]; L (R™; Ly, (RY?))).
Equivalently,
u(t,x) € L2([0,T); (L' N L®)(RY)) 0 L=(0,T]; L3S, (RY N2 LL (RY))

x1,T2

NL>([0,T]; LS (RN LY (RN2 V).,

Z2,T3

Remark 4.2. (1) Our result is also mutatis mutandis in the time dependent case
b = b(t, z) when we allow an L' dependent with respect to time. The concrete form
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one may see Remark 2.2 in Section 2, but replacing (Hy7/) by bs = bs(t, x1, z2,23) €
L([0, T]; L7, (RY));

loc
(2) Similarly, in the case of divergence is controlled in the L norm but not
vanish, the above conclusion is also valid.

(3) For more details in Fokker-Planck equations, one can consult [8], [10] and
the references cited therein.
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