Electronic Journal of Mathematical Analysis and Applications
Vol. 2(1) Jan. 2014, pp. 72-84.

ISSN: 2090-792X (online)
http://fcag-egypt.com/Journals/EJMAA /

ON THE EXISTENCE, MULTIPLICITY, AND NONEXISTENCE
OF POSITIVE PERIODIC SOLUTIONS OF SYSTEMS OF
SECOND ORDER DIFFERENTIAL EQUATIONS

LI HONG BAI

ABSTRACT. In this paper, we are concerned with the existence, multiplicity
and nonexistence of positive w-periodic solutions of the following systems of
second order differential equations

" (t) + A(t,x)z(t) = AF(z(t)), t€ (0,w),

2(0) = z(w), '(0) =a'(w),

where z = (z1,- - ,xn)T, A(t, x)=diagla1(t,z1), -, an(t,zn)], F(t,x) = [f1(t, z),
< fn(t,2)]T, and X > 0 is a positive parameter. The proof of our main re-
sults is based upon fixed point theorem.

1. INTRODUCTION AND MAIN RESULTS

Due to a wide range of applications in physics and engineering, second order
periodic boundary value problems have been investigated by many authors, see([1]-
[10]) and the references therein.

In [2], the following systems of second order singular differential equations

2(t) +a(t)a(t) = fi(t,z,y) (1)

y'(t) +at)y(t) = fat, 2, y) (2)
are studied. where the nonlinear terms fi(¢,z,y), f2(t,x,y) have singularity near
(0,0). Suppose that a;(t) € AT UA~ with ¢ = 1,2(see[1]). Under some additional
assumptions about growth condition on the nonlinearity f, the authors obtained
two different positive solutions of equationl and 2.

In [3], the following systems of second order differential equations

z” +mPx = \G(t)F(z) (3)
with the periodic boundary conditions
z(0) = 2(2), 2'(0) = 2'(27) (4)
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are considered, where m € (0, 1) is a constant, z = (1, ,z,)7, G(t)=diag[g: (t),
gn()], Ft o) = [fi(x), -, fo(@)]T, and X > 0 is a positive parameter, by
means of the Krasnosel’skii fixed point theorem, the authors established the exis-
tence , multiplicity and nonexistence of positive periodic solutions of (3).

In [4] the following systems of second order differential equations are considered

2+ A(t)x = M(t,) (5)
with the periodic boundary conditions
z(0) = z(1), 2'(0) =2'(1) (6)

where z = (z1,- -+ ,x,)T, A(t)=diag[ay (t),--- ,a, ()], f(t,x) = [fi(t, ), -, fult,2)]T,
and A > 0 is a positive parameter, the authors established the existence, multiplic-
ity, nonexistence of positive periodic solutions of (5) by Krasnosel’skii fixed point
theorem on the compression and expression of cones.

In fact, almost all papers about second order periodic boundary value problems,
for example ([1]-[9], [11]-[13]) and the references therein, the coefficient a(-) ap-
peared in equations dependent only on time ¢. But in practical applications, the
coefficient a dependent on t and x is more meaningful.

Inspired by the above works, A natural question is what would happen if the
coefficient a(t) in [3] is replaced by a(t, x)?

In order to answer this question, By using fixed point index theory, we consider
more general second order differential systems

2 (t) + A(t,z)z(t) = AF(z(t)), t € (0,w) (7)
with the periodic boundary conditions
2(0) = z(w), 2(0) =2'(w) (8)

where © = (x1,- - ,2,)7, A(t,x)=diaga1 (t,z1), - ,an(t,z,)], F(t,7) = [fi(t, )
-, fat,2)]T, and A > 0 is a positive parameter. We shall show that the number

of w—periodic solution of (7) can be determined by the asymptotic behaviors of
F(z)

~— at zero and infinity.

Let us to fix some notations to be used in the following: Given a € L'(0,w),
we write a = 0 if a > 0, for a.e. ¢t € [0,w], and it is positive in a set of positive

measure. The usual LP -norm is denoted by || - ||zr. The conjugate exponent of p
is denoted by p*, %—i— p% =1. R = (-00,00), Ry =[0,00), R =T[" Ry, and
for any u = (u1, -+ ,un) €R, |Jul| =30 |ugl.

Our assumptions for this paper are:

(H1) Fori=1,---n, a;(-,-) € C([0,w] x R}, Ry) is a w—periodic functions with
respect to the first variable, and there exist two w-periodic functions a;(+), az(-) €
C(R,R"), such that

a; (t7 UZ)UZ — a; (t, ’Ui)'Ui

0< al(t) < ag(t), t € R, Ui, Vi € R with wu; # Vj. (9)

U; — Uy

Furthermore, ||as||rr < K(2p*,w),

*

21 2 \1-% * 2 . *
K", w)={ o @) 7 (ghm)s i 1<pt <co,

fINeS]

; if p*:OOa

€]

where I' is the Gamma function, (See [1]).



74 LI HONG BAI EJMAA-2013/2
(H2) fi(t,x) : [0,w] x R} — [0,00) is continuous, fi(t,z) > 0 if [z > 0, i =
L ,n.

Remark 1. It is easy to see that (9) is weaker than the condition 0 < (a(t, w)u), <
as(t), ||azllr < K(2p*,w), which was used by Torres and Zhang in [10].

In order to state our results, we introduce the notations

f = lim M, f0= lim M, u€e€RY, ¢=1,--- n, uniformly in t,
u=0 [Jul| u=o0 |[ull
Fyo— max {f}, Fu— max (/).

1o = number of zeros in the set {Fy, F},

s = number of infinities in the set {Fp, Fuo}.

Our main results are:

Theorem 1. Assume that (H1) and (H2) hold.

(a) If Fp = 0 and Fy = oo, then for all A > 0 equations (7) has one positive
solution. s (b) If Fy = oo and F = 0, then for all A > 0 equations (7) has one
positive solution.

Theorem 2. Assume that (H1) and (H2) hold.

(a) If ip = 1 or 2, then there exist \g > 0 such that for all A > A\g equations
(7) has i positive solutions.

(b) If i, = 1 or 2, then there exist A\g > 0 such that for all 0 < A < A\¢ equations
(7) has iy positive solutions.

(¢) If o = 0, then there exist Ag > 0 such that for all 0 < A < A9 equations
(7) has no positive solution.

(d) If ig = 0, then there exist A\g > 0 such that for all A > Ao equations (7) has
no positive solution.

Theorem 3. Assume that (H1) , (H2) and (H3)hold and ig = ioc = 0. If
! <AL L
oP max{Fy, Fso} Nmin{Fy, Fso }’

equations (7) has one periodic solution.

Remark 3. In first-order case, by using fixed point index theory, Wang [14] ob-
tained the existence, multiplicity, of positive periodic solutions, but in second-order
case, relatively little results are obtained in the present literatures.

Remark 4. systems(1-11) are special cases of system (7), so our results generalize
the corresponding results in ([2]-[4]).
2. PRELIMINARIES

Lemma 1.([16], [17]). Let E be a Banach space and K a cone in E. For r > 0,
define K, = {u € K : ||ul| < r}. Assume that T : K, — K is completely continuous
such that Tu # u for v € 0K, = {u € K : ||u|]| =}

(i) If || Tu|| > ||u|| for v € OK,, then

i(T, K., K) = 0.
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(ii) If [|Tu| < ||u|| for u € K, then
(T, K, K) = 1.

Definition 1. [10]. A function a € C?((0,w)) N C*(]0,w]) is a lower solution of
the periodic problem
W) + ai(t, wult) = 0, t e (0,w) (10)

with the periodic boundary conditions

u(0) = u(w), v (0) = u'(w) (11)
if
() + a;(t, @)a(t) >0, te (0,w) (12)
A function 8 € C?((0,w))NC*([0,w]) is an upper solution of the periodic problem
(10) if
B () +a;(t,8)3(t) <0, te (0,w)

B(0) = B(w), B(0) < B'(w).

Lemma 3. [10]. Let us assume the existence of a couple of lower and upper
solutions v and 3 such that 3 < a. Suppose that there exists a function ¢ € L*(0,w)
such that ¢ = 0 and
CL(t, u)u - a(ta ”U)?) < (ﬁ(t)(’U - u)
for a.e. t € (0,w) and all B(¢) <u < v < a(t). Then, if
16llr < K(2p",w)

for some p € [1,00), equtions (10) has a solution z € [3, @]
Lemma 4. Assume (H1) holds, then for h(-) € L'[0,w] and h(t) > 0, second order
differential equation

o’ (t) + a(t,u)u(t) = h(t), te (0,w) (13)

has a unique positive solution.
Proof. From [1], we know that for h(-) € L*[0,w] and h(t) > 0 on [0,w], the linear
problem

ui(t) + ar(tua (t) = h(t), t € (0,w) (14)

exists the unique positive solution
wn(t) = / Cr(t, 8)h(s)ds, € [0,0].
0
Similarly, the linear problem

ug (t) + az(t)us(t) = b(t), t € (0,w) (15)

exists the unique positive solution
w
us(t) = [ Galts)h(s)ds, te [0,
0

where G;(t,s),i = 1,2 denote the Green’s function of linear problem (14) and
(15).From [1], we know that G;(¢,s) > 0,¢,s € [0,w],i = 1,2.
Next, we will check that uy, us are lower and upper solution of (13), respectively.
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In fact, we have
uf () + a(t,ur)ur () — h(t) > uf(t) + a1 (t)ui(t) — h(t) =0, te€ (0,w),

u1(0) = ug(w), uf(0) > uy(w).

So wuy is a lower solution of (13), similarly, we can check us is an upper solution of
(13).
Combining (H1) and Lemma 3, we can conclude that there exist a solution u of
((13)), such that
us(t) <wu(t) <wi(t), te][0,w] (16)

As for the uniqueness of the periodic solution, we note that if x, y are w-periodic
solution of ((13)), then z = x — y is a w-periodic function satisfying
2'(t) + at,z)x(t) —alt,y)y(t) =0, te (0,w),
according to (H1), there exists w-periodic function ¢(-) € C(R, [0,00)) and a4 (t) <
c(t) < aq(t) for all t € [0,w], such that z also satisfying
') +c(t)2=0, te((0,w) (17)

So, |lc|lr < K(2p*,w). By the comparison result for eigenvalue (see Theorem
4.2 of [10]), we get equation (17) has only the trivial w-periodic solution, which
implies that x =y. [

Hence, the Green’s function of (10) exists, and let G, (¢, s) be the Green’s function
of (10), let us estimate the range of G,(t, s).

Lemma 5. Assume (H1) holds, then

GQ(t7S) < Gu(ta 8) < Gl(tas)a (t78) € [O,UJ] X [va]~
Proof.. We get

/0 Golt, $)h(s)ds < /O Gty $)h(s)ds < /0 Cr(t, 5)h(s)ds, t € [0,w].

Next, we only show that G, (t,s) < G1(t,s). The other case can be treated similarly.
Suppose on the contrary that there exists (to, o) € [0,w] X (0,w), such that
Gu(to, S()) > Gl(to, S()).
Let
0, 0<t<s—e

t—sg+e€ s9g—e€<t<sg,

S0 +€—1, 50§t§80+€,

0, sp+e<t<w.

Then, h € L'[0,w] and h(t) > 0 in [0, w].
By the continuity of G, (t,s) and G1(t,s) with respect to s, then there exists
€ > 0, such that

Gu(to,s) - Gl(thS) > O’ s € (50 — €80+ 6)'
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Thus

u(to) — w1 (to)

/Ow(Gu(to, $) = Gu(to, s))h(s)ds

Spg—€ So+e€
_ /0 (Gu(to,s)—Gl(to,s))h(s)ds—i-/ (Gulto, s) — G (to, 5))h(s)ds

+ / (Gulto, s) — Gi(to, s))h(s)ds > 0,
so+e

this contradicts.
when sg = 0 or w, by the similar method, we can get contradiction.

]
Let
M = Gi(t = in Ga(t 18
t,;lel%),(w] 1( 75)7 m t,snel[l({lw] 2( 55) ( )
so, we have 0 < m < G,(t,s) < M, t,s€[0,w].
Let X be the Banach space C[0,w]", with |jul| = >"" | sup |u(t)], u= (u1,--, uy) €
te[0,w

X, for u € X or R%, |lu|| denotes the norm of u in X or R”}, respectively.

Ai
A;= min G;(t,s) >0, B;= max G;(t,s) >0, 1>0;,== >0.
0<t,s<w 0<t,s<w B,

Define K be a cone in X by

K={u=(uy, - ,up) € X: ut) >0,t €[0,w], tg[lgn}ui(t) >0 s[up] lu;(t)], i =1,---,n}.
sW te[0,w

Let the map Ty : K — X be a map with the componenuts (73, ---,T%), which
are defined by

Tiu(t) = /0 MG (t,8) fi(s,u(s))ds, 0<t<w, i=1,--- n.

Lemma 6. Assume that (H1) and (H2) hold. Then T)(K) : K — K is compact
and continuous.

Proof. It is not difficult to check that for u € K, we have
Tiu(t) = )\/ G (t,s)fi(s,u(s))ds
0

A ¢
> 2Z / G (t, )£ (¢, u(t))ds

%

Ao; /w max G’ (t,s)f(t,u(s))ds
0

0<t,s<w

> o; sup Tiu(t),
0<t<w

Consequently, we get Ti(K) — K, i = 1,---,n, and it is easy to show that
Ty : K — K is compact and continuous. (I
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Obviously, the equations (7) is equivalent to the fixed point problem of Ty in K,
Let
A= min A;, B= max B;, c = min o0;, P=0A, N=nB
1<i<n 1<i<n 1<i<n
Lemma 7. Assume that (H1)-(H2) hold. Let u = ((u1(t),- - ,un(¢))) € K, and
n > 0 ,if there exists a component f; of f such that

fi(t,u(t)) > T]Zui(t), te0,w],

then [[Txull = APnllul|.
Proof. From the definition of Thu ,it follow that

Tiu(t) = AAwGﬂu$ﬁ®m®D®

A ¢
> ﬁiﬁ G (t, )£ (¢, u(t))ds

> ; :
> Ao; ; onax G, (t,s)f(t,u(s))ds
> o; sup Tiu(t),

0<t<1

Lemma 8. Assume that (H1) and (H2) hold. For any r > 0,u = (u1(t), -+ ,u,(t)) €
09, if there exists € > 0, such that

filt,u(t)) < GZu(t), tew, i=1-,n,

then
[[Taull < AeN|[ul|.

Proof. From the definition of T, for u € 912,., we have

tall <23 [ s uts)as

< )\zn:Bi /Oweiui(s)ds
i=1 i=1

<A Billul| < AeNul|.
i=1
Lemma 9. Assume that (H1)-(H2) hold. If uw € 99Q,., r > 0, then
P
[|Thu|| > /\;m(r).
where m, = min{f;(t,u) :u € R}, or < |ju|| <r, t€[0,w], i=1,---,n} >0

Proof. Since f(u(t)) > m(r) for t € [0,w], it is easy to see that this lemma can be
shown in a similar manner as in Lemma 7. O

Lemma 10. Assume that (H1), (H2), and (H3) hold. If u € 0€2,, r > 0, then
[Tyul| > ANM(r).
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where M, = min{f;(¢t,u) ;v € R?, or < |lu||<r, t€[0,w], i=1,--- ,n} >0

Proof. Since f(u(t)) < M(r) for t € [0,w], it is easy to see that this lemma can
be shown in a similar manner as in Lemma 8. O

3. Proof of Theorem 1

Proof. Part (a). Fy = 0 implies that f° =0, i = 1,--- ,n. So we can choose a
number r; > 0 such that
filt,u) <ellul|, w e RY, flul| <ri, i=1,---,n, t €[0,w],
where the constant € > 0 satisfies
AeN <1
Therefore by Lemma 7 we have
[Toull < flull, v e 8y, (19)

On the other hand, since ., = 00, there is a component f; of f such that f> = oco.
Therefore, there exists a constant H > ry > 0 such that

fi(tvu) > 77Hu||7 U= (ulv"' »un) € Rrjr? ”uH >H, te [va]v
where 77 > 0 is chosen such that
APn > 1.
Set ro = max{2ry, £} If u= (u, - ,u,) € 0Qy,, then
min u;(t) > ol|ul| = ore > H,

0<t<w 4
1=1

which implies that
filt,u(t)) > nu(t), t € [0,w],
It follows from Lemma 6 that
[ Toull = APnllull > [lul|, v € (20)
Now according to (19) and (20), by Lemma 1 we get the fixed point of T on
Qr\ 2y

Part (b). If Fy = oo, there is a component f; of f such that f? = co. Therefore
there exists r; > 0 such that
fl(t7u) > 77”“’”7 U = (uh e ,Un) € Rn7 ||’LLH <rp,te [O’ML
where 1 > 0 is chosen such that
APn > 1,
Ifu=(ug, - ,up) € 00,

filt,u) > nZui(t), t € [0,w],
i=1

which implies
[Taull = APnllull > [ull, w € 0%y, (21)

Next we determine €Q,.,, Since Fi, = 0, we have f* =0, i = 1,--- ,n. Therefore,
there exists H > r; > 0, such that

filt,u) < ellull, w=(uy,-- un) €RY, Jull 2 H, ¢ €0,w].
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where € satisfies
XeN < 1

Set ry = max{2ry, L} If u = (uy, - ,u,) € 0Qy,, then
n

oging;ui(t) >o||ul| =ore > H, u € 0Q,,, t €[0,w],
=

which implies that
filtu(t)) < € ui(t), t € [0,w]
i=1

Thus, by Lemma 7, the following inequality
[Thul] < ANe|lul| < [ull, ue 0y,
holds.

(22)

Now according to (21) and (22), by Lemma 1 we get the fixed point of T on

Q:,\ Q.

This method can be applied to the case that f;(¢,z) has a singularity near 0.

We assume

(Hy) : fi(t,x) : [0,w] x RP\{0} = (0,+00) is continuous, and has a singularity

near 0, 1 =1,--- ,n.
Then we can obtain the analogous result.

Corollary 1. Assume that (H1)and (H}) hold. If F, = 0, then equations (7)
one positive solution.

Proof. In fact, since f;(t,u), ¢ = 1,--- ,n have singularity near u=0, then

im =00, t=1,-,n,
luli=0  [ull

that is Fy = 00.By part(b) of Theorem 1 we have finished the proof.
4. Proof of Theorem 2

Let r; = 1, according to Lemma 8, we have

o

T > €0, A> Xy :=

[Toul| > flull, w ; 0= 5

If Fp =0, then f* =0, ¢ =1,---,n. Therefore, there exists ro < r; such that
filt,u) < €|lull, uw=(u, - ,u,) € RY, [Jul| < 7o, t€[0,w]

where the constant e satisfies
AeN < 1,

Ifu= (ula T aun) S 697»27 then

filt,u(t)) < eZui(t), te[0,w]

which implies, according to Lemma 7, that
[Taull < ANe|lul| < [[ull, we 0,

has

(23)

If Foo =0, we have f° =0, i =1,.-- ,n. Therefore, there exists H > r; > 0, such

that
filt,uw) <ellull, w= (w1, - ,u,) €RY, ull > H, t €0,w].
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where € satisfies
AeN < 1.

Set ro = max{2ry, g} Ifu= (u1, - ,un) € 08, then ming<s<,, Z?zl u;(t) >
ollul| = ore > H,u € 89Q,,, t € [0,w] which implies that

filt, u(t)) < eZui(t),t e [0,w].

Thus, by Lemma 7, the following inequality
I Thul| < ANe||ull, ue 09, (24)

holds.

Thus, in view of Lemma 1, T) has a fixed point on Q,,\Q,, or Q,, \Q,, according
to Fo =0, or Fy = 0 or F, = 0 respectively . Consequently, equations (7) has one
positive solution for A > Ay

If Fp = F, = 0, it’s easy to see from the above proof that T has a fixed point
ui(t) € ;.\, and a fixed point us(t) € 03\, , such that

ro < ||u1|| <r: < HU,Q” <7rs3.

Therefor equations (7) has two different positive solutions
Let 71 = 1, according to Lemma 9 ,we have

1
NM,;

If Fy = oo there is a component f; of f such that f? = co. Therefore,there exists
ro9 < r1 such that

fi(t’u) > 77”“”’ u = (U1,~'~ vun) € Riv ”u” < Tlat € [va]'

where 77 > 0 is chosen such that

IToull < |lull, v € 09, 0 <A< A= (25)

APn>1
uw=(uy, - ,Up) € 00y,

fi(t,u) > "Z =1"u,(t), t € [0,w],

which implies

[Txull = APnlull > [ull, ue 0%y, (26)
If Foo = 00, there is a component f; of f such that f> = oo Therefore ,there exists
a constant H > r; > 0 such that

fitt,u) Z nllull, w=(u, - un) € RY, [Jul| = H,t € [0,w]
where 1 > 0 is chosen such that
APn > 1.
Set ro = max{2ry, £}, Ifu = (uy, - ,u,) € 9Q;,, then
min =1"u;(t) > o||ul]| =ors > H

0<t<1 &=
3

which implies that
fi(t,u(t)) > nu,(t), t €0,w]
It follows from Lemma 6 that

ITxull = APnllull > [lull, w € 0% (27)
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thus, in view of Lemma 4,7 has a fixed point on Q,,\Q,., orQ,. \Q,, If Fy = Fso =
0, it’s easy to see from the above proof that T\ has a fixed point uq(t) € ,,\Q,
and a fixed point us(t) € Q,,\Q, ,such that

ro < Jur]] < r1 < |luzl| < rs.

Therefore equations (7) has two different positive solutions
Since Fy < 0o and Fl,, < oo then f? < oo, f* < 00, i = 1,-+-,n. It is easy to
see that there exists an € such that

fi(tau) < 6““”7“ € Riat € [07 1]ai =1, ,n

Assume that v(t) = (v1(¢), - ,vn(t)) is one positive solution of equations (7)
.We will show this leads to a contradiction for 0 < A < Ag := N—iN In fact, for
0 < X< Ao since Tho(t) = v(t), we find |lv]| = | Thv| = Y7, maxo<i<i Thv(t) <
S ABiello]| < o]l

Since Fp > 0 and Fi, > 0 ,there exist two components f; and f; of f and positive
numbers ci, co, 71 and ro such that r; < r5 and

filt,u) = erllull, w e RY, Jul| <,

fj(tvu) > C1”“”7 u € an ||u|| < rg,

Let
n= min{cl,CQ,min{fj|(Z’||u) cu € R rio < lul| < re} > 0.
Thus ,we have
filt,u) Z mllull,w € RY, fJul] <7 (28)
filt,w) Z llull,uw € RY, |lull = ory (29)
Assume that v(t) = (vi(t), - ,vn(t)) is one positive solution of equations (7), we
will show this leads to a contradiction for A > Xy = P%7 In fact if |lv|| < 7,

according to (28) ,we have
filt,v(t) 20> =1"v(t), t € [0,w].

On the other hand, if ||v|| > r1,then
n

i (1) >
Oglélwzgvz(t) > o|lv]| > ory
1=

which ,together with (29), implies that
filt,v(t) 20> =1"(t), t € [0,w].

Since Thv(t) = v(t) for ¢t € [0,w], it follows from Lemma 6 for A > Xg, that
[oll = ITxvll = APnljv]| > lv]],

which is a contradiction. Similar to Corollary 1,we have

Assume that (H1)and (H;) hold

(a) If 0 < Fio < o0 ,then there exists Ag > 0 such that for 0 < A < A\ equations
(7) has one positive solution.

(b) If Fox = oo then there exists A\g > 0 such that for 0 < A < Ag equations (7)
has one positive solution.
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Without loss of generality, we may assume that F,, > Fp, the other case Fi, < Fjy
can be treated similarly. If A satisfies

<A< !
oPF.. NE,

then there exists an 0 < € < F, such that

1
—_— <A
oP(Fs —€) N(Fy +¢)

now ,according an 0 < € < Fp, there exists r; > 0 such that
filt,w) < GueRy, |lul| <7, i=1,---,n, t€[0,w]
Thus,
filt,u(®)) < (Fo + €)|lul|, v € 0y, i=1,--+ ,n,t € [0,w]
Therefore ,we have, by Lemma 7 ,that
[Toull < AN(Fo + €)[lull < [lull, v e 0, (30)

On the other hand, there is some 4 such that f>° = F, > 0. Thus, there exists
H > r; > 0 such that

filt,u) > (Foo —€)||ull, w=(u1, - ,u,) € R, [Jul| > H,te[0,w].
Set ro = {2rq, g}, Then it follows that

n

orgnti%z:luj(t) >o|lul|=0re > H, u=(u1, - ,un) € 0Qp,,
i=

which implies that
filt,u(t)) > (Foo — €)Y _uj(t), u € 0y,
j=1

In view of Lemma 6 ,we have

IThu|| > Ao P(Foo — €)|ull, v € 0, (31)
Hence ,according to (30) and (31), by Lemma 1, T has a fixed point on €,,\Q;,,
Consequently, equations (7) has one positive solution. O
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