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M-POLYNOMIAL OF GENERALIZED TRANSFORMATION

GRAPHS

B. BASAVANAGOUD AND GOUTAM VEERAPUR

Abstract. In this paper, we show geomertric-arithmetic index (GA) can be

obtained from the M-polynomial of a graph by giving a suitable operator and
obtain M-polynomial of generalized transformation graph G and their comple-

ments. Furthermore, we derive some degree-based topological indices from the

obtained polynomials. The topological indices play an important role in deter-
mining physico-chemical properties of chemical graphs and topological indices

such as the Randic index, geomertric-arithmetic index are used to predict the
bioactivity of chemical compounds, among them the degree-based topological

indices can be easily driven from an algebraic expression corresponding to the

chemical graphs called M-polynomial.

1. Introduction

Throughout this paper, by a graph G = (V,E) we mean a simple, undirected
graph of order n, size m. let V (G) be the vertex set and E(G) be the edge set of the
graph G. The degree dG(v) of a vertex v ∈ V (G) is the number of edges incident
to it in G. Let {v1, v2, . . . , vn} be the vertices of G and we denote dv = dG(v).

The generalized transformation graph Gxy, introduced by Basavanagoud et al.[5]
is a graph whose vertex set is V (G)∪E(G) and α, β ∈ V (Gxy). The vertices α and
β are adjacent in Gxy if and only if (a) and (b) holds:

(a) α, β ∈ V (G), α, β are adjacent in G if x = + and α, β are not adjacent in
G if x = −

(b) α ∈ V (G) and β ∈ E(G), α, β are incident in G if y = + and α, β are not
incident in G if y = −.

One can obtain the four graphical trasformation of graphs as G++, G+−, G−+ and
G−−. An example of generalized transformation graphs and their complements are
depicted in Fig 1. Note that, Gxy is just the semitotal-point graph of G, which was
introduced by Sampathkumar et al.[19]. The vertex v of Gxy corresponding to a
vertex v of G is referred to as a point vertex. The vertex e of Gxy corresponding
to an edge e of G is referred to as a line vertex.
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Proposition 1.1. [5] Let G be a graph with n vertices and m edges. Let u ∈ V (G)
and e ∈ E(G). Then the degree of point and line vertices in Gxy are:

(i) dG++(u) = 2dG(u) and dG++(e) = 2
(ii) dG+−(u) = m and dG+−(e) = n− 2
(iii) dG−+(u) = n− 1 and dG−+(e) = 2
(iv) dG−−(u) = n+m− 1− 2dG(u) and dG−−(e) = n− 2.

The complement of G will be denoted by G. If G has n vertices and m edges,
then the number of vertices of Gxy is n + m. By Proposition 1.1 and taking into
account that dG(u) = n− 1− dG(u), we have the following proposition:

Proposition 1.2. [5] Let G be a graph with n vertices and m edges. Let u ∈ V (G)
and e ∈ E(G). Then the degrees of point and line vertices in Gxy are:

(i) d
G++(u) = n+m− 1− 2dG(u) and d

G++(e) = n+m− 3
(ii) d

G+−(u) = n− 1 and d
G+−(e) = m+ 1

(iii) d
G−+(u) = m and d

G−+(e) = n+m− 3
(iv) d

G−−(u) = 2dG(u) and d
G−−(e) = m+ 1.

Figure 1. The graph G, its generalized transformations Gxy and
their complements Gxy.

In this paper, we obtain the M-polynomial for some degree-based topological
indices of generalized transformation graphs Gxy and their complements Gxy. The
general form of degree-based topological index of a graph is given by

TI =
∑

uv∈E(G)

f(dG(u), dG(v)),

where f = f(x, y) is a function appropriately chosen for the computation. Table 1,
2, gives the standard topological indices defined by f(x, y).
The M-polynomial was introduced in 2015 by Deutch and Klavžar [7] and is found
useful in determining many degree-based topological indices (listed in Table 1, 2).

Definition 1. [7] Let G be a graph. Then M -polynomial of G is defined as

M(G;x, y) =
∑
i≤j

mij(G)xiyj ,
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Where mij , i, j ≥ 1, is the number of edges uv of G such that {dG(u)), dG(v)} =
{i, j} [11]. Recently, the study of M − polynomial are reported in [9, 16, 17, 18, 6,
4, 3].

Table 1 was given by Deutch and Klavžar to derive degree-based topological
indices from the M-polynomial.

Table 1. [7] Derivation of some degree-based topological indices
from M-polynomial.

Notaion Topological index f(x,y) derivation from M(G;x, y)
M1(G) First Zagreb x+ y (Dx +Dy)(M(G;x, y))|x=y=1

M2(G) Second Zagreb xy (DxDy)(M(G;x, y))|x=y=1

Mm
2 (G) Second modified Zagreb 1

xy (SxSy)(M(G;x, y))|x=y=1

SD(G) Symmetric division index x2+y2

xy (DxSy +DySx)(M(G;x, y))|x=y=1

H(G) Harmonic 2
x+y 2SxJ(M(G;x, y))|x=1

In(G) Invesre sum index xy
x+y SxJDxDy(M(G;x, y))|x=1

Rα(G) General Randic index (xy)α Dα
xD

α
y (M(G;x, y))|x=y=1

Where Dx = x∂f(x,y)
∂x , Dy = y ∂f(x,y)

∂y , Sx =
∫ x

0
f(t,y)
t dt, Sy =

∫ y
0
f(x,t)
t dt,

Dα
x = Dx(Dα−1

x )(f(x, y)) and J(f(x, y)) = f(x, x) are the operators.

The Table 2 which gives operators to derive general sum connectivity index, the
first general Zagreb index, and general Zagreb index from M − polynomial.

Table 2. [3, 4] New operators to derive degree-based topological
indices from M-polynomial.

Notation Topological index f(x, y) derivation fromM(G;x, y)
χα(G) General sum connectivity [12] (x+ y)α Dα

x (J(M(G;x, y)))|x=1

Mα
1 G First general Zagreb [15] xα−1 + yα−1 (Dα−1

x +Dα−1
y )(M(G;x, y))|x=y=1

M(a,b)(G) General Zagreb index [2, 8] xayb + xbya (Da
xD

b
y +Db

xD
a
y)(M(G;x, y))|x=y=1

Note 1. The hyper Zagreb index is obtained by taking α = 2 in general sum
connectivity index.

2. Taking α = 2, 3 in first general Zagreb index. First Zagreb and forgotton
(F -index) topological indices are obtained respectively.

Vukičević and Furtula [21] proposed index named the geometric-arithmetic index,
let G be a simple graph with the vertex set V (G) and the edge set E(G). The
geometric-arithmetic index (GA index for short) of G is defined as

GA(G) =
∑

uv∈E(G)

2
√
dudv

du + dv
.

The Table 3 is given by us which gives operator to derive geometric-arithmetic
index from M-polynomial.
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Table 3. [20] Operator to derive geometric-arithmetic index from
M-polynomial.

Notation Topological index f(x, y) derivation from M(G;x, y)

GA(G) Geometric-Arithmetic index [10]
2
√
xy

x+y 2SxJD
1
2
xD

1
2
y (M(G;x, y))|x=1

2. M-polynomial of generalized semitotal point transformation
graphs Gxy and their complements Gxy

In this section , we obtain M-polynomial of generalized semitotal point graph[5].

Namely G++, G+−, G−+, G−− and their complements G++, G+−, G−+, G−−

respectively. Also, we derive some topological indices of these graphs (mentioned
in Table 1, 2, and 3) from the respective M-polynomial.

Theorem 2.1. If G is any graph of order n and size m with the M-polynomial
M(G;x, y) =

∑
i≤jmij(G)xiyj, then

M(G++;x, y) =
∑
i≤j

mij(G)x2iy2j +
∑

δ≤i≤∆

dG(vi)x
2iy2.

Proof. Let G++ be the transformation graph of G has n+m vertices and 3m edges.
Using the Proposition 1.1, we have dG++(u) = 2dG(u), dG++(e) = 2. Therefore, the
edge partition of G++ is given by

|E{2i, 2j}| = |uv ∈ E(G++) : du = 2i and dv = 2j| = mij(G)

|E{2, 2i}| = |uv ∈ E(G++) : du = 2 and dv = 2i| = dG(vi).

From the definition, The M-polynomial of G++ is obtained below.

M(G++;x, y) =
∑
i≤j

mij(G
++)xiyj

=
∑
i≤j

mij(G)x2iy2j +
∑

δ≤i≤∆

dG(vi)x
2iy2.

�

Corollary 2.2. If G is any r-regular graph of order n and size m, then

M(G++;x, y) =
nr

2
x2ry2r + nrx2y2r.

Corollary 2.3. If G++ be the trasformation graph of any r-regular graph G, then

1. M1(G++) = 2nr(2r + 1),
2. M2(G++) = nr2(r + 4),

3. Mm
2 (G++) = n(1+2r)

8r ,
4. SD(G++) = n(2r + 1),

5. H(G++) = n(r+5)
4(1+r) ,

6. In(G++) = nr(5r+r2)
2(1+r) ,

7. Rα(G++) = n22αrα+1
(
rα+2

2

)
,

8. χα(G++) = nrα+1(2)2α−1 + nr(2 + 2r)α,
9. Mα

1 (G++) = rαn2α−1 + 2α−1nr,
10. M(a,b)(G

++) = n2a+bra+b+1 + nrb+12a+b + n2a+bra+1,
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11. GA(G++) = nr
2 + (nr)(2)

1
2 (2r)

1
2

1+r .

Proof. Let M(G++;x, y) = f(x, y) = nr
2 x

2ry2r + nrx2y2r. Then we have

Dx(f(x, y)) = nr2x2ry2r + 2nrx2y2r,

Dy(f(x, y)) = nr2x2ry2r + 2nr2x2y2r,

DxDy(f(x, y)) = 2nr3x2ry2r + 4nr2x2y2r,

Sx(f(x, y)) =
n

4
x2ry2r +

nr

2
x2y2r,

Sy(f(x, y)) =
n

4
x2ry2r +

n

2
x2y2r,

SxSy(f(x, y)) =
n

(8r)
x2ry2r +

n

4
x2y2r,

DxSy(f(x, y)) =
nr

2
x2ry2r + nx2y2r,

DySx(f(x, y)) =
nr

2
x2ry2r + nrx2y2r,

Dα
x (f(x, y)) =

nr

2
(2r)αx2ry2r + (nr)(2)αx2y2r,

Dα
y (f(x, y)) =

nr

2
(2r)αx2ry2r + (nr)(2r)αx2y2r,

Dα
xD

α
y (f(x, y)) =

nr

2
(2r)α(2r)αx2ry2r + (nr)(2r)α(2)αx2y2r,

Da
xD

b
y(f(x, y)) =

nr

2
(2r)a(2r)bx2ry2r + (nr)(2r)b(2)ax2y2r,

Db
xD

a
y(f(x, y)) =

nr

2
(2r)b(2r)ax2ry2r + (nr)(2r)a(2)bx2y2r,

D
1
2
x (f(x, y)) =

nr

2
(2r)

1
2x2ry2r + (nr)2

1
2x2y2r,

D
1
2
y (f(x, y)) =

nr

2
(2r)

1
2x2ry2r + (nr)(2r)

1
2x2y2r,

D
1
2
xD

1
2
y (f(x, y)) =

nr

2
(2r)x2ry2r + 2

1
2 (nr)(2r)

1
2x2y2r.

Using the Theorem 2.1, and column 4 of Tables 1, 2, and 3. We get the desired
result. �

Theorem 2.4. If G is any graph of order n and size m, then

M(G+−;x, y) = mxmym +m(n− 2)xn−2ym.

Proof. The G+− be a transformation graph of any graph G, has m + n vertices,
and m + m(n − 2) edges. Using the Proposition 1.1, we have dG+−(vi) = m and
dG+−(ei) = n− 2. Therefore, the edge partition of G+− is given by

|E{m,m}| = |uv ∈ E(G+−) : du = m and dv = m| = m

|E{n−2,m}| = |uv ∈ E(G+−) : du = n− 2 and dv = m| = m(n− 2).

From the definition, The M-polynomial of G+− is obtained below.

M(G+−;x, y) =
∑
i≤j

mij(G
+−)xiyj

= |E{m,m}|xmym + |E{n−2,m}|xn−2ym

= mxmym +m(n− 2)xn−2ym.
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�

Corollary 2.5. If G+− be the trasformation graph of any graph G, then

1. M1(G+−) = m(mn+ n2 + 4− 4n),
2. M2(G+−) = m2(m+ n2 + 4− 4n),
3. Mm

2 (G+−) = m+1
m ,

4. SD(G+−) = (n− 2)2 +m(m+ 2),
5. H(G+−) = n+2mn−3m−2

n+m−2 ,

6. In(G+−) = m2(n+m−2)+2m2(n−2)2

2(n+m−2) ,

7. Rα(G+−) = m2α+1 +mα+1(n− 2)α+1,
8. χα(G+−) = 2αmα+1 +m(n− 2)(m+ n− 2)α,
9. Mα

1 (G+−) = 2mα +m(n− 2)α +mα(n− 2),
10. M(a,b)(G

+−) = 2ma+b+1 +mb+1(n− 2)a+1 +ma+1(n− 2)b+1,

11. GA(G+−) = m+ 2

(
m

3
2 (n−2)

3
2

m+n−2

)
.

Proof. Let M(G+−;x, y) = f(x, y) = mxmym +m(n− 2)xn−2ym. Then we have

Dx(f(x, y)) = m2xmym +m(n− 2)2xn−2ym,

Dy(f(x, y)) = m2xmym +m2(n− 2)xn−2ym,

DxDy(f(x, y)) = m3xmym +m2(n− 2)2xn−2ym,

Sx(f(x, y)) = xmym +mxn−2ym,

Sy(f(x, y)) = xmym + (n− 2)xn−2ym

SxSy(f(x, y)) =
1

m
xmym + xn−2ym,

DxSy(f(x, y)) = mxmym + (n− 2)2xn−2ym,

DySx(f(x, y)) = mxmym +m2xn−2ym,

Dα
x (f(x, y)) = mα+1xmym +m(n− 2)α+1xn−2ym,

Dα
y (f(x, y)) = mα+1xmym +mα+1(n− 2)xn−2ym,

Dα
xD

α
y (f(x, y)) = m2α+1xmym +mα+1(n− 2)α+1xn−2ym,

Da
xD

b
y(f(x, y)) = ma+b+1xmym +mb+1(n− 2)a+1xn−2ym,

Db
xD

a
y(f(x, y)) = ma+b+1xmym +ma+1(n− 2)b+1xn−2ym,

D
1
2
x (f(x, y)) = mm

1
2xmym +m(n− 2)(n− 2)

1
2xn−2ym,

D
1
2
y (f(x, y)) = mm

1
2xmym +m(n− 2)m

1
2xn−2ym,

D
1
2
xD

1
2
y (f(x, y)) = m2xmym +m(n− 2)m

1
2 (n− 2)

1
2xn−2ymxn−2ym.

Using the Theorem 2.4, and column 4 of Tables 1, 2, and 3. We get the desired
result. �

Theorem 2.6. If G is any graph of order n and size m, then

M(G−+;x, y) =
((
n
2

)
−m

)
xn−1yn−1 + 2mx2yn−1.

Proof. The G−+ be a transformation graph of any graph G, has n + m vertices,
and

((
n
2

)
+m

)
edges. Using the Proposition 1.1, we have dG−+(vi) = n − 1 and
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dG−+(ei) = 2. Therefore, the edge partition of G−+ is given by

|E{n−1,n−1}| = |uv ∈ E(G−+) : du = n− 1 and dv = n− 1| =
((

n

2

)
−m

)
|E{2,n−1}| = |uv ∈ E(G−+) : du = 2 and dv = n− 1| = 2m.

From the definition, The M-polynomial of G−+ is obtained below.
M(G−+;x, y) =

∑
i≤jmij(G

−+)xiyj =
((
n
2

)
−m

)
xn−1yn−1 + 2mx2yn−1. �

Corollary 2.7. If G−+ be the trasformation graph of graph G, then

1. M1(G−+) = 2
((
n
2

)
−m

)
(n− 1) + 2m(n+ 1),

2. M2(G−+) =
((
n
2

)
−m

)
(n− 1)2 + 4m(n− 1),

3. Mm
2 (G−+) =

((n2)−m)(n−1)+m(n−1)2

(n−1)3 ,

4. SD(G−+) = 2
((
n
2

)
−m

)
+ m(n2−2n+5)

(n−1) ,

5. H(G−+) =
(n+1)((n2)−m)+4m(n−1)

n2−1 ,

6. In(G−+) =
((n2)−m)(n2−1)+8m(n−1)

2(n+1) ,

7. Rα(G−+) =
((
n
2

)
−m

)
(n− 1)2α +m2α+1(n− 1)α,

8. χα(G−+) =
((
n
2

)
−m

)
(2n− 2)α + 2m(n+ 1)α,

9. Mα
1 (G−+) = 2

((
n
2

)
−m

)
(n− 1)α−1 + 2m(2α−1 + (n− 1)α−1),

10. M(a,b)(G
−+) = 2

((
n
2

)
−m

)
(n− 1)a+b + 2m(2a(n− 1)b + 2b(n− 1)a),

11. GA(G−+) =
(
n
2

)
−m+ 2

5
2m(n−1)

1
2

n+1 .

Proof. Let M(G−+;x, y) = f(x, y) =
((
n
2

)
−m

)
xn−1yn−1 + 2mx2yn−1. Then we

have

Dx(f(x, y)) =

((
n

2

)
−m

)
(n− 1)xn−1yn−1 + 4mx2yn−1,

Dy(f(x, y)) =

((
n

2

)
−m

)
(n− 1)xn−1yn−1 + 2m(n− 1)x2yn−1,

Dy(f(x, y)) =

((
n

2

)
−m

)
(n− 1)xn−1yn−1 + 2m(n− 1)x2yn−1,

DxDy(f(x, y)) =

((
n

2

)
−m

)
(n− 1)2xn−1yn−1 + 4m(n− 1)x2yn−1,

Sx(f(x, y)) =

((
n
2

)
−m

)
n− 1

xn−1yn−1 +mx2yn−1,

Sy(f(x, y)) =

((
n
2

)
−m

)
n− 1

xn−1yn−1 +
2m

n− 1
x2yn−1,

SxSy(f(x, y)) =

((
n
2

)
−m

)
(n− 1)2

xn−1yn−1 +
m

n− 1
x2yn−1,

DxSy(f(x, y)) =

((
n

2

)
−m

)
xn−1yn−1 +

4m

n− 1
x2yn−1,

DySx(f(x, y)) =

((
n

2

)
−m

)
xn−1yn−1 +m(n− 1)x2yn−1,
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Dα
x (f(x, y)) =

((
n

2

)
−m

)
(n− 1)αxn−1yn−1 +m2α+1x2yn−1,

Dα
y (f(x, y)) =

((
n

2

)
−m

)
(n− 1)αxn−1yn−1 + 2m(n− 1)αx2yn−1,

Dα
xD

α
y (f(x, y)) =

((
n

2

)
−m

)
(n− 1)2αxn−1yn−1 +m2α+1(n− 1)αx2yn−1,

Da
xD

b
y(f(x, y)) =

((
n

2

)
−m

)
(n− 1)a+bxn−1yn−1 +m2a+1(n− 1)bx2yn−1,

Db
xD

a
y(f(x, y)) =

((
n

2

)
−m

)
(n− 1)a+bxn−1yn−1 +m2b+1(n− 1)ax2yn−1,

D
1
2
x (f(x, y)) =

((
n

2

)
−m

)
(n− 1)

1
2xn−1yn−1 + 2m2

1
2x2yn−1,

D
1
2
y (f(x, y)) =

((
n

2

)
−m

)
(n− 1)

1
2xn−1yn−1 + 2m(n− 1)

1
2x2yn−1,

D
1
2
xD

1
2
y (f(x, y)) =

((
n

2

)
−m

)
(n− 1)

1
2 (n− 1)

1
2xn−1yn−1 + 2m2

1
2 (n− 1)

1
2x2yn−1.

Using the Theorem 2.6, and column 4 of Tables 1, 2, and 3. We get the desired
result. �

Theorem 2.8. If G is any r-regular graph of order n and size m, then

M(G−−;x, y) =

((
n

2

)
− nr

2

)
x

2n+nr−2−4r
2 y

2n+nr−2−4r
2 +

nr

2
(n−2)xn−2y

2n+nr−2−4r
2 .

Proof. The G−− be a transformation graph of any r-regular graph G, has n(2+r)
2

vertices, and
(
n
2

)
+ n2r

2 −
3nr
2 edges. Using the Proposition 1.1, we have dG−−(vi) =

2n+nr−2−4r
2 and dG−−(ei) = n − 2. Therefore, the edge partition of G−− is given

by∣∣∣E{ 2n+nr−2−4r
2 , 2n+nr−2−4r

2 }

∣∣∣ =

∣∣∣∣uv ∈ E(G−−) : du =
2n+ nr − 2− 4r

2
and dv =

2n+ nr − 2− 4r

2

∣∣∣∣
=

(
n

2

)
− nr

2∣∣∣E{n−2, 2n+nr−2−4r
2 }

∣∣∣ = |uv ∈ E(G−−) : du = n− 2 and dv = n+m− 1− 2r| = nr

2
(n− 2).

From the definition, The M-polynomial of G−− is obtained below.

M(G−−;x, y) =
∑
i≤j

mij(G
−−)xiyj

=

((
n

2

)
− nr

2

)
x

2n+nr−2−4r
2 y

2n+nr−2−4r
2 +

nr

2
(n− 2)xn−2y

2n+nr−2−4r
2 .

�

Corollary 2.9. If G−− be the trasformation graph of any r-regular graph G, then

1. M1(G−−) = 2
((
n
2

)
− nr

2

)
( 2n+nr−2−4r

2 )+nr
2 (n−2)2+nr

2 (n−2)( 2n+nr−2−4r
2 ),

2. M2(G−−) =
((
n
2

)
− nr

2

)
( 2n+nr−2−4r

2 )2 + nr
2 (n− 2)2( 2n+nr−2−4r

2 ),

3. Mm
2 (G−−) =

4((n2)−
nr
2 )

(2n+nr−2−4r)2 +
nr
2

2n+nr−2−4r ,
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4. SD(G−−) = 2
((
n
2

)
− nr

2

)
+

nr
2 (n−2)2

2n+nr−2−4r + nr
4 (2n+ nr − 2− 4r),

5. H(G−−) =
2((n2)−

nr
2 )

2n+nr−2−4r + 2nr(n−2)
4n+nr−6−4r ,

6. In(G−−) =
((n2)−

nr
2 )(2n+nr−2−4r)

4 + nr(n−2)2(2n+nr−2−4r)
4(4n+nr−6−4r) ,

7. Rα(G−−) =
((
n
2

)
− nr

2

)
( 2n+nr−2−4r

2 )2α + nr
2 (n− 2)α+1( 2n+nr−2−4r

2 )α,

8. χα(G−−) =
((
n
2

)
− nr

2

)
(nr + 2n− 2− 4r)α + nr

2 (n− 2)
(

4n+nr−2−4r
2

)α
,

9. Mα
1 (G−−) = 2

((
n
2

)
− nr

2

)
( 2n+nr−2−4r

2 )( 2n+nr−2−4r
2 )α−1 + nr

2 (n− 2)α

, +nr
2 (n− 2)( 2n+nr−2−4r

2 )α−1,

10. M(a,b)(G
−−) = 2

((
n
2

)
− nr

2

)
( 2n+nr−2−4r

2 )a+b+ nr
2 (n−2)a+1( 2n+nr−2−4r

2 )b

, +nr
2 (n− 2)b+1( 2n+nr−2−4r

2 )a,

11. GA(G−−) =
((
n
2

)
− nr

2

)
+ nr(n−2)

3
2 2

1
2 (2n+nr−2−4r)

1
2

2n+nr−2−4r .

Proof. Let M(G−−;x, y) = f(x, y) =
((
n
2

)
− nr

2

)
x

2n+nr−2−4r
2 y

2n+nr−2−4r
2

+ nr
2 (n− 2)xn−2y

2n+nr−2−4r
2 .

Then we have

Dx(f(x, y)) =

((
n

2

)
− nr

2

)(
2n+ nr − 2− 4r

2

)
x

2n+nr−2−4r
2 y

2n+nr−2−4r
2

+
nr

2
(n− 2)2xn−2y

2n+nr−2−4r
2 ,

Dy(f(x, y)) =

((
n

2

)
− nr

2

)(
2n+ nr − 2− 4r

2

)
x

2n+nr−2−4r
2 y

2n+nr−2−4r
2

+
nr

2
(n− 2)

(
2n+ nr − 2− 4r

2

)
xn−2y

2n+nr−2−4r
2 ,

DxDy(f(x, y)) =

((
n

2

)
− nr

2

)(
2n+ nr − 2− 4r

2

)2

x
2n+nr−2−4r

2 y
2n+nr−2−4r

2

+
nr

2
(n− 2)2

(
2n+ nr − 2− 4r

2

)
xn−2y

2n+nr−2−4r
2 ,

Sx(f(x, y)) =
2
((
n
2

)
− nr

2

)
2n+ nr − 2− 4r

x
2n+nr−2−4r

2 y
2n+nr−2−4r

2 +
nr

2
xn−2y

2n+nr−2−4r
2 ,

Sy(f(x, y)) =
2
((
n
2

)
− nr

2

)
2n+ nr − 2− 4r

xn+m−1−2ryn+m−1−2r +
nr(n− 2)

2n+ nr − 2− 4r
xn−2y

2n+nr−2−4r
2 ,

SxSy(f(x, y)) =
4
((
n
2

)
− nr

2

)
(2n+ nr − 2− 4r)

2x
2n+nr−2−4r

2 y
2n+nr−2−4r

2 +
nr

2n+ nr − 2− 4r
xn−2y

2n+nr−2−4r
2 ,

DxSy(f(x, y)) =

((
n

2

)
−m

)
x

2n+nr−2−4r
2 y

2n+nr−2−4r
2 +

nr(n− 2)2

(2n+ nr − 2− 4r)
xn−2y

2n+nr−2−4r
2 ,

DySx(f(x, y)) =

((
n

2

)
− nr

2

)
xn+m−1−2ryn+m−1−2r +m(n+m− 1− 2r)xn−2yn+m−1−2r,

Dα
x (f(x, y)) =

((
n

2

)
− nr

2

)(
2n+ nr − 2− 4r

2

)α
x

2n+nr−2−4r
2 y

2n+nr−2−4r
2

+
nr

2
(n− 2)α+1xn−2y

2n+nr−2−4r
2 ,



314 B. BASAVANAGOUD AND GOUTAM VEERAPUR EJMAA-2020/8(2)

Dα
y (f(x, y)) =

((
n

2

)
− nr

2

)(
2n+ nr − 2− 4r

2

)α
x

2n+nr−2−4r
2 y

2n+nr−2−4r
2

+
nr

2
(n− 2)

(
2n+ nr − 2− 4r

2

)α
xn−2y

2n+nr−2−4r
2 ,

Dα
xD

α
y (f(x, y)) =

((
n

2

)
− nr

2

)(
2n+ nr − 2− 4r

2

)2α

x
2n+nr−2−4r

2 y
2n+nr−2−4r

2

+
nr

2
(n− 2)α+1

(
2n+ nr − 2− 4r

2

)α
xn−2y

2n+nr−2−4r
2 ,

Da
xD

b
y(f(x, y)) =

((
n

2

)
− nr

2

)(
2n+ nr − 2− 4r

2

)a+b

x
2n+nr−2−4r

2 y
2n+nr−2−4r

2

+
nr

2
(n− 2)a+1

(
2n+ nr − 2− 4r

2

)b
xn−2y

2n+nr−2−4r
2 ,

Db
xD

a
y(f(x, y)) =

((
n

2

)
− nr

2

)(
2n+ nr − 2− 4r

2

)a+b

x
2n+nr−2−4r

2 yn+m−1−2r

+
nr

2
(n− 2)b+1

(
2n+ nr − 2− 4r

2

)a
xn−2y

2n+nr−2−4r
2 ,

D
1
2
x (f(x, y)) =

((
n

2

)
−m

)(
2n+ nr − 2− 4r

2

) 1
2

x
2n+nr−2−4r

2 y
2n+nr−2−4r

2

+m(n− 2)
3
2xn−2y

2n+nr−2−4r
2 ,

D
1
2
y (f(x, y)) =

((
n

2

)
−m

)(
2n+ nr − 2− 4r

2

) 1
2

x
2n+nr−2−4r

2 y
2n+nr−2−4r

2

+
nr

2
(n− 2)

(
2n+ nr − 2− 4r

2

)
)

1
2xn−2y

2n+nr−2−4r
2 ,

D
1
2
xD

1
2
y (f(x, y)) =

((
n

2

)
− nr

2

)(
2n+ nr − 2− 4r

2

)
x

2n+nr−2−4r
2 y

2n+nr−2−4r
2

+
nr

2
(n− 2)

3
2

(
2n+ nr − 2− 4r

2

) 1
2

xn−2y
2n+nr−2−4r

2 .

Using the Theorem 2.8, and column 4 of Tables 1, 2, and 3. We get the desired
result. �

Theorem 2.10. If G is any r-regular graph of order n and size m, then

M(G++;x, y) =

((
n

2

)
− nr

2

)
x

2n+nr−2−4r
2 y

2n+nr−2−4r
2 +

(nr
2

2

)
x

2n+nr−6
2 y

2n+nr−6
2

+
nr

2
(n− 2)x

2n+nr−2−4r
2 y

2n+nr−6
2 .

Proof. The G++ be a transformation graph of any r-regular graph G, has n(2+r)
2

vertices, and
(
n
2

)
+
(nr

2
2

)
+ 3nr

2 edges. Using the Proposition 1.2, we have d
G++(vi) =

2n+nr−2−4r
2 and d

G++(ei) = 2n+nr−6
2 . Therefore, the edge partition of G++ is given
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by∣∣∣E{ 2n+nr−2−4r
2 , 2n+nr−2−4r

2 }

∣∣∣ =

∣∣∣∣uv ∈ E(G++) : du =
2n+ nr − 2− 4r

2
and dv =

2n+ nr − 2− 4r

2

∣∣∣∣
=

(
n

2

)
− nr

2∣∣∣E{ 2n+nr−6
2 , 2n+nr−6

2 }

∣∣∣ =

∣∣∣∣uv ∈ E(G++) : du =
2n+ nr − 6

2
and dv =

2n+ nr − 6

2

∣∣∣∣ =

(nr
2

2

)
∣∣∣E{ 2n+nr−2−4r

2 , 2n+nr−6
2 }

∣∣∣ =

∣∣∣∣uv ∈ E(G++) : du =
2n+ nr − 2− 4r

2
and dv =

2n+ nr − 6

2

∣∣∣∣
=
nr

2
(n− 2).

From the definition, The M-polynomial of G++ is obtained below.

M(G++;x, y) =
∑
i≤j

mij(G++)xiyj

=

((
n

2

)
− nr

2

)
x

2n+nr−2−4r
2 y

2n+nr−2−4r
2 +

(nr
2

2

)
x

2n+nr−6
2 y

2n+nr−6
2

+
nr

2
(n− 2)x

2n+nr−2−4r
2 y

2n+nr−6
2 .

�

Corollary 2.11. If G++ be the trasformation graph of any r-regular graph G, then

1. M1(G++) = 2
((
n
2

)
− nr

2

) (
2n+nr−2−4r

2

)
+2
(nr

2
2

) (
2n+nr−6

2

)
+nr

2 (n−2)[
(

2n+nr−2−4r
2

)
+
(

2n+nr−6
2

)
],

2. M2(G++) =
((
n
2

)
− nr

2

) (
2n+nr−2−4r

2

)2
+
(nr

2
2

) (
2n+nr−6

2

)2
+nr

2 (n−2)
(

2n+nr−6
2

) (
2n+nr−2−4r

2

)
,

3. Mm
2 (G++) =

4((n2)−
nr
2 )

(2n+nr−2−4r)2 +
4(
nr
2
2 )

(2n+nr−6)2 + 2(n−2)
(2n+nr−2−4r)(2n+nr−6) ,

4. SD(G++) = 2
((
n
2

)
− nr

2

)
+ 2
(nr

2
2

)
+ nr

2 (n− 2)[
(

2n+nr−2−4r
2

)
+
(

2n+nr−6
2

)
],

5. H(G++) =
2((n2)−

nr
2 )

(2n+nr−2−4r) +
2(m2 )

(2n+nr−6) + nr(n−2)
2n+nr−4−2r ,

6. In(G++) =
((n2)−

nr
2 )(2n+nr−2−4r)

4 +
(
nr
2
2 )(2n+nr−6)

4 +nr(n−2)(2n+nr−2−4r)(2n+nr−6)
8(2n+nr−4−2r) ,

7. Rα(G++) =
((
n
2

)
− nr

2

) (
2n+nr−2−4r

2

)2α
+
(nr

2
2

)(
2n+nr−6

2

)2α
+ nr

2 (n− 2)
(

2n+nr−2−4r
2

)α ( 2n+nr−6
2

)α
,

8. χα(G++) =
((
n
2

)
− nr

2

)
(2n+ nr − 2− 4r)α +

(nr
2
2

)
(2n+ nr − 6)α

+ nr
2 (n− 2)(2n+ nr − 4− 2r)α,

9. Mα
1 (G++) = 2

((
n
2

)
− nr

2

) (
2n+nr−2−4r

2

)α−1
+ 2
(nr

2
2

)(
2n+nr−6

2

)α−1

+ nr
2 (n− 2)[

(
2n+nr−2−4r

2

)α−1
+
(

2n+nr−6
2

)α−1
],

10. M(a,b)(G++) = 2
((
n
2

)
− nr

2

) (
2n+nr−2−4r

2

)a+b
+ 2
(nr

2
2

)(
2n+nr−6

2

)a+b

+ nr
2 (n− 2)[

(
2n+nr−2−4r

2

)a ( 2n+nr−6
2

)b
],

11. GA(G++) =
((
n
2

)
− nr

2

)
+
(nr

2
2

)
+ nr(n−2)(2n+nr−2−4r)

1
2 (2n+nr−6)

1
2

4n+2nr−8−4r .

Proof. LetM(G++;x, y) = f(x, y) =
((
n
2

)
− nr

2

)
x

2n+nr−2−4r
2 y

2n+nr−2−4r
2 +

(nr
2
2

)
x

2n+nr−6
2 y

2n+nr−6
2

+ nr
2 (n− 2)x

2n+nr−2−4r
2 y

2n+nr−6
2 .
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Then we have

Dx(f(x, y)) =

((
n

2

)
− nr

2

)(
2n+ nr − 2− 4r

2

)
x

2n+nr−2−4r
2 y

2n+nr−2−4r
2

+

(nr
2

2

)(
2n+ nr − 6

2

)
x

2n+nr−6
2 y

2n+nr−6
2

+
nr

2
(n− 2)

(
2n+ nr − 2− 4r

2

)
x

2n+nr−2−4r
2 y

2n+nr−6
2 ,

Dy(f(x, y)) =

((
n

2

)
− nr

2

)(
2n+ nr − 2− 4r

2

)
x

2n+nr−2−4r
2 y

2n+nr−2−4r
2

+

(nr
2

2

)(
2n+ nr − 6

2

)
x

2n+nr−6
2 y

2n+nr−6
2

+m(n− 2)

(
2n+ nr − 2− 4r

2

)
x

2n+nr−2−4r
2 y

2n+nr−6
2 ,

DxDy(f(x, y)) =

((
n

2

)
− nr

2

)
(
2n+ nr − 2− 4r

2
)2x

2n+nr−2−4r
2 y

2n+nr−2−4r
2

+

(nr
2

2

)(
2n+ nr − 6

2

)2

x
2n+nr−6

2 y
2n+nr−6

2

+
nr

2
(n− 2)

(
2n+ nr − 2− 4r

2

)(
2n+ nr − 2− 4r

2

)
x

2n+nr−2−4r
2 y

2n+nr−6
2 ,

Sx(f(x, y)) =
2
((
n
2

)
− nr

2

)
2n+ nr − 2− 4r

x
2n+nr−2−4r

2 y
2n+nr−2−4r

2 +
2
(nr

2
2

)
2n+ nr − 6

x
2n+nr−6

2 y
2n+nr−6

2

+
nr(n− 2)

2n+ nr − 2− 4r
x2n+nr−2−4r2y

2n+nr−6
2 ,

Sy(f(x, y)) =
2
((
n
2

)
− nr

2

)
(2n+ nr − 2− 4r)

x
2n+nr−2−4r

2 y
2n+nr−2−4r

2 +
2
(nr

2
2

)
2n+ nr − 6

x
2n+nr−6

2 y
2n+nr−6

2

+
nr(n− 2)

2n+ nr − 6
x

2n+nr−2−4r
2 y

2n+nr−6
2 ,

SxSy(f(x, y)) =
4
((
n
2

)
− nr

2

)
(2n+ nr − 2− 4r)2

x
2n+nr−2−4r

2 y
2n+nr−2−4r

2 +
4
(nr

2
2

)
(2n+ nr − 6)2

x
2n+nr−6

2 y
2n+nr−6

2

+
2nr(n− 2)

(2n+ nr − 6)(2n+ nr − 2− 4r)
x

2n+nr−2−4r
2 y

2n+nr−6
2 ,

DxSy(f(x, y)) =

(
n

2

)
− nr

2
x

2n+nr−2−4r
2 y

2n+nr−2−4r
2 +

(nr
2

2

)
x

2n+nr−6
2 y

2n+nr−6
2

+
nr(n− 2)(2n+ nr − 2− 4r)

2(2n+ nr − 6)
x

2n+nr−2−4r
2 y

2n+nr−6
2 ,

DySx(f(x, y)) =

(
n

2

)
− nr

2
x

2n+nr−2−4r
2 y

2n+nr−2−4r
2 +

(nr
2

2

)
x

2n+nr−6
2 y

2n+nr−6
2

+
nr(n− 2)(2n+ nr − 6)

2(2n+ nr − 2− 4r)
x

2n+nr−2−4r
2 y

2n+nr−6
2 ,

Dα
x (f(x, y)) =

((
n

2

)
− nr

2

)(
2n+ nr − 2− 4r

2

)α
x

2n+nr−2−4r
2 y

2n+nr−2−4r
2

+

(nr
2

2

)(
2n+ nr − 6

2

)α
x

2n+nr−6
2 y

2n+nr−6
2

+
nr

2
(n− 2)

(
2n+ nr − 2− 4r

2

)α
x

2n+nr−2−4r
2 y

2n+nr−6
2 ,
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Dα
y (f(x, y)) =

((
n

2

)
− nr

2

)(
2n+ nr − 2− 4r

2

)α
x

2n+nr−2−4r
2 y

2n+nr−2−4r
2

+

(nr
2

2

)(
2n+ nr − 6

2

)α
x

2n+nr−6
2 y

2n+nr−6
2

+
nr

2
(n− 2)

(
2n+ nr − 2− 4r

2

)α
x

2n+nr−2−4r
2 y

2n+nr−6
2 ,

Dα
xD

α
y (f(x, y)) =

((
n

2

)
− nr

2

)(
2n+ nr − 2− 4r

2

)2α

x
2n+nr−2−4r

2 y
2n+nr−2−4r

2

+

(nr
2

2

)(
2n+ nr − 6

2

)2α

x
2n+nr−6

2 y
2n+nr−6

2

+
nr

2
(n− 2)

(
2n+ nr − 2− 4r

2

)α(
2n+ nr − 6

2

)α
x

2n+nr−2−4r
2 y

2n+nr−6
2 ,

Da
xD

b
y(f(x, y)) =

((
n

2

)
− nr

2

)(
2n+ nr − 2− 4r

2

)a+b

x
2n+nr−2−4r

2 y
2n+nr−2−4r

2

+

(nr
2

2

)(
2n+ nr − 6

2

)a+b

x
2n+nr−6

2 y
2n+nr−6

2

+
nr

2
(n− 2)

(
2n+ nr − 2− 4r

2

)a(
2n+ nr − 6

2

)b
x

2n+nr−2−4r
2 y

2n+nr−6
2 ,

Db
xD

a
y(f(x, y)) =

((
n

2

)
− nr

2

)(
2n+ nr − 2− 4r

2

)a+b

x
2n+nr−2−4r

2 y
2n+nr−2−4r

2

+

(nr
2

2

)(
2n+ nr − 6

2

)a+b

x
2n+nr−6

2 y
2n+nr−6

2

+
nr

2
(n− 2)

(
2n+ nr − 2− 4r

2

)b(
2n+ nr − 6

2

)a
x

2n+nr−2−4r
2 y

2n+nr−6
2 ,

D
1
2
x (f(x, y)) =

((
n

2

)
− nr

2

)(
2n+ nr − 2− 4r

2

) 1
2

x
2n+nr−2−4r

2 y
2n+nr−2−4r

2

+

(nr
2

2

)(
2n+ nr − 6

2

) 1
2

x
2n+nr−6

2 y
2n+nr−6

2

+
nr

2
(n− 2)

(
2n+ nr − 2− 4r

2

) 1
2

x
2n+nr−2−4r

2 y
2n+nr−6

2 ,

D
1
2
y (f(x, y)) =

((
n

2

)
− nr

2

)(
2n+ nr − 2− 4r

2

) 1
2

x
2n+nr−2−4r

2 y
2n+nr−2−4r

2

+

(nr
2

2

)(
2n+ nr − 6

2

) 1
2

x
2n+nr−6

2 y
2n+nr−6

2

+
nr

2
(n− 2)

(
2n+ nr − 6

2

) 1
2

x
2n+nr−2−4r

2 y
2n+nr−6

2 ,

D
1
2
xD

1
2
y (f(x, y)) =

((
n

2

)
− nr

2

)(
2n+ nr − 2− 4r

2

)
x

2n+nr−2−4r
2 y

2n+nr−2−4r
2

+

(nr
2

2

)(
2n+ nr − 6

2

)
x

2n+nr−6
2 y

2n+nr−6
2

+
nr

2
(n− 2)

(
2n+ nr − 6

2

) 1
2
(

2n+ nr − 2− 4r

2

) 1
2

x
2n+nr−2−4r

2 y
2n+nr−6

2 .
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Using the Theorem 2.10, and column 4 of Tables 1, 2, and 3. We get the desired
result. �

Theorem 2.12. If G is any graph of order n and size m,then

M(G+−;x, y) =
((
n
2

)
−m

)
xn−1yn−1 + 2mxn−1ym+1 +

(
m
2

)
xm+1ym+1.

Proof. The G+− be a transformation graph of any graph G, has n + m vertices,
and

(
n
2

)
+
(
m
2

)
+m edges. Using the Proposition 1.2, we have d

G+−(vi) = n−1 and

d
G+−(ei) = m+ 1. Therefore, the edge partition of G+− is given by

|E{n−1,n−1}| = |uv ∈ E(G+−) : du = n− 1 and dv = n− 1| =
(
n

2

)
−m

|E{n−1,m+1}| = |uv ∈ E(G+−) : du = n− 1 and dv = m+ 1| = 2m

|E{m+1,m+1}| = |uv ∈ E(G+−) : du = m+ 1 and dv = m+ 1| =
(
m

2

)
.

From the definition, The M-polynomial of G+− is obtained below.

M(G+−;x, y) =
∑
i≤j

mij(G+−)xiyj

=

((
n

2

)
−m

)
xn−1yn−1 + 2mxn−1ym+1 +

(
m

2

)
xm+1ym+1.

�

Corollary 2.13. If G+− be the trasformation graph of any graph G, then

1. M1(G+−) = 2(
((
n
2

)
−m

)
(n− 1)) + 2m(n+m) + 2

((
m
2

)
(m+ 1)

)
,

2. M2(G+−) =
((
n
2

)
−m

)
(n− 1)2 + 2m(n− 1)(m+ 1) +

(
m
2

)
(m+ 1)2,

3. Mm
2 (G+−) =

(n2)−m
(n−1)2 + 2m

(n−1)(m+1) +
(m2 )

(m+1)2 ,

4. SD(G+−) = 2
((
n
2

)
−m

)
+ 2m

(
(n−1)2+(m+1)2

(m+1)(n+1)

)
+ 2
(
m
2

)
,

5. H(G+−) =
(n2)−m
n−1 + 4m

m+n +
(m2 )

(m+1) ,

6. In(G+−) =
((n2)−m)(n−1)

2 + 2m(m+1)(n−1)
m+n +

(m2 )(m+1)

2 ,

7. Rα(G+−) =
((
n
2

)
−m

)
(n− 1)2α + 2m(m+ 1)α(n+ 1)α +

(
m
2

)
(m+ 1)2α,

8. χα(G+−) =
((
n
2

)
−m

)
(2n− 2)α + 2m(m+ n)α +

(
m
2

)
(2m+ 2)α,

9. Mα
1 (G+−) = 2[

((
n
2

)
−m

)
(n− 1)α−1] + 2m[(n− 1)α−1 + (m+ 1)α−1]

+ 2
(
m
2

)
(m+ 1)α−1,

10. M(a,b)(G+−) = 2[
((
n
2

)
−m

)
(n− 1)a+b] + 2m[(n− 1)a(m+ 1)b

+ (n− 1)b(m+ 1)a] + 2
(
m
2

)
(m+ 1)a+b,

11. GA(G+−) =
((
n
2

)
−m

)
+ 4m(n−1)

1
2 (m+1)

1
2

m+n +
(m2 )(n−1)

1
2 (m+1)

1
2

(m+1) .
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Proof. LetM(G+−;x, y) = f(x, y) =
((
n
2

)
−m

)
xn−1yn−1+2mxn−1ym+1+

(
m
2

)
xm+1ym+1.

Then we have

Dx(f(x, y)) =

((
n

2

)
−m

)
(n− 1)xn−1yn−1 + 2m(n− 1)xn−1ym+1 +

(
m

2

)
(m+ 1)xm+1ym+1,

Dy(f(x, y)) =

((
n

2

)
−m

)
(n− 1)xn−1yn−1 + 2m(m+ 1)xn−1ym+1 +

(
m

2

)
(m+ 1)xm+1ym+1,

DxDy(f(x, y)) =

((
n

2

)
−m

)
(n− 1)2xn−1yn−1 + 2m(m+ 1)(n− 1)xn−1ym+1

+

(
m

2

)
(m+ 1)2xm+1ym+1,

Sx(f(x, y)) =

((
n
2

)
−m

)
n− 1

xn−1yn−1 +
2m

(n− 1)
xn−1ym+1 +

(
m
2

)
m+ 1

xm+1ym+1,

Sy(f(x, y)) =

((
n
2

)
−m

)
n− 1

xn−1yn−1 +
2m

m+ 1
xn−1ym+1 +

(
m
2

)
(m+ 1)

xm+1ym+1,

SxSy(f(x, y)) =

((
n
2

)
−m

)
(n− 1)2

xn−1yn−1 +
2m

(n− 1)(m+ 1)
xn−1ym+1 +

(
m
2

)
(m+ 1)2

xm+1ym+1,

DxSy(f(x, y)) =

((
n

2

)
−m

)
xn−1yn−1 +

2m(n− 1)

m+ 1
xn−1ym+1 +

(
m

2

)
xm+1ym+1,

DySx(f(x, y)) =

((
n

2

)
−m

)
xn−1yn−1 +

2m(m+ 1)

n− 1
xn−1ym+1 +

(
m

2

)
xm+1ym+1,

Dα
x (f(x, y)) =

((
n

2

)
−m

)
(n− 1)αxn−1yn−1 + 2m(n− 1)αxn−1ym+1

+

(
m

2

)
(m+ 1)αxm+1ym+1,

Dα
y (f(x, y)) =

((
n

2

)
−m

)
(n− 1)αxn−1yn−1 + 2m(m+ 1)αxn−1ym+1

+

(
m

2

)
(m+ 1)αxm+1ym+1,

Dα
xD

α
y (f(x, y)) =

((
n

2

)
−m

)
(n− 1)2αxn−1yn−1 + 2m(m+ 1)α(n− 1)αxn−1ym+1

+

(
m

2

)
(m+ 1)2αxm+1ym+1,

Da
xD

b
y(f(x, y)) =

((
n

2

)
−m

)
(n− 1)a+bxn−1yn−1 + 2m(n− 1)a(m+ 1)bxn−1ym+1

+

(
m

2

)
(m+ 1)a+bxm+1ym+1,

D
1
2
x (f(x, y)) =

((
n

2

)
−m

)
(n− 1)

1
2xn−1yn−1 + 2m(n− 1)

1
2xn−1ym+1

+

(
m

2

)
(m+ 1)

1
2xm+1ym+1,

D
1
2
y (f(x, y)) =

((
n

2

)
−m

)
(n− 1)

1
2xn−1yn−1 + 2m(m+ 1)

1
2xn−1ym+1

+

(
m

2

)
(m+ 1)

1
2xm+1ym+1,
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D
1
2
xD

1
2
y (f(x, y)) =

((
n

2

)
−m

)
(n− 1)

1
2 (n− 1)

1
2xn−1yn−1 + 2m(m+ 1)

1
2 (n− 1)

1
2xn−1ym+1

+

(
m

2

)
(m+ 1)

1
2 (m+ 1)

1
2xm+1ym+1.

Using the Theorem 2.12, and column 4 of Tables 1, 2, and 3. We get the desired
result. �

Theorem 2.14. If G is any graph of order n and size m, then

M(G−+;x, y) = mxmym +

(
m

2

)
xm+n−3ym+n−3 +m(n− 2)xmym+n−3.

Proof. The G−+ be a transformation graph of any graph G, has n + m vertices,
and mn −m +

(
m
2

)
edges. Using the Proposition 1.2, we have d

G−+(vi) = m and

d
G−+(ei) = m+ n− 3. Therefore, the edge partition of G−+ is given by

|E{m,m}| = |uv ∈ E(G−+) : du = m and dv = m| = m

|E{m+n−1,m+n−1}| = |uv ∈ E(G−+) : du = m+ n− 1 and dv = m+ n− 1| =
(
m

2

)
|E{m,m+n−3}| = |uv ∈ E(G−+) : du = m and dv = m+ n− 3| = m(n− 2).

From the definition, The M-polynomial of G−+ is obtained below.

M(G−+;x, y) =
∑
i≤j

mij(G−+)xiyj

= mxmym +

(
m

2

)
xm+n−3ym+n−3 +m(n− 2)xmym+n−3.

�

Corollary 2.15. If G−+ be the trasformation graph of any graph G, then

1. M1(G−+) = 2m2 + 2
(
m
2

)
(m+ n− 3) +m(n− 2)(2m+ n− 3),

2. M2(G−+) = m3 +
(
m
2

)
(m+ n− 3)2 +m2(n− 2)(m+ n− 3),

3. Mm
2 (G−+) = 1

m +
(m2 )

(m+n−3)2 + (n−2)
(m+n−3) ,

4. SD(G−+) = 2m+ 2
(
m
2

)
+ m2(n−2)

(m+n−3) + (m+ n− 3)(n− 2),

5. H(G−+) =
(m+n−3)+(m2 )

m+n−3 + 2m(n−2)
2m+n−3 ,

6. In(G−+) = m2

2 +
(m2 )(m+n−3)

2 + m2(n−2)(m+n−3)
2m+n−3 ,

7. Rα(G−+) = m2α+1 +
(
m
2

)
(m+ n− 3)2α +mα+1(n− 2)(m+ n− 3),

8. χα(G−+) = 2αmα+1 +
(
m
2

)
(2m+ 2n− 6)α +m(n− 2)(2m+ n− 3)α,

9. Mα
1 (G−+) = 2mα + 2

(
m
2

)
(m+ n− 3)α +m(n− 2)[mα + (m+ n− 3)α],

10. M(a,b)(G−+) = 2ma+b+1 + 2
(
m
2

)
(m+ n− 3)a+b +ma+1(n− 2)(m+ n− 3)b

, +mb+1(n− 2)(m+ n− 3)a,

11. GA(G−+) = m+
(
m
2

)
+ 2m

3
2 (n−2)(m+n−3)

1
2

2m+n−3 .

Proof. Let M(G−+;x, y) = f(x, y) = mxmym +
(
m
2

)
xm+n−3ym+n−3

+m(n− 2)xmym+n−3.
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Then we have

Dx(f(x, y)) = m2xmym +

(
m

2

)
(m+ n− 3)xm+n−3ym+n−3 +m2(n− 2)xmym+n−3,

Dy(f(x, y)) = m2xmym +

(
m

2

)
(m+ n− 3)xm+n−3ym+n−3 +m(n− 2)(m+ n− 3)xmym+n−3,

DxDy(f(x, y)) = m3xmym +

(
m

2

)
(m+ n− 3)2xm+n−3ym+n−3 +m2(n− 2)(m+ n− 3)xmym+n−3,

Sx(f(x, y)) = xmym +

(
m
2

)
(m+ n− 3)

xm+n−3ym+n−3 + (n− 2)xmymn−3,

Sy(f(x, y)) = xmym +

(
m
2

)
m+ n− 3

xm+n−3ym+n−3 +
m(n− 2)

(m+ n− 3)
xmym+n−3,

SxSy(f(x, y)) =
1

m
xmym +

(
m
2

)
(m+ n− 3)2

xm+n−3ym+n−3 +
(n− 2)

(m+ n− 3)
xmym+n−3,

DxSy(f(x, y)) = mxmym +

(
m

2

)
xm+n−3ym+n−3 +

m2(n− 2)

(m+ n− 3)
xmym+n−3,

DySx(f(x, y)) = mxmym +

(
m

2

)
xm+n−3ym+n−3 + (m+ n− 3)(n− 2)xmym+n−3,

Dα
x (f(x, y)) = mα+1xmym +

(
m

2

)
(m+ n− 3)αxm+n−3ym+n−3 +m(n− 2)mαxmym+n−3,

Dα
y (f(x, y)) = mα+1xmym +

(
m

2

)
(m+ n− 3)αxm+n−3ym+n−3

+m(n− 2)(m+ n− 3)αxmym+n−3,

Dα
xD

α
y (f(x, y)) = m2α+1xmym +

(
m

2

)
(m+ n− 3)2αxm+n−3ym+n−3

+mα+1(n− 2)(m+ n− 3)αxmym+n−3,

Da
xD

b
y(f(x, y)) = ma+b+1xmym +

(
m

2

)
(m+ n− 3)a+bxm+n−3ym+n−3

+m(n− 2)ma(m+ n− 3)bxmym+n−3,

Db
xD

a
y(f(x, y)) = ma+b+1xmym +

(
m

2

)
(m+ n− 3)a+bxm+n−3ym+n−3

+m(n− 2)mb(m+ n− 3)axmym+n−3,

D
1
2
x (f(x, y)) = mm

1
2xmym +

(
m

2

)
(m+ n− 3)

1
2xm+n−3ym+n−3 +m(n− 2)m

1
2xmym+n−3,

D
1
2
y (f(x, y)) = mm

1
2xmym +

(
m

2

)
(m+ n− 3)

1
2xm+n−3ym+n−3

+m(n− 2)(m+ n− 3)
1
2xmym+n−3,

D
1
2
xD

1
2
y (f(x, y)) = mm

1
2m

1
2xmym +

(
m

2

)
(m+ n− 3)

1

2
(m+ n− 3)

1
2xm+n−3ym+n−3

+m(n− 2)(m+ n− 3)
1
2m

1
2xmym+n−3.

Using the Theorem 2.14, and column 4 of Tables 1, 2 and 3. We get the desired
result. �
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Theorem 2.16. If G is any r-regular graph of order n and size m, then

M(G−−;x, y) = nr
2 x

2ry2r +
(nr

2
2

)
x
nr+2

2 y
nr+2

2 + nrx2ry
nr+2

2 .

Proof. The G−− be a transformation graph of any r-regular graph G, has n(r+2)
2

vertices, and
(nr

2
2

)
+ 3nr

2 edges. Using the Proposition 1.2, we have d
G−−(vi) = 2r

and d
G−−(ei) = nr+2

2 . Therefore, the edge partition of G−− is given by

|E{2r,2r}| = |uv ∈ E(G−−) : du = 2r and dv = 2r| = nr

2∣∣∣E{nr+2
2 ,nr+2

2 }

∣∣∣ =

∣∣∣∣uv ∈ E(G−−) : du =
nr + 2

2
and dv =

nr + 2

2

∣∣∣∣ =

(nr
2

2

)
∣∣∣E{2r,nr+2

2 }

∣∣∣ =

∣∣∣∣uv ∈ E(G−−) : du = 2r and dv =
nr + 2

2

∣∣∣∣ = nr.

From the definition, The M-polynomial of G−− is obtained below.

M(G−−;x, y) =
∑
i≤j

mij(G−−)xiyj

=
nr

2
x2ry2r +

(nr
2

2

)
x
nr+2

2 y
nr+2

2 + nrx2ry
nr+2

2 .

�

Corollary 2.17. If G−− be the trasformation graph of any r-regular graph G, then

1. M1(G−−) = 4nr2 +
(nr

2
2

)
(nr + 2) + nr(nr+2

2 ),

2. M2(G−−) = 2nr3 +
(nr

2
2

)
(nr+2

2 )2 + nr(nr + 2),

3. Mm
2 (G−−) = n

8r +
4(
nr
2
2 )

(nr+2)2 + n
(nr+2) ,

4. SD(G−−) = 2nr + 2
(nr

2
2

)
+ 2nr

(nr+2) ,

5. H(G−−) = n
4r +

2(
nr
2
2 )

nr+2 + 4nr
nr+4r+2 ,

6. In(G−−) = nr2

2 +
(
nr
2
2 )(nr+2)

4 + (nr+2)2nr2

nr+4r+2 ,

7. Rα(G−−) = nr
2 (2r)2α +

(nr
2
2

)
(nr+2

2 )2α + nr(2r)α(nr+2
2 )α,

8. χα(G−−) = nr
2 (4r)α +

(nr
2
2

)
(nr + 2)α + nr( 4r+nr+2

2 )α,

9. Mα
1 (G−−) = 2m(2r)α−1 + 2

(
m
2

)
(m+ 1)α−1 + 2m[(2r)α−1 + (m+ 1)α−1],

10. M(a,b)(G−−) = nr(2r)a+b+2
(nr

2
2

)
(nr+2

2 )a+b+nr[(2r)a(nr+2
2 )b+(2r)b(nr+2

2 )a],

11. GA(G−−) = nr
2 +

(nr
2
2

)
+ 2

1
2 nr(2r)

1
2 (nr+2)

1
2

(m+2r+1) .
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Proof. Let M(G−−;x, y) = f(x, y) = nr
2 x

2ry2r +
(nr

2
2

)
x
nr+2

2 y
nr+2

2 + nrx2ry
nr+2

2 .
Then we have

Dx(f(x, y)) = nr2x2ry2r +

(nr
2

2

)(
nr + 2

2

)
x
nr+2

2 y
nr+2

2 + 2nr2x2ry
nr+2

2 ,

Dy(f(x, y)) = nr2x2ry2r +

(nr
2

2

)(
nr + 2

2

)
x
nr+2

2 y
nr+2

2 + nr

(
nr + 2

2

)
x2ry

nr+2
2 ,

DxDy(f(x, y)) = 2nr3x2ry2r +

(nr
2

2

)(
nr + 2

2

)2

x
nr+2

2 y
nr+2

2 + 2nr2

(
nr + 2

2

)
x2ry

nr+2
2 ,

Sx(f(x, y)) =
n

4r
x2ry2r +

2
(nr

2
2

)
nr + 2

x
nr+2

2 y
nr+2

2 +
n

2
x2ry

nr+2
2 ,

Sy(f(x, y)) =
n

4r
x2ry2r +

2
(nr

2
2

)
nr + 2

x
nr+2

2 y
nr+2

2 +
2nr

nr + 2
x2ry

nr+2
2 ,

SxSy(f(x, y)) =
n

8r
x2ry2r +

4
(nr

2
2

)
(nr + 2)2

x
nr+2

2 y
nr+2

2 +
nr

2r(nr + 2)
x2ry

nr+2
2 ,

DxSy(f(x, y)) =
nr

2
x2ry2r +

(nr
2

2

)
x
nr+2

2 y
nr+2

2 +
4nr

(nr + 2)
x2ry

nr+2
2 ,

DySx(f(x, y)) =
nr

2
x2ry2r +

(nr
2

2

)
x
nr+2

2 y
nr+2

2 + nrx2ry
nr+2

2 ,

Dα
x (f(x, y)) =

nr

2
(2r)αx2ry2r +

(nr
2

2

)(
nr + 2

2

)α
x
nr+2

2 y
nr+2

2 + nr(2r)αx2ry
nr+2

2 ,

Dα
y (f(x, y)) =

nr

2
(2r)αx2ry2r +

(nr
2

2

)(
nr + 2

2

)α
x
nr+2

2 y
nr+2

2

+nr

(
nr + 2

2

)α
x2ry

nr+2
2 ,

Dα
xD

α
y (f(x, y)) =

nr

2
(2r)2αx2ry2r +

(nr
2

2

)(
nr + 2

2

)2α

x
nr+2

2 y
nr+2

2

+nr

(
nr + 2

2

)α
(2r)αx2ry

nr+2
2 ,

Da
xD

b
y(f(x, y)) =

nr

2
(2r)a+bx2ry2r +

(nr
2

2

)(
nr + 2

2

)a+b

x
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2
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+nr
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2
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1
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2

2

)(
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2

) 1
2

x
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2 y
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2

+nr(2r)
1
2x2ry
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2 ,

D
1
2
y (f(x, y)) =

nr

2
(2r)

1
2x2ry2r +

(nr
2

2

)(
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2

) 1
2

x
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2 y
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(
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) 1
2

x2ry
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2 ,
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D
1
2
xD

1
2
y (f(x, y)) = nr2x2ry2r +

(nr
2

2

)(
nr + 2

2

)
x
nr+2

2 y
nr+2

2 + nr

(
nr + 2

2

) 1
2

(2r)
1
2x2ry

nr+2
2 .

Using the Theorem 2.16, and column 4 of Tables 1, 2 and 3. We get the desired
result. �

3. Conclusion

In the present paper, we obtained M-polynomial of generalized semitotal point
transformation graphs Gxy and their complements and its degree-based topological
indices using the obtained polynomials.
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