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INVERSE SCATTERING FOR THE ONE DIMENSIONAL
SCHRODINGER EQUATION WITH THE ENERGY DEPENDENT
POTENTIAL AND DISCONTINUTY CONDITIONS

A ADILOGLU NABIEV AND R.KH. AMIROV

ABSTRACT. This work studies the direct and inverse scattering problems on
the real axis for the one dimensional Schrodinger equation with the potential
linearly dependent on the spectral parameter and with the discontinuity con-
ditions at some point. Using the integral representations of the Jost solutions
it is investigated the properties of the scattering data, obtained the main in-
tegral equations of the inverse scattering problem and the uniqueness theorem
for recovering of the potential functions is proved.

1. INTRODUCTION

Consider the differential equation

— " +q(x)y + 2kp(x)y = k*y , —oo <z < 400, T #a (1)
with discontinuity conditions at a point a € (—oo, +00)
y(a—0) =ay(a+0), y'(a—0)=a 'y (a+0), (2)

where 1 # « > 0, k is a complex parameter, ¢(z) and p(x) are real-valued functions.
Assume the following conditions are satisfied:

+o0 +oo
(a) / (14 [2]) [g(2)| do < +oo; / [p(2)] dx < +o00; (3)

(b) p(z) is bounded and continuous on R.

This work deal with the inverse scattering problem for the equation (1) with the
jump conditions (2).It is well known that one of the important method in the inverse
problems theory is the method which was introduced by Marchenko [I} 2 [7]. He
applied the transformation operators to the solution of the inverse problems for one
dimensional Schrodinger operator on a finite interval and on the half line. Transfor-
mation operators were also used in the fundamental papers of Gelfand, Levitan [3]
and Levitan, Gasymov [4], where they obtained necessary and sufficient conditions
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for recovering a Sturm-Liouville operator from its spectral characteristics. Later
the idea of the Marchenko method was developed by Faddeev [3 [6] (see also [7])
who solved the inverse scattering problem on the real line.

The full-line inverse scattering problem for an energy dependent (or general-
ized) Schrodinger equation, as a generalization of the Marchenko method, was first
investigated by Jaulent an Jean [10], and by Kaup [I1I] in connection with a non-
linear evolution equation (see also [12, [I3]). The inverse scattering problem which
was considered in [I1], was also investigated in [14] by reduction this problem to
the inverse scattering problem for the matrix-valued energy dependent Schrédinger
equation. In the case when the potential functions are real valued differentiable
functions belonging to the spaces of integrable functions together with derivatives
the full-line inverse scattering problem (ISP) for (3) without discrete spectrum has
been studied in [I5]. This problem and the inverse scattering problem on the half
line for the equation (1) recently has been investigated in [16] where the differen-
tiability assumptions on the function p(x) is not required. In [26] inverse scattering
problem for the equation (1) with the jump conditions (2) is investigated in the
class of integrable potentials.

The direct and inverse scattering problems, also some inverse problems of the
spectral analysis for (1) in various statements were studied in details by many
authors. We refer for further discussion to articles 8, 20} 211, 22| 23| 24| 25] @, 17
18| [19] and the references therein.

In this work using the integral representations of the Jost solutions of equation
(1) with the jump conditions (2), in the class (3) of the coefficients , the main inte-
gral equation of the inverse scattering problem is derived and uniqueness theorem
recovering the potential functions is proved.

2. INTEGRAL REPRESENTATIONS OF THE JOST SOLUTIONS

Let e*(z, k) be solution of (1) satisfying the conditions (2) and the condition at
infinity

liril et (z, k)ethT =1, (4)
The solution et (x, k) and e (z,k) will be called the right and the left Jost-type
solutions of the problem (1), (2), (3). If ¢(x) = p(x) = 0 then the Jost-type solutions

are

ikx
+ _Joe , x> Fa

ey (2, k) —{ Atetike 4 A= exik(0—2) 4pcq4g (5)

where AT = % (a + é) .The Jost solution e (x,k) is equivalently defined as the
solution of the integral equation

+oo
etz k) = eF(z,k) + / SE(z,t, k) [q(t) + 2kp(t)] e (t, k)dt, (6)

where

+ sin k(t—
Sét(x,t,k’): %’ia <A:,l:m.<:tt or tz <+l <=a
+ s1rlzk(t—x) + sin k(kt_2a+x) Cta<da< 4t
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+o0
Leto* (@) = = [ [(1+ [t a(®)] + 2[p(e) ] .
The followiﬁg theorem is proved by the same way as in [26] [16].

Theorem 1. If the conditions (a) are satisfied then

+oo
e*(x, k) = RE (x)e™*® 4 RE (z)eth(2a—) / K (z, t)e™™*dt, Tmk >0, z € R,
(7)
where
RE(z) = “+@ RE(2) =0, £z > +a, (8)
RE(z) = Ate+@ RE (1) = £ A e we@F2we(a) - 4 4 < 4q, (9)
+oo

ws @)=+ [ plo)ds

x

and the bounded kernels Ki(x,t), defined on v < t < o0 and —oco < t < x Te-
spectively, are differentiable with respect to t almost everywhere and satisfy the
inequalities

+oo

+ / |K7 (2, t)| dt < Ce”™ @), (10)

Moreover, the functions K*(x,t) are continuous at t # 2a — x, © # a and the
following relations are satisfied:

KE(z,z) = <;p(aj) + ai(x)> ews(@  tg> ta, (11)

Kif(z,z) = AT (;p(x) + ai(x)) @@ 4 < +aq, (12)

Kf(z,2a —24+0) — K (2,20 — 2 T 0) =
a
; 1 . ,
£ 47 (=50 + 5@ F ; [ (@) +PPE)ds | DR, g < g,

x

(13)
where
+oo
+ 1 2
0*(0)= | £5 [ (@) +p00)
Note that from the relations (11) — (13) we have
2AE (z, ) sinwy (z) — 2BE (z, @) cosw (), £x > +a
pz) = iAi(:c z) sinw -2 B+ ’ (14)
7 Ap (m, + (7) = 55 Bi (z, ) coswy (x) , 2 < Fa
. 0% (x), 2> +a
+ + _ )
AF (z,x) coswy (x) + By (z,z) sinwy (z) = { AT0%(2), t3<da (15)

where AF (z,2) = Re K (z,x) and B (z,2) = Im K (z, ).
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3. DIRECT SCATTERING PROBLEM
Since the functions ¢(x), p(z) and the number « are real, the functions et (z, k)

and e~ (z, k) are also solutions of the problem (1) — (2) for real k. Because of

ez, k) = eF* 1 +0o(1)], eF(z,k) =t [j:szli(m) +0o(1)],  — +o0
(16)

which follows from the representation (7), the Wronskian
W |eE(z, k), e (z, k)| =: eF(x, k) e (z, k) — eF (2, k)eF(z, k)/ (17)
is equal to F2ki for all real k. Consequently, when k # 0, the pairs e™ (x, k), et(z, k)

and e” (z,k), e~ (z, k) form two fundamental systems of solutions. Hence for k €
R* = R — {0}the representation

e (z,k) = b(k)et(z,k) + a(k)et (z, k) (18)
holds, where
a(k) = %W e (@, k), ¢t (2, k)], k€ R* (19)
b(k) = —QLMW [e*(x,k),eﬂx, k)] , keR" (20)
From the formulas (19), (20) we obtain
la(k)[* = b(k)|* =1, keR" (21)
(18) also implies
et(z, k) = —b(k)e™ (z, k) + a(k)e (z, k). (22)
Further, from (18) and (22) we have
ﬁe‘(x, k) = ?L(l]i))e+($, B)+ et (@ ) (23)
——et(z = —@6_ T e~ (x
e @) = —He k) e ) (21)
We put
+ _ € (z,k) e _@ r :_@ :L
Then (23) and (24) can be rewritten as
ut(x, k) = rE(k)et(z, k) + eE(x, k) (26)

From (16) we obtain the asymptotic formulas
ujt(a:7 k) = 7“jt(k)ei“mc + eFikz 4 o(l), z— +oo
ut(x, k) = t(k)eT* 4 o(1), = — Foo

The solution u®(x, k) are called the eigenfunctions of the left (u™(x, %)) and the
right (u™(z,k)) scattering problems, the coefficients r~(k), r*(k) are called the
left and right reflection coefficients, respectively, and (k) is called the transmission
coefficient. Since et (z,k) and e~ (z,k) are analytic on the half plane Imk > 0,
the function a(k) is analytically continued to the half plane Imk > 0 by the same

formula (19) . It can be proved that the function a(k) may have only a finite number
of zeros on the half plane Imk > 0 (see [I5]). But here we suppose that a(k) has
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not any zero on the half plane Im k£ > 0. From (21) we also have that a(k) # 0 for
k € R*. Therefore we can assume that a(k) # 0 for all k # 0. Using Theorem 1 it
is easy to prove the following lemma.

Lemma 2. For k € R* the function a(k), b(k) defined by formulas (19), (20) have
the following representations

0
a(k) = 12_%”{ —2AT iy 4 / G(t)e *at |, (27)
1—1ik — _9ika—i r —ikt
blk) = —-— | 247e oy 4 [ Lt)Ve *at |, (28)

where -
o = /p(t)dt,
— 00
0 oo
/ |G(t)|dt < oo and / |L(t)| dt < 0.
— 00 — 00

Proof. By equation (6) it follows that, for real k #£ 0 ,

a

. At eikt 4 A gik(2a—t)
¢ (@ k) = A+_/ — lq(t) + 2kp(t)] e~ (t, k)dt
+Oo€ikt N Y Ate—ikt 1 A—e—ik(2a—t)
- / o7 [4(8) + 2kp(t)] €™ (¢, k)dt | +e™ / o [q(t) + 2kp(t)] e~ (¢, k)dt+
+oo |
efzkt
+/ 5% [q(t) + 2kp(t)] e (t, k)dt| + o(1),z — 4o0.

a

On the other hand by (22) , we have
e (z,k) = b(k)e™ ™ + a(k)e " 4+ o(1),z — +oo.
A comparison of corresponding terms shows that

A+eikt—|—A76ik(2a7t) B
a(k) = AT — / otk [q(t) + 2kp(t)] e (¢, k)dt—

— 00

—+o0

eikt
- / o [9(8) + 2kp(t)] €™ (t, k)dt, (29)

a
a

Ate—ikt + A—e—ik(Qa—t)
/ 2ik

[q(t) + 2kp(t)] e~ (t, k)dt+

e—ikt
| S )+ 2tp(0)] e 2, Ry (30)
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for real k # 0. Now, from the representation (7) of the solution e~ (x, k) we get
“+00 0

a(k) = At exp | +i / (s)ds Ay L1k / G(s)e *5ds (31)
- P P 2ik 4T 2k ’
Lo A=e2ika 1—ik [ ;
— _ A —2ika—1ipo S e —iks
b(k) A”e + 57k Wg + ik /L(s)e ds, (32)

where W4, Wp are constants ,

o0

po = / p(t)sgn(t — a)dt (33)

— 00

Now the formulas (27) and (28) easily are derived from (31) and (32) ( see [16]). O

From the previous lemma using the Wiener-Levy theorem we can prove the
following lemma.

Lemma 3. Let the conditions (a) are satisfied. Then the reflection coefficient r~ (k)
is expressed as

r (k) —ry (k) = /Fo(s)efiksds, (34)
where
A o
— —2ikaFiyT
() = e e gt = [ ps)ds (3)
and / |Fo(s)] ds < oo.

4. MAIN INTEGRAL EQUATION AND UNIQUENESS THEOREM

In order to establish the main integral equations of the scattering problem we
start from the formula (23) written in the form

<a(1k) - A+16a> e (z,k) = (r (k) —ry (k) et (x, k) + et (z, k) + (36)
415 (R) e @ k) — e (@),

Multiplying both sides of this equation by %e“ﬂ’ ,where y > z and integrating with
respect to k from —oo to 400, we have

+o0 )
1 1 eiooy i
% / (a(k) — 14+> e (IIZ, k)e kydk

— 00

+o00
= o [ ) 5 () e () vkt

— 00
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+— / < (z,k) +rg (k) e (z,k) — %e““oe (:C,k')) ey gk (37)

Then using the representation (7) for the solution e™(x, k), we get

+o00
o [ 0T 0= ) e el = PG+ [ S OF
Where_
_ [ Rf(x)Fy(z+vy) ,T>a
P ={ ) R @Ry | aee O
“+o0o
Fo(x):% / (r* (k) —rg (k) e dk.

For the second integral in the right-hand side of (37) we have
R 1
+ + —iag o= ik
Py / [e‘*‘(m,k)—kro (k)e™ (z, k) — e e (33,/4;)] e"Ydk

- A~ )
= Ky (v,y) — Sre 2 Kf (2,20 — ),

A+
therefore equation (37) takes the form

2

— 00

+oo ) +oo
1 1 —teo ;
— / (a(k) — €A+> e (z,k)e™dy = F(z,y) + / K (z,t)Fo(t + y)dt

+ K (z,y) — e A -2it Kf(z,2a—y), (y>=x) (39)

Now consider the left-hand side of (39). Using the Lemma 1 and the Paley-Wiener
theorem we can easily compute that (see [16])

+oo . +o0 .
1 1 e o 1 1 e o o
- 7 k zkyd _ . — k ikx zk(yfa:)dk - 0.
27 / <a(k) At ) la R)edy = 27 (a(k) At >6 (2, k)ee 0

— 00 — 00

Then (39) shows that

Ft(a,y)+K; (2,y)— e 2 K (x,2a—y)+ / K (z,t)Fo(t+y)dt =0, (y>w).

AF
(40)
Integrating both sides of (40) , we get
A o
K+ (z,t) — e e—20rt Kt (x,2a —t) /KJr x,r)dr / Fo(s)ds+
r+t

+oo +oo

FRY (2) / Fo(s)ds + R} () / Fo(s)ds = 0, > .

x4+t 2a—z+t
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Performing integration by parts we have the following main integral equation:

—+o0
A
Kt(z,t)F Feﬁl'ﬁ[(*'(a:, 2a —t) + / KT (x,r)Fy(r + t)dr+

+0oo +oo
+ hi(z) / Fo(s)ds + h3 (z) / Fo(s)ds =0, (41)
xtt 2a—a+t
where
hi (z) = R (z) — K*(z, ),
hi(z) = Ry (z) — K*(2,2a — 2 +0) + K+ (x,2a — z — 0).
Obviously,

hi () + h3 () = e*(,0) (42)
The uniqueness property and the solution of the inverse problem can be proved by

the same arguments as in [26]. The main integral equations (41) can be rewritten
in the form

“+o0
e+(x,0)/Fo(8)dS+m+

z+y
“+o0o
+ / Kt (z,t)Fy(t+y)dt =0, x >a, y >z, (42)
+oo +oo A—
m@) [ Fods+h5@) [ Fods + By - Gre 7 K @20 g)+
z+y 2a—z+y
—+oo
+ /K'Jr(gﬁ,t)Fo(t—i—y)dt:07 r<a, y<z<(2a—zx), (43)
xT
+oo +oo
W () / Fo(s)ds + hi () / Fo(s)ds + KF (@, 5)+
z+y 2a—z+y
+oo
/ KT (z,t)Fy(t+y)dt =0, x < a, y > (2a — ) (44)

Theorem 4. If the conditions (3) are satisfied then equations (42) - (44) have the
unique solutions KT (x,.) € Ly(x,00) for each fized x > —oo .

Proof: For each fixed x > —oo consider the operator (see [18] )

fy) , T >a
(M Py =19 255 a- o
’ fly) = dee 7 fRa—y) , w<a
acting in the space L;i(x,00) (and also La(x,00)). It is easy to show that the
operator M is invertible. Using this operator the main equation (41) can be
rewritten as

K*(z,y) + (M) T FF (2,y) + (M) T ¢ KT (2, )(y) =0,y >z (45)
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where the operator ¢ is defined as
+oo

¢+ﬂw::/l%@+yﬁ@MLy>x (46)

x
for each fixed z > —o0.

It is known that (see [7]) the operator ¢ is a compact operator in the space
Ly (x,00) (also in Ly(w,00)). By the boundness of the operator M ' we have that
the operator M 14T is also a compact operator. Therefore, to prove the theorem,
it is sufficient to show that the homogeneous equation

+oo

A 2 (20— y) + / ho()Fo(t +y)de =0, y >z (47)

hx(y) - A+
has only the trivial solution h,(y) € L;(z,00). By conditions (3) the function F" ()
and the corresponding solution h,(y) are bounded in the half axis < y < +o0.

Therefore h,(.) € La(z,00). Consequently, we have

+00 +00
0= / [ (y | dy—— —2iy" /h (2a—y)h dy—|—/ /h y) Fo(t+y)dtdy
(48)
Using the the Parsevall’s identities we get
“+oo +oo
2 1 T nl?
helPdy =5 [ [RO0] ax,
A~ b 1
_ A =2yt _ _ — (72
TFe /hm(y)hm(Qa y)dy = 5. | "o (Mh“(N)dA,
~ +oo )
where h()\) = f hy(t)e~"tdt, we obtain
+o0 1 400
/‘h d)\—s—— / (r—(A)—rO—(A))E?(A)dA+7 /ro—(A)%?(A)dA:o
’/T
l.e.
+oo +oo
x E(A)‘QdA——i = (A2 (A\)dA
27 27 '
Therefore
+oo 5 400
/‘E(A)‘ d\ = / ~()R2(N) d/\</|r |‘h ‘ ,
that is
+oo
/(1—|r’(/\)|)’h(/\)‘ <0 (49)
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Since [r~(A)| < 1 for A # 0, (49) implies that A(\) = 0. Consequently the equation
(41) has a unique solution.

This theorem implies that the potential functions ¢(z) and p(z) from class (3)
in problem (1) — (2) without discrete spectrum are uniquely defined by the left
reflection coefficient.

Theorem 5. If conditions (3) are satisfied and there exist a pair real-valued matriz
functions (q(x),p(x)) which has a given matriz r— (k) as its reflection coefficient,
then (q(z),p(x)) is recovered from R*(k) by (11) — (13) where K+ (x,t) is the so-
lution of (41) with Fo(x) defined by

+o0o

Fo(x):% / (r (k) — 1 (k) c*edk (50)
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