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ON THE STABILITY OF A SYSTEM OF DIFFERENCE
EQUATIONS

FARIDA BELHANNACHE

ABSTRACT. This paper is devoted to discuss the stability of positive solutions
of a system of two nonlinear difference equations. Our discussion is based on
the method of linearization.

1. INTRODUCTION

Many natural phenomena are described by difference equations see, for example,
[2, 13} 20} 22] and the references cited therein. Nonlinear difference equations are
important in practical classes of difference equations. In most of the cases, it is
difficult to find exact solution of a nonlinear difference equation. Recently, many
researchers have investigated the behavior of the solutions of rational difference
equations and systems.

In [22] the authors discussed the behavior of the solutions of the system

Tp + Tp—1 Yn +yn—l

) = n=0,1,...
A"‘V‘ynynfl Yn+1 3 Ly ooy

x 1=
n+ B+ TnTn_1 )

Belhannache et al. [3] investigated the global behavior of the rational third-order
difference equation

A+ Bzx,_1 0.1
x =———— n=0,1,..
"7 O+ Daba?
Inspired and motivated by the above mentioned papers, our aim in this paper is to
investigate the asymptotic behavior of
Tn + Tn—1 Yn + Yn—1
x =——", == n=0,1,.., 1
n+1 A+ yzy;}l_l Yn+1 B+ mgx;]l_l ( )
where the initial conditions x_1, zg, y—1, Yo are non-negative real numbers, the
parameters A, B are positive real numbers and p, ¢, r are fixed positive integers.
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2. PRELIMINARIES

In this section, we present some preliminaries that we will use in the sequal, for
more details, we refer to [5], [12], [15], [17] and [19].
Let I, J be two intervals of real numbers and

fIPxJ? =1 g:I*?xJ*— ],
be two continuously differentiable functions. Then for every set of initial conditions
(x5, y:) € I x J, i =—1,0, the following system
Tn+1 if(mnyxnflaynaynfl)a ﬂZO,l,..., (2)
Yn+1 = g(xTH Tn—15Yn, yn—l)a

+oo

has a unique solution {(zn, yn)}, > ;.

Definition 2.1. A point (Z,7) € I x J is called an equilibrium point of system (2)

if
z = f(Z,7,9,9),
and
y=9(=,7,5,7)
We can rewrit the system (2)) in the following vector form,
X1 = F(X,), n=0,1,..., (3)
where
F: I’xJ? — I?xJ?
U1 u1 fur,v1,ug,v2)
U1 _ P 1 _ Uy
U2 U2 g(u1,U17u2,U2)
U2 U2 U2
and

Xn = (J?n, Tn—15 Yn, yn—l)T
Definition 2.2. A vector X € I? x J? is called an equilibrium point of system (3)
if o o
X = F(X).
Remark 2.3. Clearly, (Z,9) is an equilibrium point of system (2) if and only if
X = (7,Z,7,7) is an equilibrium point of system (3).
Definition 2.4. Let X be an equilibrium point of system (3),
XO = (‘7)07 T—-1,Y0, yfl)a
and || . || any norm.
(1): The equilibrium poinLY is called stable if for every e > 0 there exists
d > 0 such that || Xo — X ||< ¢ implies
| X — X ||< € forn>0.

Otherwise the equz’libm’umﬁy is called unstable.
(ii): The equilibrium point X is called asymptotically stable if it is stable and
there exists v > 0 such that HXO — XH < 7y implies
lim || X, — X [=0.

n—-+o0o
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(iii): The equilibrium point X is called globally asymptotically stable relative
to I? x J? if it is asymptotically stable and, if for every Xo € I? x J?, we
have

lim | X, — X [|=0.
n—-+oo

The linearized system, associated to system (3), about the equilibrium point
X = (z.7,7.9);
is given by
Xn+1 :OXna n:0717"'7 (4)
where C is the Jacobian matrix of the map F at the equilibrium point X.

Theorem 2.5 ([12]). Let X be an equilibrium point of system (4).
(1): If all eigenvalues of the Jacobian matriz C lie inside the open unit disk
then X is asymptotically stable.
(ii): If at least one of eigenvalues of the Jacobian matriz C has absolute value
greater than one, then X is unstable.

Definition 2.6. Let {(z,,y,)}>° | be a solution of system (2) and (T, J) an

equilibrium point of the same sy;feml.

(i): A function xz,, (resp. yn) oscillates about T (resp. G) if for every 7 € N
there exist s, m € N, s > 7, m > 7 such that (x5 — T)(xym — T) < 0 (resp.
(ys - y)(ym _y) < 0)

(ii): We say that {(zn, yn)}:io_l oscillates about (T, §) if xy, oscillates about
T ory, oscillates about 3.

(iil): {(zn,yn) ::’_1 is called non-oscillatory if both x,, and y, are not oscil-
latory.

3. MAIN RESULTS

In this section we will present and prove our main results. First, we note that
(T1,7,) = (0,0) is always an equilibrium point of system (I) and when A < 2
and B < 2, system (1)) also possesses the unique positive equilibrium (Z2,7,) =

(*/2 =B, "2 — A).

Theorem 3.1. Assume that A > 2 and B > 2. Then the equilibrium point
(T1,71) = (0,0) of system (1l) is globally asymptotically stable.

Proof. The linearized system of (1)) about the equilibrium point (Z1,7;) = (0,0) is
X1 =C X, (5)

where X,, = (2, Zn—1, Yn, Yn—1) and

i A
O =
0 0 £ %
0 0 1 0
The characteristic equation of system (5 is
P(X) = Pi(A)P2(N) =0, (6)
where
P(A)—V—lx—l
B AT A
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and
1 1
PO\ =X — = — =,
It is clear that
1 2
P1(0)172<0, Pl(fl):1>0 and Pl(l):172>0

Hence all solutions of the equation P;(A) = 0 lie inside the unit disk.

Similarly we obtain that all the solutions of the equation Py(A\) = 0 lie inside the
unit disk. Then all the solutions of the characteristic equation (6) lie inside the
unit disk. So the unique equilibrium (0,0) is asymptotically stable.

Now we shall prove that lim x, = 0. From system (1) we get

n—-+o0o
1 1
Tn41 < an + an—l-

Let {2,},72° | be the solution of the following linear difference equation

1 1
Zn41 = Zzn + Zzn—l (7)

such that zg = x¢g and z_1; = z_1. Then,
Ty < zp, VN > 0.

It is clear that A > 2 implies lim z, = 0. Hence

n—-+oo

lim x, =0.
n—-+oo "

Similarly we can prove that lim y, = 0 and so (0,0) is a global attractor.
The global asymptotically stability of (0,0) is obtained by combining the global
attractivity and the asymptotic stability of (0,0) when A > 2 and B > 2. m

Theorem 3.2. If A < 2 and B < 2. Then the equilibrium points (Z1,7,) = (0,0)
and (T2,7s) = ("2 — B, "2 — A) of system (1) are unstable.

Proof. (1): Tt is clear that if A < 2 and B < 2 we have
. 2 .
)\Erfoopl(A) = o0, Pl(]-)*]-fz <07 )\EIJPQOPZ(A)7+OO’
2

Hence the characteristic equation (6) has at least a root with absolute
value greater than one. Therefore, the equilibrium point (Z1,7;) = (0,0) is
unstable.

(ii): The linearized system of system (1)) about the equilibrium point (Z2,7,) =
("/2=B, "2 — A) is

Xn+1 =C Xn7 (8)
where

1 1

2 2 Tha —qo

1 0 0 0

C=| _ . _ 11 ;
pu qu 3 3
0 0 1 0
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ptqg—1 ptqg—1

a=12-4)%% (2-B)7 and p = (2 - B)"7 (2 — A)7+i. The
characteristic equation of system (8] is

3 1 1
Py(\) =\t — A3 — (Z + app®) N + (5 — 20pg) A + i aug® = 0.

Then
P3(1) = —app”® — 2apupq — apg® < 0
and AETOOP?’(A) = +o00. Hence P; has a root A; in (1,400), which com-
pletes the proof.
]

In the following result, we are concerned with the oscillation of positive solutions
of system (1)) about the equilibrium point (T2, 7,).

Theorem 3.3. Assume that A < 2, B < 2. Let {(zn,yn)}1>° | be a solution of
system (1) such that
(): -1, T0 > Ta, y—1, Yo <Y or
(if): z—1, w0 < T2, Y—1, Yo = Yo-
Then {(zn, y,b)}:iil non-oscillates about the equilibrium point (Ta, Ys).

Proof. Assume that case (i) holds, the case (ii) is similar and will be omitted.
From (1)), we have

To+T_1 S 27, _

1 - = T2,
L+yoyly ~ 1+75™
Yo+ Y1 2y,

yi =7,

1+ -'L'gxq_l 1+ EIQH_Q
Then the result follows by induction. m
For confirming the results of this paper, we give the following numerical example.

Example 3.4. Figure (1) shows the behavior of the solutions of system (1|) with the
imatial conditions x—_1 = 2.73, xo = 0.47, y_1 = 0.15, yo = 1.18 and the parameters
A=32 B=435p=1,q=3.

X(n), y(n)

30 40 50

FIGURE 1.
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