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A NOTE ON THE GLOBAL BEHAVIOR OF A SYSTEM OF
SECOND-ORDER RATIONAL DIFFERENCE EQUATIONS

MAI NAM PHONG

ABSTRACT. In this paper, we consider the following system of rational differ-
ence equations

a1Yn a2y
B+ vizn—1’ YT gt Yoyn—1’ n=0 L2
where a1, 81,71, a2,02,72 € (0,00) and the initial values x_1,z0,y—1,y0 €
(0, 00). Our main aim is to investigate the local asymptotic stability and global
stability of equilibrium points, and the rate of convergence of positive solutions
of the system. Moreover, some numerical examples are established to illustrate
our theoretical results.

Tn4+1 =

1. INTRODUCTION

Difference equations arise naturally as discrete analogues and as numerical so-
lutions of differential and delay differential equations having applications in biol-
ogy, ecology, economy, physics. There are plenty of papers and books that can
be found regarding to the theory and applications of difference equations, see
[T, 10, T, M5, 06, A7, 14, 22] and the references cited therein. Recently, there
has been a lot of works concerning the global behaviors of positive solutions of
rational difference equations and positive solutions of systems of rational difference
equations [2 [3] Bl 6] [7, 8, O 12, T3] 18], 21, 24]. It is extremely difficult to under-
stand thoroughly the global behaviors of solutions of rational difference equations
and solutions of systems of rational difference equations, although they have very
simple forms. Therefore, the study of rational difference equations and systems of
rational difference equations is worth further consideration.

In [I5] the authors studied the global asymptotic behavior of solutions of the
discrete delay logistic model

axy,

1 + anfk ’

where a € (1,00), 8 € (0,00), k € {0,1,2,...} and the initial conditions x_g, ..., x_1,xo
are arbitrary nonnegative numbers.

Tnt1 = n=0,1,2,...,
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In [I6] the authors studied the global asymptotic behavior of solutions of Pielou’s
difference equation

,n=20,1,2,...,

where p > 0 and the initial conditions y_1, yo are arbitrary nonnegative numbers.
Motivated by these above papers, in this paper we will consider the following
system of difference equations

a1Yn Qo

I = —2 o =0,1,2,... 1
B1+71Tn—1 mr B2 + Y2Yn—1 S

Tn41 =

where aq, 81,71, @2, 82,72 € (0,00) and the initial values z_1,xo,y—1,y0 € (0,00).
More precisely, we investigate the local asymptotic stability and global stability of
equilibrium points, and the rate of convergence of positive solutions of the system
(1) which converge to its equilibrium point.

2. BOUNDEDNESS OF THE POSITIVE SOLUTIONS OF

In the first result we will establish condition for the boundedness of every positive
solution of the system .

Theorem 2.1. Assume that aq, B1,71,Q2, B2,V are positive constants such that

araz < 1, (2)
then every positive solution {(x,,yn)} of the system s bounded.

Proof. For any positive solution {(z,,y,)} of the system , it is clear that x,, > 0
and y,, > 0 foralln = 1,2,..., in which the initial values x_1, z¢,y_1, 9o are positive
real numbers.
From , we have

Q102 Q109 Q1 < (

”””“—ﬁy"—ﬂﬂ 1= 3B, B2

Therefore, we have

a0

15, Va3 < ... < (5152 VT oki1,

Q102

xnﬂg(ﬁ&)xg,wheren—Zk—lk—123..., (4)
and

xn+1§(glg§)k$ 1, wheren =2k —2,k=1,2,3,.... (5)
Similarly, we have

yn+1f(;1/82)yo, where n = 2k — 1,k = 1,2,3, ..., 6)
and

yn+1_(;1gz)y1, where n =2k — 2,k =1,2,3,.... (7)

Hence, from the proof is completed. O
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3. GLOBAL BEHAVIOR

In the following, we state some main definitions used in this paper.
Let I, J be some intervals of real numbers and let

f:I’xJ* —Tandg:I*xJ>—J (8)

are continuously differentiable functions. Then, for all initial values (x_1, 2o, y—1,%0) €
I% x J?, the system of difference equations

Tnt1 = f(@ns Tn-1,Yn, Yn-1)s Ynt1 = 9(@n, Tn1,Yn: Yn-1), n=0,1,2,..., (9)
has a unique solution {(z,, yn)}5 .
Definition 3.1. A point (Z,7) is called an equilibrium point of the system @ if
= f(z,2,9,9), §=9(Z,2,9,9) (10)
Definition 3.2. [9, [I7] Let (Z,y) be an equilibrium point of the system @D
i) An equilibrium point (Z,y) is said to be stable if for every e > 0 there exists
d > 0 such that for every initial point (z;,y;),t € {—1,0} if i (s, y:) —
(Z,9)|| < ¢ implies ||(Xn,yn) — (Z,7)|| < € for alln > 0. An et;zjigi})rium point
(z,7) is said to be unstable if it is not stable (the Buclidean norm in R? given

by ||(z,y)|l = V/&* + y? is denoted by ||.|| ).

i1) An equilibrium point (Z,7y) is said to be asymptotically stable if there exists
0

n > 0 such that Z (xi, i) — (Z,9)| <n and (xn,yn) — (Z,7) as n — oo.
i=—1
iit) An equilibrium point (Z,7) is called a global attractor if (xn,yn) — (T,7) as
n — 00.
i) An equilibrium point (Z,y) is called an asymptotic global attractor if it is global
attractor and stable.

Definition 3.3. [9,[17] Let (Z, ) be an equilibrium point of a map F = (f, Zn, g, Yn),
where f and g are continuously differentiable functions at (,y). The linearized sys-
tem of @D about the equilibrium point (z,q) is given by

XnJrl - F(Xn) = FJX’ru

T

Yn

n—1
Yn—1
equilibrium point (T, 7).

where X,, = and Fj is a Jacobian matriz of the system @ about the

In order to corresponding linearized form of system we consider the following
transformation:

(InvyTHITL—lvyn—l) — (fagaflagl)7 (11)
where f = 2p41,9 = Yn+1, f1 = Tn,91 = yn. The linearized system of about
(z,7y) is given by

Yn—i—l = FJ(fvg)Yna (12)
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In
where Y,, = Yn and the Jacobian matrix of the system about the equilib-
n—1
Yn—1
rium point (&, ) is given by
«@ —71Z
0 ,31+1V151 B1+’1Y1i 0 i
Fy(z,g) = | Bt O 0 Grns (13)
z,9) =
Sy 1 0 0 0
0 1 0 0

The following results will be useful in the sequel.

Lemma 3.1. [9] Assume that X,,11 = F(X,),n =0,1,2,..., is a system of dif-
ference equations such that X is a fized point of F. If all eigenvalues of Jacobian
matriz Fy about X lie inside the open unit disk |\| < 1, then X is locally asymp-
totically stable. If one of them has a modulus greater than one, then X is unstable.

Lemma 3.2. [4] Assume that qo,q1, .- -,qr are real numbers such that
g0l + laa] + - + lgx] < 1.
Then all roots of the equation
Mg+t g @ =0
lie inside the unit disk.

The next theorem will show the existence of zero equilibrium and establish the
condition for existence of positive equilibrium of the system .

Theorem 3.3. Suppose that aq, 51,71, a2, B2,72 are positive constants which sat-
isfy

10 > ,Blﬁz. (14)
Then the system has a zero equilibrium (0,0) and a positive equilibrium (Z,q),
otherwise, the system has a unique zero equilibrium (0,0).

Proof. We consider the following system of algebraic equations:
ary Q2T

x:51+’Y1$’ y:52+’Y2y. (15)
From , we obtain:
z=0, (16)
and
ax® +ba? +cx+d=0, (17)

where a = 7§72,b = 2817172, ¢ = a1 8271 + B2, d = a1 (B2 — caas).
From 7 x = 0 follows y = 0. Hence, (0,0) is a solution of , so (0,0) is an
equilibrium of .

We consider the function

F(z) = az® + ba® + cx + d. (18)
Since holds, then from we have:
F(O) :d:al(ﬂlﬂg 7@1&2) <0, (19)
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and
ZEI}QOOF(:C) = +o00. (20)
From we have:
F'(x) = 3ax® 4+ 2bx +¢ >0 for all x > 0. (21)

From (21) implies that F(z) is increasing function on [0, 00). Moreover, from
and (21]) we can conclude that the equation has a unique positive solution.

If (14) does not hold, it means that d > 0 or d = 0, then F(z) > 0 for all x > 0 as
d > 0 or F(xz) =0 has only one root x = 0 as d = 0. The proof of the theorem is
completed. (I

In the next theorem we will study the asymptotic behavior of the positive solu-
tions of . The next lemma is a slight modification of Theorem 1.16 of [I1] and
for readers convenience we state it without its proof.

Lemma 3.4. Let f : Rt x Rt — RT, g : Rt x Rt — R* be a continuous
function, Rt = (0, co) and a1, b1, a2, by be positive numbers such that a; <
b1, as < by. Suppose that

filar, bi] x [ag, bo] — [a1, bi], g:[a1, b1] X [a2, bo] — [az, bal. (22)

In addition, assume that f(x, y) (res. g(x, y)) is decreasing with respect to x (res.
y) for every y (res. x) and increasing with respect to y (res. x) for every x (res.
y). Finally suppose that if my, My, mo, My are real numbers such that

my = f(Mi,ma), My = f(m1, Ma),ma = g(ma, Ma), Ma = g(M1,m2),  (23)
then my = My and mo = Msy. Then the following system of difference equations
Tnt+1 = f(xn—lvyn)7 Yn+1 = g(xn,yn—l) (24)
has a unique positive equilibrium (Z, §) such that lim (zn,yn) = (T, 7).
n—oo
Theorem 3.5. If holds, then the system has a unique positive equilibrium
(Z,y) which is global attractor.

Proof. From we have

A1Yn Q1Yn
Tpil = < , 25
i Br+MTp-1 ~ NTn-1 (25)
and o o
24n 2
=— < =z, 26
I Yt B2 " (26)
Then, from (25) and (26) we imply
Q1Yn (05 e e 30
T < < — Ty = . 27
S T T et B T Bam @7)
Hence,
a1
zn €10, 22)n=2,3,4,... 28
[ 5271] (28)
Argue similarly, we have
19
€ [0, n=234,... 29
e 0. 522 (29)
Now we consider two following functions
a1y Qo
flxy) = 7———, g9(z,y) = —. 30
(z-9) B+ Mz (@9) B2 + Y2y (30)



86 MAI NAM PHONG EJMAA-2020/8(2)

It is easy to see that f(x,y) is decreasing with respect to z for every y and increasing
with respect to y for every z; g(z,y) is decreasing with respect to y for every x and
increasing with respect to x for every y. Moreover, f: I xJ —I,g: I xJ — J,

where I = [0, 041042} and J = [0, alaZ].
Pam V2

Let my, My, mo, M be positive real numbers such that
my = f(Mi,ma), My = f(mi, Ma),

31
mo = g(ma, Ma), My = g(My, m2). D)
It means that M
1Mo Qp Vi
m=—-—— =——) 32
! p1+ M ! B1 +y1m1 (32)
and o
oMy Qg Vi
Mo = ——— =——\ 33
2T Bt 1My’ T By yemy (33)
From we have
pimi +y1mi My = aime, (34)
and
1M1+ yimi My = oy M. (35)
By subtracting from we obtain
Bi(my — My) = ay(mg — My). (36)
Similarly, from we have
52(m2 — Mg) = Oég(ml — Ml) (37)
Moreover, from and we imply
M(ml — M) =0. (38)

aq

Because holds, then from we have m; = M7, and as consequence, from
follows ms = Ms. By using Lemma |3.4] we complete the proof of this theorem. [

Theorem 3.6. Assume that

arag < P15, (39)
then the zero equilibrium (0,0) is globally asymptotically stable, and if holds
then the zero equilibrium (0,0) is unstable.

Proof. The characteristic polynomial of Jacobian matrix Fj(Z, ) about (Z,7) is
given by

P(\) = My Yy T a0 ] 2 Y1722y
Botvy  BitmmT (B +m7T)(B2 +729) (B1+mT)(B2 (‘*‘ “Y)ﬂ])
40
When (Z,7) = (0,0), we have
Po.oy(A) = A% — 21922, 11
0,0)(A) 5.5, (41)
The equation P )(A) = 0 has four roots which are \; = 0, Ay =0, A3 = %igs
and Ay = —, /%igj
If holds, we can see that [A1] = |A2| =0 <1 and |[As| = |A\4| = (/552 < 1,
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and it follows from Lemma [3.1] that the zero equilibrium point (0,0) of the system

(1) is locally asymptotically stable. Moreover, because holds and from 7

(7) we have lim z, =0 and lim y, = 0. Hence, the zero equilibrium point (0,0)
n—oo n—oo

is globally asymptotically stable. If holds, then |A3| > 1, it follows that the

zero equilibrium point (0, 0) is unstable. This completes the proof. (]

4. RATE OF CONVERGENCE

In this section, firstly we will establish the rate of convergence of a solution that
converges to the equilibrium F = (Z,y) of the systems , and then we imply
the result for the case in which the solution of converges to the equilibrium
O = (0,0). The rate of convergence of solutions that converge to an equilibrium
has been obtained for some two-dimensional systems in [19] and [20].

The following results give the rate of convergence of solutions of a system of
difference equations

Xn+1 = [A+ B(n)]x, (42)

where x,, is a k-dimensional vector, A € C*** is a constant matrix, and B : Z+ —
Ck*k is a matrix function satisfying

IB(n)|| — 0 when n — oo, (43)

where ||.|| denotes any matrix norm which is associated with the vector norm; ||.||
also denotes the Euclidean norm in R? given by

%[l =1l(z, Yl = Va2 + 2. (44)

Theorem 4.1. ([23]) Assume that condition holds. If x,, is a solution of
system , then either x,, = 0 for all large n or

n

p = lim Xn ||
n—oo
exists and is equal to the modulus of one of the eigenvalues of matriz A.

Theorem 4.2. (|23]) Assume that condition holds. If x,, is a solution of
system , then either x, = 0 for all large n or

i bl
n—oo Han

exists and is equal to the modulus of one of the eigenvalues of matriz A.
Now we will state and prove the main result of this section.

Theorem 4.3. Assume that {(zn,yn)} s a positive solution of the system (1)) such
that limy, 00 T, = T, limy, oo Yy, = §. Then the error vector

e,ll Ty — T
o, — fi |-
€n_1 Tp_1— I

6%71 Yn—1—Y

of every solution (xn,yn) # (Z,9) of satisfies both of the following asymptotic
relations:

n

enll = N (Jr(Z.9))] for some i € {1, 2, 3, 4)

lim
n—oo
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and
. Hen+1” 1y I .
lim = |N(Jp(Z,9))| for somei e {1, 2, 3, 4}

n—oo |len|
where | \i(Jr(Z,7))]| is equal to the modulus of one of the eigenvalues of the Jacobian
matriz evaluated at the equilibrium (Z,7).

Proof. Let {(zn,yn)} be an arbitrary positive solution of the system such that
limy, oo Ty = T, lim, 00 yn = y. Firstly, we will find a system satisfied by the error
terms, which are given as

o gy ay  oye(b ) — g+ naa-1)
(. Br+MTn-1 PrL+nT (B1 +71xn—1)(B1 +MT)
. s N g (501~ )
(B1 +72n-1)(B1 +717T) hn =¥ (B1 +M2n-1)(B1 +mT) "_1(45) ’
and
o oomy sk wn(Be+729) — 2%(B2 +2yn—1)
Y Y Yon 1 Ba+ 2y (B2 + v2yn—1)(B2 + 720)
_ o2(B2 + 729) (2n —T) — Q272 (1 — 7).
(B2 + Y2yn—1)(B2 + 727) " (B2 + 12yn—1)(B2 + 12) 7"~ (46)

Let e} =z, — 7 and €2 = y,, — 9, then from and we have:

1 _ 2 1
en—i—l = Pn€y, + qn€n_1;

2 _ 1 2
n+1 = Tn€p + Sn€n—1,

where ~
a1 (B +71T)

B1+1xp-1)(Br +mZT)’
a1y

pn:(

= TG+ nwn) B+ na)
— az(B2 + 729)

" (B2 + v2Yn—1) (B2 + 29)’
8, = — Oég’)/QCE

(B2 + Y2Un—1) (B2 + 720)
Taking the limmits of p,, ¢n, r, and s, as n — oo, we obtain

lim p, = I S [ Gn = o amy
n—oo (B +mT) neel (Br +mz)?’
lim 7"n:$_7 lim sn:—%.
n—00 (B2 + 72y) " n—oo (B2 + 729)
that is _
e %1 171y
Pn=7-—""7--+T é y Qn = —7————5 + s
" (B +mT) o (B +72)? i
o) Q22T
Tn — ———— =+ 9 , Sp = — — + .
E o IR e R

where 5, — 0, 1, — 0, 8, — 0 and {,, — 0 as n — oc.
Now, we have system of the form :

ent1 = (A+ B(n))en,
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where
0 Qg oy 0
o (B1 + M) (B +m%)? o
2 272
A — 0 0 — —
(B2 + 129) (B2 +729)2 |’
1 0 0 0
0 1 0 0
0 0, mn O
- 0, O 0 (n
Bm=19 o o o]
0o 0O 0 0
and

|IB(n)|| = 0asn — oo.

Thus, the limiting system of error terms can be written as:

enirl = A 1671
€n €n—1
e en1

The system is exactly linearized system of (1)) evaluated at the equilibrium E =
(Z, g). Then from Theorem and Theorem |4.2| we can imply the result. O

In case the equilibrium is O = (0,0), we have the following result.

Theorem 4.4. Assume that holds. Then the error vector of every solution
(Tn,yn) # (0,0) of satisfies both of the following asymptotic relations:

ILm Vlenl = le \/:l:% +y2+22  +y2 ; =|N(JE(0,0))] for somei € {1, 2, 3, 4}

and

2 2 2 2

e Tpp1 T +z, +

Jim ol g [t U Ty (p(0,0)) o some € {1, 2,3, 4)
n n Yn xnfl—’_ynfl

where |A;(Jr(0,0))| is equal to the modulus of one of the eigenvalues of the Jacobian
matriz evaluated at the equilibrium Jp(0,0) i.e. A\; € {—, /%, 0, %igs }.

5. PERIODIC NATURE OF SOLUTIONS OF

Theorem 5.1. Assume that holds, then system has no positive solutions
of prime period two.

Proof. We suppose contrarily that the system has a distinctive prime period-two
positive solutions:

cey (plaql)v (p23q2)7 (p17q1)7 (p27q2)’ B (47)

where p1,p2,q1,qe are positive real numbers and p; # p2,q1 # ¢2. Then, from
system , we have:

@142 a141 (48)

p1= D2 =
B+’ B1 +1p2’
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and Qa2P2 2P
N Bt ma T Bt (49)
From and , we get:
Bip1 + npt = aige, (50)
Bip2 + mps = arqy, (51)
Bagi + Y2q; = azpa, (52)
B2z + 7243 = ap. (53)

On subtracting and we obtain:

[B1 +71(p1 + p2)](p1 — p2) = @1(q2 — q1)- (54)
Similarly, by subtracting and we have:
(B2 +72(q1 + @2)](q1 — g2) = a2(p2 — p1). (55)
From and we can imply:
{[B1 +71(p1 +p2)[B2 +12(q1 + @2)] — raa} (g1 — ¢2) = 0. (56)
Because of , we can see that
[B1 +71(p1 + p2)][B2 +72(q1 + ¢2)] — @12 > 0. (57)

Hence, from follows ¢1 = ¢2, and p; = ps as a consequence from , which is
a contradiction. This completes the proof of the theorem. ([l

6. EXAMPLES

In order to verify our theoretical results and to support our theoretical discus-
sion, we consider several interesting numerical examples. These examples represent
different types of qualitative behavior of solutions of the systems . All plots in
this section are drawn with Matlab.

Example 6.1. Let a; = 1.7,3; = 1.6,v; = 0.06, g = 26, 82 = 21,75 = 0.03. We
can see that ayas > 182, so the condition holds, according to Theorem
we follow the system (1) has a unique positive equilibrium (T,q), which is global
attractor. The system (1]) can be written as

1.7y, B 26,
1.6 + 0.062, 1" V™' 211 0.03yn_s

with initial conditions x_1 = 0.8, x¢9 = 0.3, y_; = 0.004 and yo = 0.008.

Tn4+1 = (58)

In this case, the unique positive equilibrium point of the system is (z,9) =
(7.9327,9.6871), which is global attractor. In Figure[l} the plot of x,, is shown in
Figure [1] (a), the plot of gy, is shown in Figure [1| (b), and a phase portrait of the
system (58) is shown in Figure [1] (c).

Example 6.2. Let a; = 14,81 = 17,71 = 0.5,a5 = 18,85 = 21,7 = 0.8. We
can see that the condition of Theorem 1s satisfied, i.e, aras < P1P2. The
system can be written as

14y, _ 18z,
171 052,117 211 0.8y,

with initial conditions x_1 = 0.18, zog = 0.2, y_; = 0.16 and yo = 0.03.

Tntl = (59)
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(c) An attractor of the system (58)

FiGURE 1. Plots for the system
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Fi1GURE 2. Plots for the system
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In this case, the zero equilibrium point O(0, 0) is globally asymptotically stable.

Moreover, in Figure 2| the plot of z, is shown in Figure [2| (a), the plot of y,, is
shown in Figure [2] (b), and an attractor of the system is shown in Figure 2] (c).
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