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AROUND A CONJECTURE OF K. TRAN

I. NDIKUBWAYO

ABSTRACT. We study the root distribution of a sequence of polynomials { P (2)}52
with the rational generating function

oo - 1
,;P"(Z)t TIIBOC + A

for (k,¢) = (3,2) and (4,3) where A(z) and B(z) are arbitrary polynomials
in z with complex coefficients. We show that the zeros of Py (z) which satisfy
A(2)B(z) # 0 lie on a real algebraic curve which we describe explicitly.

1. INTRODUCTION

The study of zeros of sequences of polynomials plays an important role in many
areas of mathematics such as analysis, probability theory, combinatorics and geome-
try. In this article, we study the distribution of zeros of polynomials in a polynomial
sequence {P,}52 , generated by a certain type of three-term recurrence relation.
Such polynomials are of interest due to several remarkable properties they possess.
For example, three-term recurrence relations are useful in numerical mathematics
for producing sequences of orthogonal polynomials. Let Q1(z), Q2(2) ..., Qxr(z) be

fixed complex polynomials and {P,(z)}22, be the sequence of polynomials gener-
ated by recurrence relation of the form:

subject to certain initial conditions.

The problem of describing the location of the zeros of polynomials in the sequence
{P.(2)}22, might have two different versions. The first is asymptotic and it aims
at finding the limiting curve for the zeros of P, (z) as n — oo. This is the approach
taken in the papers ( [3], [4], [6] and [12] ). The second is of exact type; it aims at
finding the curve where all the zeros of P,(z) lie for all n (or at least for all large
n), for example ( [I] and [2] ). For general recurrence relations, such curves do not
exist. However, for three-term recurrences with 2 < k < 5 and appropriate initial
conditions, such a curve containing all the zeros of P, (z) exists and is given in [I].
More generally in [T, Conjecture 6], K. Tran conjectured existence of such a curve
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for all £ > 6. Below we reformulate Tran’s Conjecture.

Conjecture A For an arbitrary pair of complex polynomials A(z) and B(z),
every zero of every polynomial in the sequence {P,(2)}52; satisfying the three-
term recurrence relation of length k

P, (2) + B(2)Pp-1(2) + A(2) Ph—i(2) =0 for n=1,2,...

with the standard initial conditions Py(z) = 1, P_1(z) = --- = Py_;(2) = 0 which
is not a zero of A(z) lies on the portion of the real algebraic curve C C C given by

o(58) -0 m 0 comn(59) s e

The first part of the above conjecture explicitly defines the real algebraic curve
on which all the zeros of the polynomials P,(z) (except the zeros shared with
A(z)) are located. The second part describes the exact portion on this curve where
these zeros lie. In [I], Conjecture A was settled for £ < 5. In a subsequent paper
[2], K. Tran proved existence of such a curve containing all the zeros of P, (z) for
sufficiently large n and arbitrary k. More supporting results can be found in [7].
Additionally, a criterion for the reality of all the zeros of every polynomial in the
sequence { P, (2)}52, for k = 2 can be found in [I0].

Based on numerical experiments, B. Shapiro has formulated the following gen-
eralization of Conjecture A (private communication).
Conjecture 1 For an arbitrary pair of complex polynomials A(z) and B(z), ev-
ery zero of every polynomial in the sequence {P,(z)}>2, satisfying the three-term
recurrence relation of length k

P, (2) + B(2)Pp—¢(2) + A(2) Pr—i(2) =0 for n=1,2,... (2)

with the standard initial conditions Py(z) = 1, P_1(z) = -+ = Py_;(2) = 0 and
coprime 1 < ¢ < k which is not a zero of A(z) or B(z) lies on the real algebraic

curve C C C given by
B*(2)
2 _— =
°(Fe) -0

The purpose of this paper is to prove some specific cases of Conjecture 1 and make
them more precise. It is important to note that the rational function B¥(z)/A*(2)
can be written in terms of the discriminant of the denominator of the generating
function of the polynomial sequence generated by . Our approach to the proof
of the specific cases of Conjecture 1 uses the g-analogue of the discriminant of a
polynomial, a concept introduced by Ismail in [9] and used in [I]. In particular, the
ratios of zeros of the denominator of the generating function with equal modulus
will play a fundamental role.

The paper is organized as follows. In Section [2] we review the most important
notions and basic results. In Section [3] we prove some relevant general results.
In Section [@] we prove the main results of the paper. In Section [5} we give some
numerical examples.

2. DISCRIMINANTS

This paper uses discriminants, and therefore we present below a few key results
about them from the literature. Our initial step is to recall the concept of discrim-
inants of polynomials, both ordinary and g-discriminants.
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Definition 1 (see [I1]) Let P(x) be a univariate polynomial of degree n with zeros
Z1,...,%, and leading coefficient a,,. The ordinary discriminant of P(x) is defined
as
Disc,(P(z)) = a2 ? H (z; —x)%
1<i<j<n
This ordinary discriminant of P(z) can also be expressed in terms of the resultant
of P(z) and its derivative. Let P(z), Q(x) be polynomials of degrees n, m and
leading coefficients a,, b,, respectively. The resultant of P(z) and Q(z) is defined
by
Res(P(2),Q(z)) =ay [[ Q@)=0b;, [ P 3)
P(xz;)=0 Q(z;)=0
The discriminant of P(z) is then computed as follows

nn=1) 1
Discy(P(z)) = (1) —Res(P(x), P'(x)). (4)

an
For more details on the ordinary discriminants and resultants, ( see [5] and [11] ).
Example 1 If f(z) and g(x) are fixed complex polynomials in  with f # 0, then

the discriminant of P(x,t) = f(2)t3 + g(x)t?> + 1 as a polynomial in ¢ is given by
Dise,(P(x,1)) = =27(f(x))* - 4(g(x))*.
The proof/ verification of the above example follows directly from equation .

Generally, the discriminant of a polynomial connects with the ratio of its zeros in
the sense that the discriminant is zero if and only if the polynomial has a multiple
zero. In particular, the discriminant of a polynomial vanishes whenever there exist
at least two zeros that are equal, i.e., zeros whose ratio is 1.

Definition 2 (see [9]) Let P(t) be a polynomial of degree n with zeros z1,...,z,
and leading coefficient a,. The g-discriminant of P(¢) is

Disct(P(t);q) _ qn(n—l)/2ain—2 H (q_1/2$i _ q1/2xj)(q1/2xi B q_l/zxj).

1<i<j<n
In other words,
Di P(t): _ n(n—=1)/2 2n-2 2 2 _ (1 o 5
isci(P(t);q) = q ay (7 +2F = (7" + Quizy) . (5)
1<i<j<n

It is clear from Definition [2| that Disci(P(t);1) = Disci(P(t)), the ordinary
discriminant of the polynomial. Additionally, the g-discriminant vanishes whenever
there is a pair of zeros with ratio g. Below we give some examples of g-discriminants.
Example 2 Let P(t) = at? + bt + ¢ be a quadratic polynomial with complex
coefficients. The g¢-discriminant of P(t) is

Disci(P(t);q) = b%q — (g + 1)%ac.

This case can easily be computed from Equation . A similar but tedious
calculation give the g-discriminant of cubic polynomial P(t) = at? + bt? + ct +d as
Disci(P(t); q) = —a*d*(1+q+q*)* —b**(—c2q+bd(1+q)?) +acq(—cq(1+q)* +bd®)

where ® = 1+ 5q + 6¢% + 5¢° + ¢*.

In general computing g-discriminants using Definition[2can be a tedious exercise.
However, the following proposition proved in [9] is often used.
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Proposition 1 Let P(t) be a polynomial of degree n with zeros z1,...,z, and
leading coefficient a,,. The g¢-discriminant of P(t) is given by:

Discy(P(t);q) = (=1)"" D202 TT(Dy P) (w2),
i=1

where
P(t) — P(qt)

t—qt

Proposition 1 is used in ( [2] and [I4] ) to derive the expression of the ¢-
discriminant of the polynomial D(¢,z) = A(x)t™ + B(x)t + 1. This is stated in
Proposition |2, (we suppress the parameter ).
Proposition 2 (K. Tran [2]) Let D(t) = At™ + Bt + 1 be a polynomial in ¢ of
degree n where A and B are arbitrary fixed complex functions. The g¢-discriminant
of D(t) = At" 4+ Bt + 1 is given by

(DyP)(t) =

71(1 _ qnfl)nfl
(1—gt

Discy(D(t): q) = £A"2 (B”q

+ (_1)n71 (1 — qn)nA> )

(1—q)"

For completeness let us review some definitions (also obtained in [8] [12]) about
the root distribution of a sequence of functions

frn =3 ai(=)Bi(2)™,
=1

where «;(z) and 3;(z) are analytic in a domain D. Let us call an index ¢ dominant
at z if [Bi(2)] > |B;(z)| for all j(1 <j <mn). Let

D; ={z € D :iis dominant at z}.

Denote the set of zeros of f,,,(z) by Z(fm)-

Definition 3 (see [§]) The set of all z € D such that every neighborhood U of z
has a non-empty intersection with infinitely many of the sets Z(f,,) is called limit
superior of Z(f,,) and is denoted by limsup Z(f,,). On the other hand, the set
of all z € D such that every neighborhood U of z has a non-empty intersection
with all but finitely many of the sets Z(f,,) is called limit inferior of Z(f,,) and is
denoted by liminf Z(f,,).

We note that both liminf Z(f,,) and limsup Z(f,,) always exist. In addition,
it always holds that liminf Z(f,,) C limsup Z(f,,). Moreover, in the event that
both the liminf Z(f,,) and limsup Z(f,,) coincide, then we call this set, the limit
of Z(fm), namely, lim Z(f,,) = iminf Z(f,,) = limsup Z(f).

The following theorem, see ([8, Theorem 1.5]) will be useful in this work.
Theorem 1 Let D be a domain in C, and let ay,...,an,B1,...,0n,(n > 2) be
analytic functions on D, none of which is identically zero. Let us further assume
a “no-degenerate-dominance” condition, that is, there do not exist indices ¢ # ¢’
such that 8; = wf; for some constant w with |w| = 1 and such that D;(= D;/) has
nonempty interior. For each integer m > 0, define f,, by

fn= D ail2)B(2)"



20 I. NDIKUBWAYO EJMAA-2020/8(2)

Then liminf Z(f,,) = limsup Z(f,,), and a point z lies in this set if and only if
either

(a) there is a unique dominant index ¢ at z, and «;(z) = 0, or

(b) there are two or more dominant indices at z.

Remark 1

Case (a) of Theorem 1 consists of isolated points in D while case (b) consists of
curves (and possibly isolated points where all the §; vanish simultaneously). The
Beraha-Kahane-Weiss Theorem for finding limits of roots of family of polynomials
is a special case of Theorem 1 in which f,,, are polynomials satisfying a linear finite-
order recurrence relation. See e.g the papers ( [3] and [4] ) for details. In our case
fm are the polynomials P,, satisfying a three-term recurrence relation.

If z* € C is a fixed complex number such that the zeros in ¢ of D(t,z*) =
A(z*)tF + B(2*)t* +1 are distinct, then by use of partial fraction decomposition and
Theorem 1, z* belongs to liminf Z(f,,) when the two smallest zeros (in modulus)
of D(t,z*) have the same modulus, [I5]. Since the solutions to D(t,z) = 0 never
vanish (identically) in the required domain, it follows that case Theorem 1(a) is
never satisfied (no unique dominant index) and we are left to be in case of Theorem
1(b) where we have some equimodularity condition.

Now with our setup, if we can obtain a point z* € C so that the zeros of D(¢, z*)
are distinct and the two smallest (in modulus) zeros of D(¢,2*) have the same
modulus, then for such a point z*, we have that z* € liminf Z(f,,) = limsup Z(f.,).
This implies that on a small neighborhood of z*, there is a zero of f,, for all large
m by the Definition 3 of liminf Z(f,,). For details see [15].

It is important to note that Theorem 1 provides a description of the asymptotic
behaviour of the zeros of {P,(x)} in the general case. On the other hand, Con-
jectures A and 1 describe specific cases where all the zeros z of P,(x) such that
A(z) # 0 for Conjecture A or (A(2)B(z) # 0 for Conjecture 1) lie on the curve C
for all n or for all sufficiently large n.

3. GENERAL RESULTS

In order to prove some specific cases of Conjecture 1, we first prove some gen-
eral auxiliary lemmas. The results for cases when (k,¢) = (3,2) and (k,¢) = (4,3)
then fit in as specific cases. In this section among other things, we compute the
g-discriminant of a special polynomial D(t,z) = A(2)t* + B(2)t* + 1 for coprime
1 </ < k. We begin as follows.

Lemma 1 Let A(z), B(z) be fixed complex polynomials and {P,(z)}22, be a se-
quence of polynomials given by linear recurrence relation of length k

Pn(2) + B(2) Pot(2) + A(2) Pk (2) = 0 (6)

with the standard initial conditions Py(z) = 1, P_1(z) = --- = Py_j(2) = 0 where
1 < ¢ < k are coprime. The generating function of {P,,(z)}>2, is given by

- n __ 1
nZ:OP"(Z)t 1+ B(2)tt + A(2)th’ @

Proof. Let G(t) = }_, 5 Pat" be the generating function of { P, }52 . Multiplying
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@ by t" and summing over from n = k to infinity, we obtain

Z P,t" + B Z P, "+ A Z Py it =0

n>k n>k n>k

Simplifying gives

k—1 k—0—1
(G(t) -y Pnt”> + Bt (G(t) - Pnt”> + At*G(t) =0

n=0

which is equivalent to

k—£—1
G(t):1+B( )t1+A (ZPt”+Bt‘3 Z Pt")

—1 k—1
1
= 1 Pot" P, + BP,_)t" | .
1+B(z)t€+A(z)tk< > (Pt 2 )

n=1 n=~{(

From Equation @, we have P, = 0 for 0<n<{-—1and P, + BP,_;, =0 for
¢ <n<k-—1. It follows that 1 + Z P t" + Zn Z(P + BP,_¢)t" = 1, which
proves the required result.

Let us now consider the g-discriminant of D(¢, z). In the following theorem, we
shall suppress the variable z.
Theorem 2 For coprime 1 < ¢ < k, the ¢g-discriminant of D(t) = At* + Bt* +1 is
given by

k(k+1)
2

Discy(D(t);q) = (—1) (" =1)FA = B*(1 - ¢"(¢" =) YW (8)

where W = AF=*=1B=1(1 — ¢)=F.
Proof. By Proposition 1, we have

Discy(D(t); q) = (=1)F(E=1/2 gh=2 H (DgD)(s57),

D(s})=0
1<i<k
where
D(t) — D(qt)
D,D)(t) = ——=.
(DDt = ==
Now

At* + Btt + 1 — (Ag*t* + Bq't* 4 1)
t—qt

(DD)(t) =

L 1—qF 1—¢°
= Ath! 7
1—q+ 1—g¢q 9)

Using equation with P = D and Q = DyD we obtain

I <DqD>(s:f>=A(1‘qk)k )

1-gq
D(s)=0 (DqD)(t7)
1<i<k 1<i<k—1
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This implies that

k
Disci(D(t): q) = (—1) %52 gk-1 (1—‘11“)

E(k—1 — gk — gk
—ota (20) T Lo o

Now, D(t) and D,D(t) are related by the equation
D _ _qk _ ¢
(DD)() = (2L — pit= — 1) 1=t 4 gt (AL,
Therefore
=)~ (=5) - (=5)
D(t =(Bt"+1 _ B +t(D,D)(t
o (T=0) =y (22 =) +up,D)0)

:tU%lDu)+l%f(qé_qk>+—1_qk

1—gq l—q
At the zeros t} of (DyD)(t) for 1 <i <k — 1, we have (D,D)(t}) = 0, hence
1-¢" ((d—d" 1-¢*
D(t} = (&} B : 11
o (T2 ) = (=5 ) pe 22 ()

Now substituting equation into equation we obtain

DwMD@m%:GUMZ%M*(l_ﬁ) 11 <@y<%:§>3+1if)

1_
T/ (o, D)7
k—1
_ (—I)W(AB)’“—l (1 _qk) (qz —q’f)

1<i<k—1

1—gq 1—¢q
1qu
< ] Qﬁy+>
Bld — *
(D D)(¢7) (¢° = a¥)
1<i<k—1

From Equation (9)), the condition (DyD)(t;) = 0 for 1 <i < k — 1 implies that 0 is
a root that occurs with multiplicity £ — 1. The other zeros satisfy the relation

=5 (125). (12)

Since the integers k and ¢ are coprime, which is equivalent k—¢ and ¢ being coprime,
we can make the change of variables £ = t!. We observe that trfor1 <i<k—-{is

a zero to the polynomial r(t) = tF=¢ 4+ % (}:gi ) By the change of variable £ = ¢/,

the polynomial 7(t) becomes

m@)=£“4——(:f>e(i_gz>é (13)
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In particular, the solutions & to ¥(¢) = 0 for 1 < i < k — £ are of the form (¢})*
where t} is a solution to r(¢) = 0, (nonzero solution to (DyD)(t) = 0). So

1-— qk 1_ qk
I (0 gots)- T (4 5025):
Bldt — oF i T B gk
(DgD)(t7)=0 (" —a%) W(£)=0 (¢° —a")
120 1<i<k—¢
1<i<k—¢

The zero t7 = 0 for 1 < ¢ < £—1 contributes the following factor to the discriminant

The expression for Disci(D(t);q) now has the form

1—gq 1—gq (¢¢ — ¢*
1—q7C
I (e,
7 B ¢ _ k
¥(eH)=0 (¢* — ¢*)
1<i<k—¢

We now simplify the remaining product. Consider the following equation:

0 ANEA
_ -B 1—g¢q
= () (=) g
Using the change of variable
1—gF
E=Y - — 1
B(¢" — q")

Equation ([14) becomes
yo Ledt N By e
B(q* —q*) A l—g*) 7

Using Binomial Theorem, we get
k ¢
_ 1—4¢") -B 1-¢*
O T G (R Gl 1 - =
vt (st ) - () (155) -0
¢

B(¢" — ¢
e~ () () (29
B(¢" — q¥) A 1—qk) "
Fori=1,2,...,k — ¢, let y; are the solutions to g(Y') = 0. Then
1—gF
B(¢" — q")

for some j € {1,2,...,k — £}. So we can choose i = j so that & = y; — B(T%"‘)'

—¢

The constant term in g(Y") is

§i =vi—

Now the product of solutions to g(Y) = 0 is given by

o-co T [(aete) - (F) (29
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or
k—¢C K k—¢C
L (6 + gt ) = v = e @)

Plugging equation into the expression for Disci(D(t);q) gives

(1—g)* B(¢* —q*)

Discy(D(t);q) = (—1)

k_ 1)k—t —1)!BY(1 — ¢")*
. (1)t [Bk(qe(ql )qk)” ( A)e(l(qk)cj ) } . (16)

Simplifying equation gives

k(k2+1) (

Disci(D(t);q) = (—1) (qk _ 1)kA£ _ Bk(l _ qe)e(qz o qk)k_z) W,

where W = AF==1B*=1(1 — ¢)=%. The proof is complete.
Corollary 1 Let A and B be fixed complex polynomials. The g-discriminant of
D(t)=At* + Bt* + 1 is

B (4% (¢ = 1)"+ B¥a - De (¢~ 1))

Disc,(D(t);q) = (1—q)3

Proof. Set k =3 and ¢ =2 in the Theorem 2 above and obtain the result.
The following lemma will be used in the proof of the main results.
Lemma 2 Let k,¢ be integers and ¢ € C with |¢g| = 1. The function defined by

_kyk .
h(q) = W is real-valued.

Proof. Since |g| = 1, we have ¢° —q~° = 2iS(¢®), for any integer s, (herei? = —1).
3

It therefore follows that (1 —¢*)* = (¢%(¢7% — ¢2))* = ¢*(3)(—2i)*(S(q?))*. So,
(1—g"*
(1—q")"(q" — g*)k*
"D (=20)"(S(q?))*
0“3 (=20)!(3(q#)) g k005
B = (U5 +e=0+ (k=0 52 (g5 )4

(S(a2))! - (S(q"7 )k~

h(q) =

q

Since the expressions $(g?), 3(¢2) and %(q%) are all real, the result follows.

4. SPECIFIC CASES OF CONJECTURE 1 WHEN (k,¢) = (3,2) AND (k,?) = (4,3)

In this section, we settle the specific cases of (k,£) = (3,2) and (k,¢) = (4,3)
completely by showing that the zeros of P,(z) lie on a portion of real algebraic
B*(z)
At (zz)

curve & ( ) = 0. We also provide the relevant inequality constraint.
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21

FIGURE 1. Distribution of the quotients of zeros of D(t) = At3 +
Bt? + 1. Oy (blue), Cy (orange) and C3 (green).

For the case (k,¢) = (3,2), we begin with the following lemma.
Lemma 3 Suppose &3,&3 # 0 are complex numbers such that & + &3+ 1 =0 and
n+1 n+1
2 —1 & -1

-1 &1
for some positive integer n. Then & and &3 lie on the curve I' = C; U Cy U C5 and
are dense there as n — oo. Here the equations of Cy,Cy and Cj5 (see Fig. 1) are
given by

Ci: 2?+y*=1, <-4
I'= 02: ($+1)2+y2:1, T > %a
Cs: x:—%Jriy, ly| > @

The proof is similar to the one given in [2, Lemma 2] by letting & — %
Remark 2 Note that t1,ts and t3 are zeros of D(t,z) = A(2)t® + B(2)t?> + 1. By
Vieta’s formulae we have t1ty +t1t3 +tats = 0. Dividing by 7 and letting ¢; = t;/t1
and q; = 1/&;, i = 2,3 gives ga2q3 + q2 + g3 = 0 if and only if & + & + 1 = 0, the
first condition in Lemma 3.

Theorem 3 Let {P,(2)} be a polynomial sequence whose generating function is

- 1
Z P,(2)t" = ,
v 1+ B(2)t2 + A(2)t3

where B(z) and A(z) are polynomials in z with complex coefficients. Given any
n € N, those zeros z of P,(z) for which A(z)B(z) # 0 lie on the curve defined by

%(%)Oand0§%<i8><oo
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Proof. Let zy be a zero of P,(z) such that A(z)B(z9) # 0 and let t; = ¢1(20),t2 =
ta(20),t3 = t3(20) be the zeros of D(t, z9) = A(z0)t> + B(20)t?> + 1. There are two
cases we shall consider; namely, the case of repeated zeros and the case of distinct
zeros of D.

Case 1: Suppose D(t,z) has repeated zeros. The ordinary discriminant of
D(t, Zo) is

Disci(D(t,29)) = —27TA?(2) — 4B>(20).
For repeated zeros, Disci(D(t, zy)) = 0 which is equivalent to
3
Bz) _ 2T p

A2 (Zo) 4

Therefore, the point zy lies on the curve given by

S <B3(z)) _
A2(2)

Case 2: Suppose all the zeros of D(t,zp) are distinct, i.e., Disci(D(t,20)) # 0.
In this situation, let ¢1,¢2 and ¢3 be the three distinct zeros of D(t,z). We first
consider the distribution of quotients of zeros ¢; = ¢;/t1,1 < i < 3. Then we
examine the root distribution of P, (z) using g¢-discriminants. We show that these
quotients ¢; = t;/t1,1 < i < 3 lie on the curve in Fig.

Let zg be a root of P, (z) which satisfies A(z9)B(z0) # 0 and let t1 = #1(20),t2 =
ta(20),t3 = t3(20) be the zeros of D(t,29) = A(z0)t> + B(20)t? + 1.
By partial fraction decomposition, we have

1 1 1 3
1+ B(z)f + Alz20)t*  Az) ((t—tl)(t—tz)(t—tS ) ~ A(z) Zt-a};{a-t

By using geometric progression we get

o0

1 1 i

nOz n=0 "t

Hence we obtain

1
D(t,z) Z Z n+1 H t". (17)

111 i#£]

Comparing coefficients of ¢" in equations and ( we obtain

P< ZO Ztn-i-lHt,t

i=1 "t i#£]
Let ¢; = t;/t1, i = 2,3. Now for any n > 0, the equation P,(z9) = 0 is equivalent
to

45 (02 — a3) — g3 (g2 — 1) + g3 (g3 — 1) = 0. (18)
Since g2 — g3 = g2 — 1 — q3 + 1 it follows that
4593 (g2 — q3) = q3q5 (g2 — 1) — g5'q3 (g3 — 1).
Therefore equation can be rewritten as
a5 (a2 —1) —g3a5 (g3 — 1) = g5 (e2 — 1) — g5 (g3 — 1)
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and consequently since go, q3 # 0,1 we obtain

g —1 g5 — 1
= . 19
(2 —1)  q5(gs—1) (19)
If we add 1 on both sides of the equation and set ¢; = 1/&;, i = 2,3 we obtain
[one side]

g5 — 1 A T e OV R N S A
g5 (g2 — 1) g5 (g2 — 1) 3" (1-1/g2) -1
Similarly on the other side of equation we obtain
g5 —1 &gt
a5 (g3 — 1) -1
Thus equation becomes
P gt
-1 &-1"

the second condition in Lemma 3.

Next, we need show that &;,7 = 2,3 being on the curve I' implies that ¢; € I as
well. In particular, if £ € C7 then the corresponding g; € Cy. If & € C5 then the
corresponding ¢; € C3 and for §; € Cjs, the corresponding ¢; € Cs. To do this, it
is enough to show that I' is invariant under the Mobius inversion z — % This is
shown as follows.

(i) For any z = x + iy € C1, we have |z| = 1 with R(z) < —1. In addition, z # 0

and so the image of z under inversion w = % isw= % Note that |w| = |§| = ﬁ =1
Furthermore, R(w) = R(1) = T S — 2. Hence w € C1.

(ii) For any z = x + iy € C,, we have (z + 1)? + y* = 1 where z > —1. Under
the inversion w = %, we have
1 z T — 1y T — 1y 1 Y.
w=--=— = = :—7—1——2.
z |22 2?4y? (z+1)2+y2-20-1 2 2z

Note that on Cs, —% <z <0and —§ <y< § With these ranges on = and v,
we obtain [S(w)| = [£| > @ Clearly R(w) = —1. Hence w € Cj.
(iii) For any z = x + iy € C3, we have z = —3 + yi where |y| > ? Clearly
2 # 0. So |z] = |2|. Under the inversion w = 1, we have
1 z - —-1/2 -
S S S e R T T S
z o[22 a4y 2?4y 1A+ 1/44+ 2

With the ranges of x and y for z € C3, we obtain

—1/2 -1/2 1
0>R = > > ——. 20
=R = e 2 s 2 (20)
In addition, since J(w) = 1/27}@2 and |y| > ?, we have 0 < [$(w)] < @
Therefore w € Cs.
The conclusion that I' is invariant under the Mdbius inversion z — % thus follows.
Therefore g2 and g3 lie on the curve I' given in Lemma 3. The proof is complete.
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Now we know that g2 and g3 are given by the ratio of zeros of D and are therefore
the zeros of the discriminant. (Recall from Ismail [9] that the g-discriminant equals
zero if there is a pair of zeros with the ratio ¢). From Corollary 1, we know that
the ¢-discriminant of D(t,z) = 1 + B(2)t? + A(2)t? is given by

B (A2 (¢* - 1)3 + B*(q — 1)¢* (¢* — 1)2)
(1-q)? '
Since g2 and g3 are the zeros of the discriminant then
B (4% (g3 = 1)" + B3(g; — 1)a? (a2 — 1))
(1—q)?
with i = 2, 3. Consequently since ¢; # 0,1 we have

Disci(D(z,q)) =

Bz) _ —(1+qi+gq})°
A2(z) Gl +q)?
It remains to show that
_B(z) _ —(1+q+g¢°)°

T0=26 = "t
maps the curve T to a real interval so that we conclude S(f) = 0.
Now since ¢ lies on the curve in Fig. I} we have three possibilities below.
(a) |g| = 1, and this corresponds to the points £ on the curve Cj.
(b) ¢+ g = —1, and this corresponds to the points £ on the curve Cs.
(¢)] — 1 —g¢| =1, and this corresponds to the points £ on the curve Cs.

For part (a)

3(1 3
(1+g+q*)?® G +1+49)
¢*(1+ q)? e(5+2+4)
since % + ¢ € R. Hence (f) =0.

flg) = -

For part (b), note that § = —1 — ¢. Therefore

(1+7+¢)°  (A+(-1-q+(-1-9)?*)?

P+ (-1-¢2(1+(-1-¢))?
(gt 29+ 2 +1)8
(=1 —-¢)%¢?
C(+g+g¢*)?
¢*(1+q)?

Consequently f(q) = f(¢) = f(q), and we conclude that I(f) = 0.

For Part (c), | —1—g¢| =1= q= —1L,. Therefore

Lt O+ (EDYY . Qe
(@) = PO+a?  (ELpR(+rt)e | @ +p = f(q).

Hence f(7) = f(q) = f(q), and we conclude that I(f) = 0.
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The conclusion I(f) = 0 follows. Therefore, the point zg lies on the curve given

by
B(2)
S| ——=|=0. 21
(T 2y
Next we prove the inequality constraint. From the recurrence relation with
{ =2 k=3 we have

Py (2) + B(2)Pp_2(z

(2) +
whose characteristic equation is 3 + B(z)t + A(z) = 0. The corresponding denom-
inator of the generating function is D(t,2) = A(2)t® + B(2)t? + 1. Suppressing z,
we can write D(t) = At3 + Bt? + 1.

Let t1,to,t3 be the zeros of D(¢) labelled so that 0 < [t1] < |ta] < |t3] and set
q; = t;/t; for i = 1,2,3. Note these are functions of z. Vieta’s formulae give
tito + t1t3 + tots = 0. This implies that ¢35 = ﬁ where u = ¢s.

Equation (21 . describes the algebraic closure of the Beraha-Kahane-Weiss hmlt
(which is a real semialgebraic closure in R?). In other words the condition
describes the set of all z for which D(¢,z) has two roots with coinciding absolute
values. In terms of the quantities q1,¢2 and g3, the later condition is given by
¢1 =1, |g2| = |Ju| = 1. Thus if 2 is a zero of P,(z) and A(z9)B(z9) # 0 then
g1 = 1, |lu| = 1. The Beraha-Kahane-Weiss theorem limit is given by the extra
condition that |gs| > 1.

So, we search for an u such that the above conditions are satisfied. Let u = e
where 6 € [0, 27]. Tt follows from |g3| > 1 that 1 = |u| > |1+ u| = 2(1 4 cos §). This
implies that 6 € [2?“, %’r .

Let Q = {ei‘g : 2?” <0< %’T} Since g € Q C T, it follows that

A(z)P,—3(2) =0

0

(1+q+¢%)°
¢*(1+q)?
We now compute the range of f on Q. To do this, we let ¢ = € where 6 €
[2F,4%]. After this parametrization we obtain
(2cos(0) +1)3
2cos(d) + 2

flg) = -

It is clear that F' is well-defined and continuous on the union [%’r,w) U (m, 7]

Observe that for 6 € [2F, 47], we have —1 < 2cos(f)+1 < 0and 0 < 2cos(f)+2 < 1
hence F'(§) > 0. Moreover, F' attains its minimal values equal to 0 at 6 = %’“ and
at 0 = %’T. Since limg_,, F'(8) = 400, it follows from continuity and non-negativity

of F' that the range of f is R>(. This proves the inequality condition that
B(2)
0<R
() <=
Next we settle the specific case of Conjecture 1 where (k,¢) = (4,3). We begin with

the following lemma.
Lemma 4 Let zg be a zero of P,(z) and ¢ = ¢(z) be a quotient of two zeros in
t of D(t,29) = A(20)t* + B(2)t> + 1. Then the set of all such quotients belongs to
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FIGURE 2. Distribution of the quotients of zeros of the D(t) =
At* + Bt3 + 1.

the curve depicted in Fig. 2 where the equation of the quartic curve Cs (see the
left part of Fig. 2) is

14 2z + 222 4 22% + 2 — 2y% + 22y? + 222> + y* = 0,
and the other curve Cy (see the right part of Fig. 2) is the segment of the unit
circle with real part at least —1/3. Proof. Let zy be a zero of P,(z) such that
A(z0)B(z0) # 0 and let t1 = t1(20),t2 = ta(20),t3 = t3(20) and t4 = t4(20) be the
zeros of D(t,z0) = A(20)t* + B(z0)t? + 1.
By partial fraction decomposition, we have

1 1 1
1+B(Zo)t3—|—A(ZQ)t4 - A(Zo) ((t—t1)(t—t2)(t—t3)(t—t4 > Zo Zt t; Ht —tj.

i=1 gty "t

By using geometric progression, we get

1 1
_— _— = — t" t| < |ti]).
t_ti t Z tn+1 (‘ | | |)

nOz n=0 "t

Hence we obtain

1 —
D(t, 20) B _A(Zo) nZ:;) Z n+1 H 22)

zll i#£]

Comparing coefficients of t" in Equation @ and Equation we obtain

P(ZO ZO Ztn+1Ht—t

=1 "t

Let ¢; = t;/t1, i = 2,3,4. Now for any n > 0, the equation P,(z9) = 0 is
equivalent to

n+1 _n+3 n+2 n+1 _n+2 n-+3 n+2 n-+3 n+1 n+2 n+1 n+3 n+3 n+2 n+1 n+3 n+1 _n-+2
92 43 4y 42 43 dy " —q2 Td3 +Go +ay 44 —92 43 44

n+1l _n+2 n+1_n+3 n+2 n+3 n+3 n+1 n+3 n+2 n+2 n+1 n+1_n+2 n+1 _n+3
TG 43 =42 Gz TGy Q3 Ty 43 T =G TGz T —qa 743 —qa Gy TGy gy
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+qn+2q2+1 qn+2qn+3 q;z+3 n+1+qn+3qn+2

n+1 n+3+qn+2 n+3 __ —0.

n+2 n+1_|_qn+3 n+1+q7L+1 n+2 n+3 n+2

—dqs3 qy —q3 44

—q3

Observe that since D(t, z) = A(z0)t* + B(20)t® + 1, Vieta’s formulae give
titg + t1t3 + t1ty + tats + toty + t3ty = 0, (23)
and
titats + titsts + titots + totsty = 0. (24)

Divide Equation by t2 and by #3 and solve the resulting equations simul-
taneously to get g3 and ¢4 in terms of go = u as follows. Either

w(u+ 1) +iuv3u? + 3+ 2u u(u+ 1) —iuv/3u? + 3+ 2u
q3 = 5 and g4 = 5 ; (25)
2(u24+u+1) 2(u2+u+1)
or
u(u+1) —iuv/3u? + 3+ 2u u(u + 1) +iuv/3u2 + 3 + 2u
q3 = ( ) 5 and ¢4 = ( ) 5 - (26)
2w 4+u+1) 2wz 4+u+1)
Observe that the product and sum of the roots g3 and g4 are respectively
u? —u(u+1)
— d =—— 7 27
4394 it and g3 +qa 2 url (27)
From (27), we have that g3 and g4 are two roots of the equation
u(u+1 u?
G(q) =g+ (wtl) q+ =0. (28)

w2 +u+1 w24+ u+1

Let u = €' be a point on the unit circle such that —1 /3 < cosf < 1. The quadratic
formula thus gives

1 <_1 e~ N ie=/2\/6cos 0 + 2)

(29)

q:§ +20089—|—1 2cosf +1

Splitting the real and imaginary parts of Equation , using Mathematica we
obtain that G maps the interval —% < cosf <1 to the quartic curve

1+ 22 4 227 + 22% + 2 — 2 + 229”4+ 22°y° +y* = 0.

Theorem 4 Let {P,(z)} be a polynomial sequence whose generating function is

. 1
;Pn(z)t 14+ B()83 + A(2)t*

where B(z) and A(z) are polynomials in z with complex coefficients. Given any
n € N, those zeros z of P,(z) which satisfy A(z)B(z) # 0 lie on the real algebraic

curve defined by
2() om0 <n () <

Proof. Let 2o be a zero of P, (z) such that A(z9)B(20) # 0 and let t1 = t1(zp),t2 =
tQ(Zo),tg = t3(20)7t4 = t4(20) be the zeros of D( ) (Zo)t4 + B(Zo)tg + 1. As
above, we consider two cases.
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Case 1: Suppose D(t,zg) has repeated zeros. The ordinary discriminant of
D(t, Zo) is

Disci(D(t, 29)) = 4*A3(29) — 3°B*(20).
For repeated zeros, Disc,(D(t, z9)) = 0 which is equivalent to

B(z) 4% 256

A(z) 3B 27 ©

Therefore, the point zy lies on the curve given by

S <§28> =0 and R <i:8) > 0.

Case 2: Suppose all the zeros of D(t,zp) are distinct, i.e., Disc(D(t, z)) # 0.
Let t1,ta,t3 and t4 be the distinct zeros of D(t,z). As above, we consider the
distribution of quotients of zeros ¢; = t;/t1,1 < i < 4. Then we examine the root
distribution of P,(z) using g¢-discriminants and show that the quotient of zeros
q; = t;/t1,1 < i <4 lie on the curve given in Fig.

By Theorem 2, the ¢-discriminant of D(t,z) = 1+ B(z)t3 + A(z)t* is given by

B2 (A3 (q4 _ 1)4 — B(q—1)¢3 (q3 _ 1)3
Discy(D(t); q) = ( PERE ) .

If ¢ is a quotient of two distinct zeros of D(t,zy) = 1 + B(z)t® + A(z)t* then
Disci(D(t); q) = 0 which implies

B2 <A3 (q4 - 1)4 ~Bg—1)¢? (q3 _ 1)3)

(¢ — 1)4 =0.
Since g # 0,1, we have
B*(z) (¢* —1)4 B
A(z) (P -13(P - fla) (30)

It remains to show that for ¢ on the curve depicted in Fig. [2| we have S(f(q)) = 0.
To do this, let © = ¢ be a point on a unit circle with —% < cosf < 1. Then
u € Cy. To each u, there are two possible values of q. Moreover, u # ¢ since this
would imply that « = —1 & iy/2 contradicting that u is a point on the segment of
the unit circle with real part at least —1/3. Now, let u € C4 with the property that

q(u) € Cs(the quartic curve). Then ¢ and u are related by the equation

u(u+1) u?

2
=0 31
9 +u2+u+lq+u2+u+l (31)

Multiplying Equation by u — ¢, we obtain

¢+ Pu+ Pu® = ud + qu + b (32)
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From and the identity we show that f(q) = f(u) as follows.

) = (¢ =" @+ (g + DU+ D
D@D @) @rat D@ Pt 1)
(419 +1/¢*)u? (w1 +1/q)(1+1/¢%) (u—1)*
ECET e (ud = 1)3(ud — ut)
(w1 +1/g+1/¢* +1/¢*)* (w—1)* (@1 +1/u+1/u?+1/u))*(u—1)*
- (U,S _ 1)3(u3 _ u4) - <u3 _ 1)3(’11,3 _ ’U,4)
O tu+r e+ ) w-1 @ -Dt (
(3 — 1)3(u — u) T - 1)3(ud —ad) f(u).

Since u € Cy, it implies |u| = 1. Lemma 2 then gives S(f(u)) = S(f(¢)) = 0. The
conclusion (f) = 0 thus follows. Therefore, the point z lies on the curve given

by )

Next we prove the inequality constraint. From the recurrence relation with
£ =3,k =4 we have

Po(2) + B(2)Pos(2) + A(2) Paa(2) = 0

(
whose characteristic equation is t* + B(z)t +
inator of the generating function is D(t, z
we can write D(t) = At* + Bt3 + 1.

Let t1,ta,t3,ts be the zeros of D(t) labelled so that 0 < [t1] < |to| < [t3] < |t4]
and set ¢; := t;/t; for i = 1,2,3,4. Note these are functions of z.

From the Equations and , it is enough to consider only one pair of
solutions (g3, g4) since the other pair follows similarly and give the same results.

If 2o is a zero of P,(z) and A(z9)B(z9) # 0, then as above ¢; = 1, |u| =
lgs] > 1 and |g4] > 1. So, we search for an u such that the above conditions are
satisfied. Set u = € where 0 € [0,2x]. It follows from |g3| > 1 that

’u+1+ \/3u2+3+2u‘ > 2,

A(z) = 0. The corresponding denom-
) = A(2)t* + B(2)t® + 1. Suppressing z,

u+u+1
which becomes
‘1 +e 4 i\/(3e2i9 +342e)| > [2(e* + e +1)]. (33)
Simplifying gives
(2cosf + 1) cosd < 0. (34)

Solving (B4) gives 6 €[5, ] [, 5]
Similarly, for |g4| > 1, we get 6 € [3, 777] U [4T 3™]. We thus conclude that both
lgs| > 1 and |q4] > 1 only when 0 € [g, ?“] [%’T, 37]
Let 0= {¢*: 6 € [3, %) U[%, ]}. From

flg) =

If g € Q, it follows that

5.2
Blz) (¢ -1*
A3(z)

(1+q+q¢*+¢*)*

H@)= B(1+q+q¢?)3
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We now compute the range of f on Q. To do this, we set ¢ = € where 0 €

(2, 25] U [4F, 3%]. After this parametrization we obtain

32
(cos(40) — 1)
(cos(30) — 1)(cos(26) — cos b))

flg) = F(0) =

It is clear that F' is well-defined and continuous on the union [7, %ﬂ) U (%”, 37”} For
0 € Q, we obtain 0 < (cos(40) —1)2 < 2, —1<(cos(3¢) —1) <0 and —1<
(cos(20) — cosf) < 0. Hence F(0) > 0. Moreover, F attains its minimum value of
0at # =% and 6 = 3. Since limeﬁ%ﬂ_ Ff) = +o00 = 1im94)477\—+ F(0), it follows
from continuity and non-negativity of F' that the range of f is R>o. This proves

the inequality condition that
B(z)
<
0<R ( 5(2) < 0

5. EXAMPLES

In this section we present several concrete examples using numerical experiments.
In these examples, we consider the sequence of polynomials { P, }52 , generated by
the rational function

oo N 1
;}P”(z)t T 1T BRI+ ARE

where A(z) and B(z) are arbitrary complex polynomials. We plot a portion of the

curve given by
B*(2)
Cx —
°(Fe) -0

On each graph, we plot the zeros of one of the polynomials (of our choice) in the
polynomial sequence described by the given parameters k, £, A(z) and B(z).
Example 3 For k =3,/ =2, A(z) = 2+ 5 and B(z) = —2% 4+ 2z + 5, we obtain
Fig. |3] and Fig. In Fig. 3] we plot the zeros of Pso(z) while in Fig. 4l we plot
the zeros of Pro(z2).
Example 4 For k = 3,0 =2 A(2) = 2> — 2+ 6 and B(z) = —22 + 72 — 5, we
obtain Fig. [5| and Fig. @ In Fig. 5| we plot the zeros of Pigg(z) while in Fig. @
we plot the zeros of Pagp(2).
Example 5 For k =4,( =3, A(z) = 22 + 1 and B(z) = 2z* — 1, we obtain Fig.
and Fig. [§] In Fig. [7} we plot the zeros of Pyy(z) while in Fig. [8] we plot the zeros
of Pr(2).
Example 6 For k =4, =3,A(z) = 72° — 22 +i and B(z) = —22 — 22 + 5, we
obtain Fig. |§| and Fig. In Fig. EI, we plot the zeros of Pso(z) while in Fig.
we plot the zeros of Piso(z).

We end this paper with the following conjecture which we obtain based on nu-
merical experiments.
Conjecture 2 In the notation of Conjecture [I] with the condition ¢ > 1, we have
the following.
(a) If k is even, then
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FiGure 3. The graph FIGURE 4. The graph
of 3(B3(2)/A%(2)) =0 of 3(B3(2)/A%(2)) =0
and the zeros of P3g(z). and the zeros of Prg(z).
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FIGURE 5. The graph
of 3(B3(2)/A%(2)) =0
and the =zeros of
Prao(2).

(b) If k is odd, then
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FIGURE 6. The graph
of 3(B3(2)/A%(2)) = 0

and the
Pago(2)-

><oo for ¢ odd

><oo for ¢ even.
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¥4 1 a 1 2 2 1 a 1 2

FiGUrRE 7. The graph FiGUurRE 8. The graph
of 3(B*(2)/A4%(2)) =0 of 3(B*(2)/A%(2)) =0
and the zeros of Pyg(z). and the zeros of Prg(z).

FI1GURE 10. The graph

FI(C}\UR]?1 9. Tgle gr:iph of %(34(2)//13(2)) =0
of 3(B*(2)/A%(2)) = 0 and the zeros of
and the zeros of Psg(z). Prso(2)

150(2).

Remark 3

(a) The complex number z referred to in the Conjecture 2 must satisfy the condition
that P,(z) = 0 and A(z)B(z) # 0.

(b) The cases where k = 2,3,4 and £ = 1 are proved by Tran in [I]. Moreover each
of the inequality constraint relating to the real part of rational function is bounded.
In a follow-up paper [2], Tran proves a similar result for any positive integer k and
{=1.
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6. FINAL REMARKS

Problem. Give a complete proof of Conjecture 1 as formulated by B. Shapiro.
This still remains unknown to the author and it should be a project for a future
work. Additionally to give a complete proof of Conjecture 2 as formulated in this

paper.
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