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MATHEMATICAL MODEL WITH VARIABLE POPULATION
SIZE

PAPPU MAHTO AND SMITA DEY

ABSTRACT. In this paper, we have discussed the stability analysis of the model
when the vaccination is considered in the system. Here we calculate the basic
reproduction number and discuss the stability analysis. First, the disease -
free equilibrium and second, the endemic equilibrium. The disease - free equi-
librium exists and stable when the basic reproduction number is less than or
equal to unity and hence the disease disappear from the system and the en-
demic equilibrium exists and stable when basic reproduction number is greater
than unity and hence the disease exists permanently in the system.

1. INTRODUCTION

In Mathematical models, the total population size remains constant if the dis-
ease spreads very quickly [1]. If the disease has modeled for many years, the births
are approximately balanced by the natural deaths. But if the deaths due to the
disease and the births are not balanced by the deaths, then the total population
size must be non — constant or the total population size must vary. Here, we con-
sider the model, the SIR type model with vaccination. In variable population size
models, the epidemiological and demographic process interacts to be the different
behaviors which do not occur in that type of models with constant population size
mathematical model. In the world, the new infectious diseases are emerging and
some diseases are eliminated. Diseases are reemerging because the infectious agents
evolved and adapted the environment. Also, these diseases affect the lives and also
lead to mortality. Various models in which disease — related deaths and disease
reduced reproduction can affect the population size were formulated in 1981 by
Anderson and May [2, 3, 4] and also Greenhalgh [5, 6, 7, 8]. The mathematical
modeling is a tool to test the different strategies that might be helpful to control
and eliminate the disease. The mathematical models help us to know the trans-
mission dynamics of the disease. Here mathematical model is formulated and the
corresponding basic reproduction number is calculated, which determine whether
the disease die out from the system or not. The stability of equilibrium points
are investigated in the model. We use the stability analysis by Routh — Hurwitz
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stability criterion [9].

Presently, the world is suffering from corona virus (COVID - 19), caused by Severe
Acute Respiratory Syndrome Corona virus — 2 (SARS — CoV - 2), emerged out of
Wuhan city of China at the end of 2019. The pandemic, which has rapidly spread
over 210 countries, continues to inflict severe public health and social — economic
burden in many parts of the world. It has as of June 26, 2020, accounted for over
9,473,214 confirmed cases and about 484,249 deaths globally, reported by WHO.
There is currently no safe and effective vaccine or antiviral for use against the
pandemic in humans. Consequently, the control and mitigation efforts against the
pandemic are focused on implementing non — pharmaceutical interventions, such as
social distancing, community lock down, contact tracing, quarantine of suspected
cases, isolation of confirmed cases and the use of face mask in public [10, 11]. So-
cial distancing maintaining a physical distance of 2 meters (or, 6 feet) from other
humans in public gathering, community lock down entails implementing the stay
— at — home or so that people stay at, and work from home, the closure of schools
and non — essential business and services, avoiding large public or private gather-
ings etc. COVID — 19 pandemic is a global concern, due to its high spreading and
alarming fatality rate. Mathematical models can play a decisive role in mitigat-
ing the spread and predicting the growth of the epidemic. Mathematical modeling
performs a vital part in estimating and controlling the recent outbreak of corona
virus disease 2019 (COVID - 19). In this epidemic, most countries impose severe
intervention measures to contain the spread of COVID — 19. The policymakers are
forced to make difficult decisions to leverage between health and economic develop-
ment. How and when to make clinical and public health decisions in an epidemic
situation in a challenging question? The most appropriate solution is based on
scientific evidence, which is mainly dependent on data and models. So one of the
most critical problems during this crisis is whether we can develop reliable epidemi-
ological models to forecast the evolution of the virus and estimate the effectiveness
of various intervention measures and their impacts on the economy. There are nu-
merous types of mathematical model for epidemiological diseases.

There are some mathematical models in the literature that type to describe the
dynamics of the evolution of COVID — 19. The phenomenological models are pre-
sented in [12], which were validated with outbreaks of other diseases different from
COVID - 19, trying to generate and assess short — term forecasts of the cumulative
number of reported cases. Other work [13] proposes SEIR type models with little
variations and some of them incorporate stochastic components. COVID — 19 is a
disease caused by a new virus, which is generating worldwide emergency situation
and needs a model taking into account its known specific characteristics.

2. FORMULATION OF THE MODEL

A population is divided into four compartments —
S (t) = Number of susceptible at any time t,
T (t) = number of individuals who get vaccine at any time t,
I (t) = number of individuals which is infected after any time t, and
R (t) = number of individual who recovered from the infected compartment and
get the immunity from the disease.
Also, the notation of parameters is -
B represents the rate of contact at which the individual leaves the compartment,
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v represents the rate of recovery from the disease,

«a represents the rate at which the susceptible individual gets vaccine,

wrepresents the birth rate at which the individuals enters to the susceptible compartment,
b1 represents the transmission rate for the individuals getting vaccine.

Also the individual gets vaccine may be infected be fore gaining immunity.

v1 represents the rate for the individuals getting vaccinated to obtain immunity and
recovered from the disease.

Also, pg represents the natural death rate of the susceptible individuals,

ur represents the natural death rate of the vaccinated individuals

ur represents the natural death rate of the recovered individuals, and

uy represents the total death rate of the infected individuals.

Here we assume that 51 may be assuming to be less than 3 because the vaccinating
individuals may have some partial immunity during the process or they may recognize
the transmission characters of the disease.

3. THE MATHEMATICAL MODEL DIAGRAM

The diagram given below shows the population transfer from one compartment
to another compartment with variable population size -

as

\ BSsI

K R
HsS wl Hp

FiGure 1. Mathematical Model diagram

4. MODEL EQUATIONS

By taking the above conditions, we get, the system of differential equations of
the model is given by —
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98—\ — pgS — BSI —aS

% — OéS — ﬂlTI — ’le — MTT .......... (1)

4L _ ST 4 ByTI T — gl
4B =T+ — urR

Where sum of S, T, I and R are equal to unity and also S(0), T(0), I(0) all are
positive and R(0) = 0 and all the other given parameters are positive.

We use the following theorems to established the existence and uniqueness of
solution for the model -

5. EXISTENCE AND UNIQUENESS OF SOLUTION FOR THE ABOVE MODEL

The general first - order ODE is in the form:

do — f(t,2), 2(tg) = Tgerereenn. (1)

Then the question is —
(i) under what conditions the solution of equation (1")exists?
(ii)Under what condition there is a unique solution to the equation (1)?

Solution -
Theorem - 1 (Uniqueness of solution)

Let D denotes the domain:
[t —to] < a, ||z —xo|| < beere... (2)

where x = (CCl, T2y euny In), To = (1?107 T20y vy an)
and suppose that f(t,x) satisfies the Lipschitz conditions:

’

£t 21) — F(t, 22)| | < K |21 — ] [ (3)

and whatever the pair (t, x1) and (t,2z3) belongs to the domain D,

where k is used to represent a positive constant.

Then, there exist a constant § > 0 such that there exists a unique continuous vector
solution z(t) of the system (1') in the interval |t — to| < 8. It is important to note

that condition (3/) is satis fied that gﬂ’:f 1,7 = 1,2,3,...,n be continuous and bounded in the domain D.
J

Lemma - If f(t, x) has continuous partial derivative gﬂ{] , 1, ]=1,2, 3,...n
on a bounded closed convex domain R (i.e. convex set of real number), where
R denotes the real numbers, then it satisfies a Lipschitz condition in R. Let 1

<e<Rieeriinnnnn. (4),
so we do for a bounded solution of the form 0 < R < cc.
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We now prove the following existence theorem -
Theorem - (2) (Existence of solution) -

Let D denote the domain defined in (2') such that (3') and (4') holds. Then there exist a
solution of model system of equations (1) which is bounded in the domain D.
Proof -

Let, f; = p— pgS — ST —asS.....(e)
fQ =aS — ﬂlTI - ’le - ,uTT .......... (f)
= BSI+ TI —~I —pgl........... (9)
f4 = ’Y1T +’)/I — /J,RR ...................... (h)

We shows that % ,1,j =1, 2, 3,4 are continuous and bounded, i.e. the partial
J

derivatives are continuous and bounded.
From equation (e), we get,

%L (—ps — BI — «) and’df1

=[(=ps =Bl — )| < oo

%—O and‘aé% =|0] <
9h—_ 35, and = |-BS| < o0
afl =0, and‘ag :|O|<oo

Similarly, From equation (f), we get,

8= a, and | 32| = || < o0

92— (I — 1 — pr), and |22 = |(=Bi] — 3 — pr)| < 00

Sfr— —piT, and |%;

= |—51T| < 00

%% 0, and |25 =

0] < o0

Similarly, From equation (g), we get,
95— BT, and ’af?” 18] < oo

8f3 B11, and ‘Bh |B11] < o0

8= 8BS+ BT - — ur, and | 33| = |85 + BT — 5 — ju| < oo

%—a aund‘afR3 = |a] < o

And finally, From equation (h), we get,
91— 0, and ‘3{; = 0] < 00

8f4 = 71, and

= || < oo
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g 9
%—7, and ‘% =y < o0
91— —pp, and ‘af“ = |—pg| < 00

Here, we have established that all these partial derivatives are continuous and
bounded, hence, by Theorem - 1, we can say that there exist a unique solution of
system of equation (1) in the region D.

6. COMPUTATION OF THE EQUILIBRIUM POINTS AND BASIC REPRODUCTION
NUMBER

There are two types of equilibrium points of epidemic mathematical models, that
is, first is the disease — free equilibrium point, i.e. the point at which the disease does
not spread in an area because the infected population is equal to zero i.e. I =0 for t
— 00, while the endemic equilibrium point is the point at which the disease must spread when I >
0 fort — oo.
The equilibrium point of the system in system of equation of (1), exists when,

ds d d d

45 =0, 4L =0. 4 =0, 4% = 0. Then
w—pusS—BSI—aS=0
aS — B TI —ynT —purT =0............ (2)
BST + BiTI —~I — pyl =0
NnT+~vI —puprR =0

Now, from third equation of system of equations (2), we get,
(BS+ /T —~—pr)I=0
=I=0or (BS+5/T—v—pr)=0

Then there are two cases arises -

7. CASE - I (FOR THE DISEASE — FREE EQUILIBRIUM POINT)
If I =0, then it is the necessary condition for the disease free — equilibrium point.

Then from the first equation of the system of equations (2), we get,

w—psS—alS= 0
Which gives S =

OH'#S

Again from the second equation of the system of equations (2), we get,

aS —nT —urT =0

Which gives T' = = +

Puttlng the value of S we get,
ap
= (mtpr)(atps)

Again from fourth equation of the system of equation (2), we get,
1T —prR =0
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Which gives R = E—T

R
Putting the value of T, we get,
R—_ __mop
pwr(V1+pT)(otps)
Thus, we get the disease — free equilibrium point as —

E, = (5,11, I;,Ry) = (

I ap 0 Top )
atps? (mtpr)(atus)’ ™ pr(vitpr)(atus)

8. CASE - II (For THE ENDEMIC EQUILIBRIUM POINT)

If I > 0, then it is the necessary condition for the endemic equilibrium point,
Ey = (82,15, I, Rs). Then, from the first equation of the system of equations (2),
we get,

w—pugS —pSI—aS=0

Which giVeS SQ = WZW

Now form second equation of the system of equation (2), we get,
aS — /T —yT —urT =0

Which giVeS T2 = m

Putting the value of S here, we get,
T

_ o
T (mitpr+pil)(at+pus+pBI2)

Also from the fourth equation of the system of equations (2), we get,
NT+~vI —prR=0

Which gives Ry = ”“TZ%I"'

Now, from the third equation of the system of equations (2), we get,

If £ 0, thenfor (8BS + 51T — v —pr)I =0
We have, (8BS + 81T —~v—pur) =0
That is, (8S2 + 112 —v — p1) =0

Putting the values of Sy and Ts, weget,

uB Biap _ _
(at+ps+pI2) + (’Y1+MT+/31112)(<1+M5+512) (7 + NI) =0

Brop

_ uB _
= (7 + NJI) (a+ps+pBI2) (vitpr+pilz)(atps+B12)

Let k = (y1 + pr + Bila)(a+ ps + BIs)

Then the above equation becomes
Bk _
(PY + ,LLI)k - (Oé+l,js+/312) - BlOé,u =0
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Putting the value of k in second term, we get,
(v + pr)k — pB(y1 + pr + prlz) — Brap =0

Since, k = (v1 + pr + f1l2)(a+ ps + Blo)

=am + apr + afils + psy1 + pspr + psbile + Bloyi + Blopr + B51135
= BB1I3 + [(a+ ps)B1 + (v + pr)BlLs + (av1 + apr + psyi + pspr)

= B5115 + [(a+ ps)Br + (v + pr) Bl + (a + ps) (v + pr)

Putting the value of k in the above equation
(v + pr)k — pB(n + pr + Bilz) — Brap =0

we get,

(v 4 1) [BBLIS + [(a+ ps) B+ (1 + pr) B2 + (a + ps) (31 + pr)] — pB(n + pr +
Bilz) — Prop =0

Le. (Y4 pr)BB1I5 + [(v+ pr){(a+ps)B1 + (1 + pr) BHz — pBB L) + (v + pur ) (o +
ps) (1 + pr) — pB(y1 + pr) — Brop =0

So, we can write the above equation as -

(11[224*(12]24*&3[17( =0

B + Birap )]
(atps)(y+ur) ' (atus)(y+ur)(vitur

Where,

a1 = (v + pr)BB1, which is positive.

az = (v + pr){(a+ ps)B1 + (11 + pr) B} — nBb
ag = (v + pr)(a + ps)(y1 + pr), which is positive.

nB Brop )

If we suppose, C = (GG T @rms)t N Grrir

So, the above equation becomes,
aI3 + asly + az(1 = C) = 0.........(a)

Then if we solve this equation (a), we get,

I, — —asty/aZ—4aia3(1-C)
2= 2(11

So, the proportion of the infected population must be positive. Hence, the exis-
tence of the endemic equilibrium point of infected population depends on the value
of C. So, from equation (a), we have, positive root for Iy > 0if C > 0.

The value of a positive endemic equilibrium point lies in the value of C, so that
it can be defined the value of basic reproduction number. So,

Biop )

The basic reproduction number is Ry = ((a+uslt)%+m) + CFs) a0 i Far

For epidemiology, Ry shows about the disease spread and control. If Ry <
1, then the disease —free equilibrium is stable in this case, and the disease dies out or
disappear from the system. Andif Ry > 1, then the endemic equilibrium exists,
and so the disease permanently exist in the system. So, it is observed that
I exist if Rg > 1. Thus the endemic equilibrium point if Ry > 1 is—
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Iy Y1 T+~I2 )

— _ I ap
By = (SZ’TQ’IQ’RQ) - ((tx+us+/512)’ (vit+pr+Bil2)(atps+pI2)’ "2 pr

So, the existence of disease — free equilibrium point is not depends on Rg. Thus if Ry <

1, there exist unique equilibrium of system (1), that is, the disease —free equilibrium
point Ey. Also, if Ro > 1, then there are two equilibrium points of system (1)

that is, the disease — free equilibrium point E1 and the endemic equilibrium point Es.

9. STABILITY ANALYSIS OF EQUILIBRIUM POINTS

In Case — I and Case — II, We have determined the disease — free and the en-
demic equilibrium points. Since, the last equation of the system of equations (1) is
independent of the other equations, thus, it is sufficient to study only the remaining
equations as follows —

98 — | — psS —BSI —as

9L — S — B1TT — 1T — pgT e (3)
B = BSI+ B TI—~I — sl

For the system of equation (3), we study the following results -

Theorem 3

Biap )

_ ppB
If Ro = ((aﬂts)(vﬂu) + (atps)(y+upr)(vit+pr

Then, the Disease — free equilibrium point is asymptotically stable if Ry < 1, and if Ry >
1, then the equilibrium point is unstable.

Proof -
The Jacobian of the system (3) is —
—(ps + Bl + ) 0 -BS
IS, T, )= a =Bl +m + pr) —/T
pI Bl BS + BT — (v + pr)

Now the jacobian matrix at the point is

(51,11, 1) = (g Grram @ris) 0)
—(ps + ) 0 —BS1
So, J(S1,T1, 1) = a —(v1 + pr) —p1T1
0 0 BS1 + 61Ty — (v + pur)

Then the characteristic equation is

A= J(S1,Th, )| =0

A+ (us + @) 0 BS1
= —« A+ (’Yl + ,UT) ﬁlTl =0
0 0 A= {BS1+ BT — (v+pr)}

= A+ (us + AJ{A+ (m + o) HA = {BS1 + 51Ty = (Y + i)} = 0
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So, the roots of the cubic characteristic equation is -
A =—(ps+a)<0
A2 = —(71+pr) <0
A3 = BS1+ BTy — (v + pr)

_ _B Bra

- a""llis + (’Y1+HT1)(Z+;LS) - (’Y + MI)ﬁ

=0+ ’uI)[((a+usﬂ)(7+m) + (a+us)(v~1wl;)(%+w) -1
= (y+p1)(Ro — 1)

So, if Ry < 1,then all the eigenvalues of J(E7) are negative, then by the Routh —Hurwitz
Stability Criterion, the Equilibrium point E is asymptotically stable.
Also, if Ry > 1, then there exist a positive eigenvalue, then, the point E; is unstable.

Theorem 4

The Endemic equilibrium point is asymptotically stable if Rqg > 1,and if Ry <
1, then the equilibrium point is unstable.

Proof —
Here, the endemic point Eg exists when Rg > 1, sothe Jacobian at the point (Sa, Ty, Is) is—
—(us + Blx + «) 0 —BS2
So, J(S2, Ty, I2) = o —(B1lz + 71 + pr) =BTy
Bz P12 BSo + B1Ta — (v + 1)

u o L)
(atus+B12)’ (ntpr+Bilz)(atps+BIz)’ "2

Since, (Sa2,Ta,12) = (

Then, Sy = a+ug+/3lz
= (a+ps+BL) =&

— QL
Also, TQS— (yi+pr+pBilz)(atps+pFI2)

(vitpr+p1lz2)

Which gives (v, + pr + 5112) = a:,:?;

Also for equilibrium endemic point,
BSo + p1To — (v + pur) =0 as I > 0 from (case - II).

So, Putting the value of (a 4+ ps + BIz) and (y1 + pr + S112) in the Jacobian
J(Sa, Ts, 1), weget,

L0 -8,
IS, )= | o %2 AT

Bly  Bils 0

Then the Characteristic equation is -
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A= J(S2, T2, I2)[ =0
A& 0 B8
= —« A+ % /BlTQ =0
=Bz Bila A
= A+ EH{O+ TN+ LT} + BS{apils + BL(A+ 52)} =0

= NS XaSe  dau g \goy g, 4 T | g G, 1 1 NS S L+ 28 = ¢
= N+ N2+ 952) F A (G2 + B To Lo+ 57 8o To) + (M2 0y BSy I+ 2252712 ) = ¢

It can be written as -
AN AN+ b A +b3=0

Where, by = ( 2+%)>0
by = (§& + STl + %S212) > 0
by = (HﬁszIz + a1 85215 + 7% P2 l2) > 0

2
Hence, biby — by = (£ + %2) (% + B2Ta1p + B2Sol) — (222 4 01 BSs 1o +

aB?85%1, )
T>

Tol 2,8 S22B%1 T 1
= 7‘3‘2%24,“& 2 2+H5212+a1%2+a52ﬂ%[2+a 2T2B 2 7#51‘922 2 — a1 BSaIs —
o3>85 I,
T>
2 2 S
= 7‘2‘;52 + /‘5212 + %222 + aSQB%IQ - aﬂ1BSQIQ

Putting the value of u = pgSs + 8521 + aSs from the first equation of the
system of equations (2), we get,

2 2
= il + (usSz + BSalz + a82) Bz + 42 + aS2Bi Iy — PSS

2 2
= fle + psf?IaSs + 252 1)° + aSy82 15 + aT”;SZ + aSfi Ly — 205188515 +
155215

= T25’2 (,LLSBQIQSQ + ﬂ?)SQIQ ) & #Sz + (015262]2 + CYSQﬁl I — 204ﬁ1ﬂ82]2) +
ap185215

= ﬁi + (s + B12) %1255 + < ”52 + aS2lr(8 — B1)* + af1BS215 > 0

Hence, we have, by > 0,b2 > 0,b3 > 0.Also by the Routh —Hurwitz stability criterion,
the necessary and suf ficient condition for stability of the endemic equilibrium
is that the coef ficients are positive and the Hurwitz determinants H; are also positive.
For the third degree polynomial, the Hurwitz determinant are Hy = by >
0, Hy =b3 >0, H3 = (biba —b3) > 0. So, by Routh—Hurwitz stability criterion,
roots have negative real partsif (biba—bs) > 0. Thus, it satisfies all the conditions
of the Routh —Hurwitz stability criterion. Therefore, the endemic equilibrium point
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Ey = (So,T5, I5) is asymptotically stable. Thus the Endemic equilibrium point is asymptotically
stable if Ry > 1, and if Ry <1, then the equilibrium point is unstable.

10. CONCLUSION

Here, in this paper, we have determined the basic reproduction number for the
model from the result of the endemic equilibrium point analysis.
When the vaccination is introduced in the system of population then we have stud-
ied the effect of it in the system. Along with the development of knowledge in the
field of health, control of an epidemic disease can be done by vaccination action.
Here there exists two equilibrium points, first the disease - free equilibrium point
E1 and second the endemic equilibrium point E5. So, we have found that if Ry <
1, then the disease — free equilibrium point Ey is asymptotically stable i.e.
1.f we consider the long time period, then the disease disappears from the system.
Also if Ry > 1, then the endemic equilibrium point is asymptotically stable,
i.e. i f we consider the long time period then the disease must present in the system.
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