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FIXED POINT THEOREMS OF (a,¢)-RATIONAL TYPE
CONTRACTIVE MAPPINGS IN RECTANGULAR »-METRIC
SPACE

LANGPOKLAKPAM PREMILA DEVI AND LAISHRAM SHAMBHU SINGH

ABSTRACT. In this paper, we use the concept of («,1))-rational type contrac-
tive mappings to prove some unique fixed point theorems in the setting of
rectangular b-metric space. We deduce some results as corollaries and exam-
ples are also given to verify the results obtained.

1. INTRODUCTION

Fixed point theory is one of the most important topics in Mathematics, specially

in analysis. Due to its application in various disciplines like engineering, computer
science, biological sciences, economics etc., many researchers took interest in fixed
point theory and its application. It is well known that Banach Contraction Princi-
ple is the most important result in fixed point theory. During the last many years
this result is extended in different directions.
The notion of b-metric space was introduced by Bakhtin[1] and extensively used
by Czerwik[2,3]. b-metric is itself a generalisation of metric space. It is observed
that metric space becomes a special case of b-metric space and hence every metric
space is a b-metric space but the converse is not true. Following is the definition of
b-metric space.

Definition 1.1 [1] Let X be a nonempty set and d : X x X — [0, 00) satisfies:
(i) d(z,y) =0 if and only if x = y for all z,y € X.
(ii) d(z,y) = d(y,z) for all z,y € X.
(iii) there exists a real number s > 1 such that
d(z,y) < sld(x,z) + d(z,y)] for all z,y,z € X
Then the map d is called a b - metric on X and (X,d) is called a b - metric
space with coefficient s. Another generalisation of metric space is also introduced
by Branciari [4]. He replaces the triangle inequality of metric space by another
more generalized inequality involving four elements against three elements in case
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of triangular inequality. It can be noted that every metric space is a rectangular
metric space but the converse is not true. Branciari’s definition of rectangular met-
ric space is given below.

Definition 1.2 [4] Let X be a nonempty set and the mapping d : X x X — [0, 00)
satisfies:

(i) d(z,y) =0 if and only if x = y for all z,y € X.

(ii) d(z,y) = d(y,z) for all z,y € X.

(iii) d(z,y) < d(z,u) + d(u,v) + d(v,y)] for all z,y € X and all distinct points
u,v € X/x,y

Al

Then the map d is called a rectangular metric on X and (X, d) is called a rectan-
gular metric space (in short RMS).

Motivated by the notion of b-metric space and rectangular metric space, George et.
al.[5] led to the introduction of a new generalization of metric space called rectan-
gular b-metric space. This new notion comprises the properties of both b-metric
and rectangular metric. The definition of rectangular b-metric space is as follows:

Definition 1.3 [5] Let X be a nonempty set and the mapping d : X x X — [0, 00)
satisfies:

(i) d(z,y) =0 if and only if x = y for all z,y € X.
(ii) d(z,y) = d(y,z) for all z,y € X.
(iii) there exists a real number s > 1 such that
d(z,y) < sld(z,u) +d(u,v) +d(v,y)] for all z,y € X and all distinct points
u,v € X/x,y.

Then the map d is called a rectangular b - metric on X and (X, d) is called a
rectangular b - metric space (in short RbM S)with coefficient s.

It can be noted that every metric space is a rectangular metric space and every
rectangular metric space is a rectangular b-metric space (with coefficient s = 1).
However the converse of the above implication is not necessarily true.

Also every metric space is a b-metric space and every metric space is also a rectan-
gular metric space. But the converse of the above statement may not be true.

Further, it can be noted that every b-metric space is a rectangular b-metric space
and every rectangular metric space is a rectangular b-metric space but the converse
of the above statements may not be true at all. Verification of these statements
can be found in the examples given in George et. al.[5]

For more results on rectangular b-metric space and other generalized forms of met-
ric space one can see research paper s in [5-22] and references therein.
Following definitions will be needed in the sequel:

Definition 1.4 [5] Let (X,d) be a rectangular b-metric space. Let {z,} be a
sequence in X and x € X. Then

(i) The sequence {x,} is said to be convergent in (X, d) and converges to z, if
for every € > 0 there exists ng € N such that d(z,,z) < e for all n > ng
and this fact is represented by lim,, o T, = x or x,, — T as n — 0.
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(ii) {zn} is said to be a Cauchy sequence in (X, d) if for every € > 0 there exists
ng € N such that d(z,,zn4p) < € for all n > ng,p > 0 or equivalently, if
limy, 00 d(Zp, Znyp) = 0 for all p > 0.

(iii) (X,d) is said to be complete rectangular b-metric space if every Cauchy
sequence in X converges to some x € X.

Proposition 1.5[24] Suppose that {z,} is a Cauchy sequence in a rectangular b-
metric space (X, d) with lim,,_, d(z,,u) = 0, where u € X. Then lim,, o d(z,,, 2) =
d(u, z), for all z € X. In particular, the sequence x,, does not converges to z if z # u.

Definition 1.6 [23] Let X be a nonempty set, T : X — X and o : X x X — [0, 00)
be two mappings , we say that T is an c-admissible mapping if a(z,y) > 1 implies
a(Tz,Ty) > 1 for all z,y € X.

Definition 1.7 [11] Let (X, d) be a rectangular b-metric space and o : X x X —
[0,00). Then X is called a-regular rectangular b-metric space if, for a sequence x,,
in X such that x,, - = and o(z,,n+1) > 1 there exists a subsequence x,, of z,
such that a(zp,,z) > 1forall k € N.

It can be noted that, limit of a sequence in a RbM S is not necessarily unique
and also every convergent sequence in a RbM S is not necessarily a Cauchy sequence.

2. MAIN RESULTS

In this paper we use («,)-rational type contraction mappings to prove some
unique fixed point in the rectangular b-metric space. Throughout this paper we
will consider the auxiliary function ¢ defined by Alsulami et. al. [11].

Let ¥ be a family of functions ¢ : [0,00) — [0, 00) satisfying the following proper-
ties:

(i) ® is upper semi-continuous, strictly increasing;

(i) [¥™(¢)]nen converges to 0 as n — oo, for all ¢ > 0

(iil) ¥(t) < ¢, for every t > 0.

Definition 2.1 Let X be a nonempty set and the mapping o : X x X — [0, 00).
A self function ¢ € ¥, such that for all z,y € X the following conditions holds

afz,y)d(Tz, Ty) <¢(M(z,y))

where
M(z,y) = max {d(z, y),d(x, Tx),d(y, Ty),
d(z,Tz)d(y, Ty) d(z,Tz)d(y, Ty) } )
14+d(z,y) =~ 1+ (Tz,Ty)

Next, we state and prove an existence and uniqueness theorem for fixed point of
(cv, ¢)-rational type-I contractive mappings.

Theorem 2.2 Let (X, d) be a complete rectangular b-metric space and s > 1 is
a real number, T : X — X be a self mapping and a : X x X — [0,00) a given
function. Suppose that the following conditions are satisfied:
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(i) T is an - admissible mapping.

(ii) T is an (v, ¥)-rational type-I contractive mapping.
(iii) there exists x¢9 € X such that a(x, Tzo) > 1, axg, T?wg) > 1
(iv) either T is continuous or X is a-regular.

Then T has a fixed point z* € X and {T™xz} converges to x*. Further, if for all
x,y € F(T), we have a(z,y) > 1 then T has a unique fixed point in X.

Proof: Let o € X satisfies a(xg, Twg) > 1 and a(wzg, T?z0) > 1. We construct
the sequence {z,} in X as x,, = T"xg = Tz, for n € N. It is obvious that if
Tny = Tpy+1, fOr some ng € N, then x,, is a fixed point of 7. Consequently, we
suppose that x, # x, + 1 for all n € N. Since T is a-admissible, therefore

a(xo, Txo) =a(xo, 21) > 1 = a(Txo, Tr1) = a(x1,22) > 1

and thus a(T'z1, Tz2) = ax2,x3) > 1,...and hence by induction, we get a(xy,, Tpy1) >
1 for allm > 0.

By similar arguments, since a(zg,T?zg) > 1, we have a(xg,x2) = a(xg, T?z0) >
1, a(Txg, Txs) = a(x1,z3) > 1. By induction, we get a(z,, Tp42) > 1 for alln > 0.
Consider (1) with z = z,, and y = ,,41. Clearly, we have

d(zn+1a mn+2) :d(Txna Txn+1) S Oé(’l;‘n, In+1>d(Txn7 Txn—i—l) = 1/J(M(5€m Txn—i—l))

where
M(xnaTxn-i-l) = maX{d(xnvxn-i-l)vd(xnaTxn)ad(xn—i-lvTxn—i-l)v
d(xp, Tep)d(pi1, Tont1) d(@n, Ty)d(Xni1, Tni1)
1+ d(zn, nt1) ’ 1+d(Tz,, Txpiq)

= max{d(fcm:cn+1),d(xn,xn+1),d(mn+1,:ﬂn+2),

d(xm xn-&-l)d(xn—&-l’ xn+2) d(xna xn+1)d(xn+la xn+2) }
1+ d(x'ru mn+1) ’ 1+ d(mn+17 xn+2)

= max{d(Zn, Tny1), d($n+17xn+2)} (2)
If for some n, we have
M(zp,Tny1) = d(@ps1,Tniz),then
d(xn-‘rhxn-‘ﬂ) < 1/)( (xn,mn+1))
= P(d(Tn+1, Tnt2))
< d(Tnt1, Tny2) (3)

which is impossible. Hence, M (xy,, Tpv1) = d(Xp, Trnt1), for all n € N.

A(Tpy1;Tnr2) < Y(M(Tn, Tngr))
= w(d(xnvxrwl)) (4)
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From the property (iii) of 1, we conclude that

d(xn+17xn+2) < d(a:n,xn_,_l) (5)

for every n € N. Combining (4) and (5), we deduce d(Zpn41, Tnt2) < ¥"d(zo,x1),
for all n € N. Using the property (ii) of 9, it is clear that

lim d(zp41,Tny2) =0 (6)

n— oo

Consider now (1) with = z,,—1 and y = x,,41, we have

d(l‘n, xn+2) = d(Txn—la Txn+l)
< a(xn—la xn-{-l)d(Txn—lv Txn—i—l)
< P(M(Tp-1,Tn+1)) (7)
where
M<xn—1axn+1) = maX{d(xn_l,xn+1),d(mn_l,Txn_l),d(an,Tan),
d(xnfh Txnfl)d(anrl; T$n+1) d(l’n,h Tmnfl)d(anrh Tanrl) }
14 d($n—la mn-&-l) ’ 1+ d(Tzn—lv Txn+1)

= max {d(xnla Tni1), A(Tp_1,2n), A(Tpy1, Tngz),

d(xn—h xn)d(xn—i-h xn+2) d(zn—h xn>d(xn+17 xn,+2) } (8)
1+ d(xnfla anrl) ’ 1+ d(x'ru xn+2)

From (5) we have d(xp+1,Tnt2) < d(xp—1,x,). Define a,, = d(zy,Tyy2) and
by, = d(zy, Tp+1). Then

bn—1bnt1 bn_1bni1 }

M(xnflv x’rLJr]) = maxq an—1, b’nflv T+an_1 1+an,

bn—lbn+1 bnflbn+1
1+an—

(7) and using (6) and upper semi-continuity of v we get

If M(xp—1,Tnt1) = bp_1 or or then taking lim sup as n — oo in

0 <limsupa, < limsup®(M(Zn-1,%Tn+1))
n—oo n—oo

= ¢Y(limsup M(xp—1,Tn4+1))

n—oo

$(0) =0,

and hence

lim a, = lim d(x,,x,4+2) = 0.
n— o0 n—oo

If M(xp—1,Zn+1) = Gn—1, then (7) implies a,, < ¥(an—1) < a,—1 due to the prop-
erty (iii) of . In orther words, the sequence {a,} is positive monotone decreasing
and hence it converges to some ¢t > 0. Assume that ¢t > 0. Now by (7), we have

t =limsupa, = limsupv(a,—1)=Y(limsup(a,—1))=1v(t) <t,

n—oo n—oo n—oo

which is a contradiction.
Therefore
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nh_}n;o an = nh_)n;o d(zp, Tnyo) = 0. (9)

Now, we shall prove that z,, # z,, for all n # m. Assume on the contrary that
Ty = T, for some m,n € N with n # m. Since d(xp,xp41) > 0, for each p € N.
Without loss of generality, we may assume that m > n + 1. Substituting again
T =Ty =Ty and Yy = Tpy1 = Ty in (1), which yields

d(@n, Tpny1) = d(@n,Txn) = d(@m, TTm)
d(TZpm—1,TZm)

§ Oé(xm 1axm) (Txm—lvTxm)
< ¢(M(-Tm 17xm)) (10)
where
M(zpot ) = max{d<xm_1,xm>,d(xm_1,Txm_1>,d<mm,Txm),
d(xmflaTxmfl)d(xm7Txm) d(mmflaTI‘mfl)d(xmaTxm)
1+ d@m_1,Tm) ’ 1+d(Tzpm-1,Ty)

= max {d(xmla l'm)» d(xmfh (Em), d($m7 $m+1),

d(xm—laxm)d(mmaxm+l) d(wm—laxm)d(xmaxm—kl) }
1+ d(mmflv xm) ’ 1+ d(l’m, merl)
= max{d(Tm—1,%m), d(Tm, Tm+1)} (11)

If M(zm—1,Zm) = d(Tm—1,%m), then (10) implies

< Yld(@m—1,2m))
< QT(d(@ns Tng))- (12)
If on the other hand M (z,—1,Tm) = d(Tm, Tm+1), then from (10) we have
d(@n, 2nt1) < P(d(@m, Tmi1))
< YT d(@n, Toga))- (13)
Using the property (iii) of ¢, the two inequalities (12) and (13) imply

d(l’n, $n+1)

d(l’n, anrl) < d(xn; $n+1);

which is impossible.

Now we shall prove that z,, is a cauchy sequence that is lim,_co d(n, Tpx) = 0,
for all k € N. We shall already proved the cases for k = 1 and k = 2 in (6) and
(9), respectively. Take arbitrary k > 3. We discuss two cases.

Case I
Suppose that k£ = 2m+1, where m > 1. Using the b-rectangular inequality,
we have

d(l‘n, mn+2m+1)

d(:l?n, In—&-k) =
< sld(@n, ng1) + d(@ng1, Toge) + d(Tnre, Tnyame)]
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sld(xp, Tnt1) + d(Tpt1, Tngo)] +

$?[d(@n42, Tnts) + A(@ny3, Tnra) + A(Tnsas Tng2mir)]
S[ (l'n, xn+1) + d(xn+1a xn+2)} +
2

[ (mn+27 anrS) + d(anr?n xn+4)] +

53[ (mn+4, xn+5) +d(zpys, $n+6> +d(znys, $n+2m+1)}
5[ (xn; xn-‘rl) + d(xn-‘rla xn+2)} +
2

[d(Tnt2, Tny3) + d(Tnt3; Tnga)] +

S [d(Tnga, Tngs) + A(Tngs, Tngs)] + -+ 8" d(Tntom: Tngome1)
[ (" ") + S22 ") 1 S (T )

s d (g, 1)

= syp™[1 + s9p? + 2t + .. )d(zo, z1) + s T + sp? + %t 4.

= s"(1+Y)[1 + s¢® + s°y* + ... ]d(zo, 21)

=sY"(1+d)—0s

d(zg,z1) = 0asn — oo.

wQ

Suppose that k = 2m, where m > 2. Again, by applying the rectangular
inequality, we have

d(xna (En+k)

IN INIA I

IN

d(l’n, xn+2m)

5[ (xm $n+1) + d($n+17 C5n+2) + d($n+2a xn+2m)]
5[ (xn; xn-&-l) + d(l’n+1, -Tn+2)} +

SQ[d($n+2, xn+3) + d(xn+37 -Tn+4) + d(xn+4y xn+2m)]
[d

3

[d(l‘n+4, .Z'n+5) + d(anrSy xn+6)] + -4

.]d(l‘o,l‘l)

S[d(@n, Tny1) + d(Tni1, Tni2)] + 57 [d(Tni2, Tnys) + d(Tni3, Tnya)] +

" Nd(Tnt2m—3, Tnt2m—2) + A(@nt2m—2, Tntom—1)] + 8" d(Tntom—1, Tnt2m)

[s(" + ") + (" 4 ") 4 S 4 ") 4

Sm—l(,(/]n—&-Qm—S + ¢n+2m—2)}d(x07 -'171) + Smwn—&-Qm—ld(xO, wl)

= Y"1 + s + s + .. |d(wo, x1) + s T 4 59 + s%Yt 4L

Sml/)n+2m_1d<.’1?0, wl)

S 11_+352 s d(wo, x1) + (s1*)" " d(xo, 1)
= sy (1+1/)) 11/}2 d(zg,x1) = 0asn — oco.

Since lim,, o d(2y, z,12) = 0 because of (9). In both of the above cases,
we have lim,,_, d(z,, z,+r) = 0, for all £ > 3. Hence, we conclude that
{z,} is a Cauchy sequence in (X,d). Since (X,d) is complete, there exist
z* € X such that

lim d(x,,z*) =0. (16)

n—oo

.]d(.%‘o,!)?l) +

(15)
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Now we will show that the limit z* of the sequence {z,} is a fixed point
of T. First, we suppose that T is continuous. Then from (16), we have

nl;n;o d(Txy, Tx*) = nhﬁn;o d(xpy1,Tx*) = 0.

Due to Proposition 1.5, we conclude that z* = Tz*, that is , 2* is a fixed
point of T.

Now, we suppose that X is a-regular. Then there exists a subsequence
{zn,} of {x,} such that a(z,,_1,2*) > 1 for all £ € N. Now, from inequality
(1) with z = z,, and y = z*, we obtain

d(@p,+1,T2*) = d(Tay,,Tz")
< oz, 2")d(Tz,,, Tx")
< Y(M(zp,,2")) (17)
where
M(zp,,z") = max{d(wnk,x*),d(xnk,Txnk),d(m*,Tx*),

d(xp,, Ty, )d(@*, Te*) d(zn,, Trn, )d(x*, Tx*)
1+ d(zp,,z*) " 1+d(Tzy,, Tz")

= max {d(‘rnmx*)a d(‘rnk7‘rnk+1)7 d(l'*, T.’t*)
d(Tpy, Tngt1)d(x*, Tx*) d(xnk,xnk+1)d(x*,Tx*)} (18)
1+ d(xn,,,z*) o1+ d(Tp g1, Tx)

Letting k — oo in (18), we obtain M (z,,,2z*) = d(x*,Tz*). Therefore, upon
taking the limit as & — oo in inequality (17), we have

d(*, Ta*) < $(d(a*, Ta")) < d(*, Ta"),

*

which implies z* = Tz*, that is, z* is a fixed point of 7.

Finally, suppose that z* and y* are two fixed points of T such that
z* # y*. Then by the hypothesis, a(z*,y*) > 1. Hence, from (1) with
r=2z" and y = y* we have

dz*,y") = d(Tz",Ty")
< a(z®,y")d(Tz", Ty")
< P(M(z",y"))
where
M(z*,y*) = max{d(r*,y*),d(x*,va*),d(y*7Ty*),

d(z*, Tx*)d(y*, Ty*) d(z*,Tx*)d(y*, Ty*)
14+d(z*,y*) 7~ 1+d(Ta*,Ty*) }
= d@",y") (19)
Hence, we get d(z*,y*) < ¢(d(z*,y*)) < d(z*,y*), which is possible only
if d(z*,y*) =0, that is, 2* = y*. Hence T has a unique fixed point.

Definition 2.3. Let (X,d) be a rectangular b-metric space and « :
X xX —[0,00). A mapping T : X — X is said to be («,)-rational type-II
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contractive mapping if there exists ¥ € ¥, such that, for all x,y € X the
following condition holds:

a(z,y)d(Tz, Ty) < p(M(z,y)) (20)
where

- d(x,Tz)d(y, Ty)
M(z,y) = max {d(% y) d(z, Tx), dly, Ty), 1 d(z,y) +d(z,Ty) +d(y, Tz)’

d(z, Ty)d(z, y) }
1+d(z, Tz) + d(y, Tx) + d(y, Ty)

For this class of mappings we state a similar existence and uniqueness
theorem.

Theorem 2.4. Let (X,d) be a complete rectangular b-metric space,
T :X — X be a self mapping, and a: X x X — [0,c0). Suppose that the
following conditions are satisfied:

(i) T is an a-admissible mapping;

(ii) T is an («,®)-rational type-II contractive mapping;
(iii) there exists z9 € X such that a(xg, Tzo) > 1 and a(xg, T?x) > 1
(iv) either T is continuous, or X is a-regular.

Then T has a fixed point z* € X and {T"z(} converges to z*. Further, if

for all z,y € F(T), we have a(z,y) > 1, then T has a unique fixed point in
X.

Proof: The proof can be done by following the lines of the proof of
Theorem 2.2.

Example 2.5. Let X be a finite set defined as X = {1,2,3,4}. Defined
d: X xX — RT as

d(1,1) =d(2,2) =d(3,3) =d(4,4) =0

d(1,2) = d(2,1) = 20

d(2,3) = d(3,2) = d(1,3) = d(3,1) = 2

d(1,4) =d(4,1) =d(2,4) = d(4,2) = d(3,4) = d(4,3) =4
20 = d(1,2) > d(1,3) +d(3,2) =2 +4 =6

20 =4d(1,2) > d(1,3) +d(3,2) + d(4,2) =2+4+4=10

that is, the triangle inequality is not satisfied and condition for rectan-
gular metric is also not satisfied(i.e. rectangular inequality).However, d
is a rectangular b-metric on X with s =2 > 1, and hence (X,d) is a rect-
angular b-metric space. Define T : X - X as T1 =T2=T3 = 2,74 = 3,
a(x,y) =1 and 9(t) = 5. Then, for 2 =1,2,3 and y = 1,2,3, we have
a(z,y)d(Tz,Ty) = 0 < p(M(zx,y)) = 0.

On the other hand, for x =1,2,3 and y = 4 we obtain

a(z,y)d(Tz,T4) =d(2,3) =1 and



270 LANGPOKLAKPAM PREMILA DEVI EJMAA-2021/9(1)

d(z, Tx)d(y, Ty) d(z,Tx)d(z,Ty) }
1+d(z,4) ° 1+d(z,T4)

Oor4,00r2or4,00r2ord4d,

d(z,Tz)d(y, Ty) d(xz,Tz)d(xz,Ty)
1+00rd " 1+0o0r2ord

d(1,T1)d(2,T2) d(1,T1)d(2,T2)
1+d(1,2) ' 1+d(T1,T2) }

{
{
—ma { , 7
max?o,,d(l,z),d(m),d(l’z)d(l?) d(1, )d(2))}
o
{

1420 7 1+44d(2,2
20x 0 20 x 0
1420”140

d(2,T2)d(2,T2) d(2,T2)d(2,T2)
1+d(2,2) ' 1+d(T2,T2) }

0,d(2,2),d(2,2), d(2’12)+d§72)’ §+c)l((i(2 )2)}

3. SOME CONSEQUENCES

In this section we give some consequences of the main results pre-
sented above. Specially, we apply our results to rectangular b- metic
spaces endowed with a partial order.

Definition 3.1. Let (X, <) be a partially ordered set. A mapping
T : X — X is said to be nondecreasing with respect to =< if for every
z,y € X,z Xy implies Tx X Ty.

Definition 3.2. Let (X, d, =) be a partially ordered rectangular b-metric
space. X is called regular rectangular b-metric space if {x,} is a sequence
in X such that z, — 2z and z, X 2,41, then there exists a subsequence
{zn,} of {x,} such that z,, <z for all k€ N.

Theorem 3.3. Let (X, d, <) be a partially ordered rectangular b-metric
space and T : X — X be a nondecreasing self mapping. Suppose that the
following conditions are satisfied:

(i) There exists a function ¢ € ¥ for which, d(Tz,Ty) < ¢ (M (z,y)) where

M(z,y) = max{d(x,y),d(x,ng)’d(y’Ty),d(z,Tx)d(y,Ty) d(x,T:c)d(a:,Ty)}

1+d(z,y) = 14 (Tx,Ty)
for all z,y € X with z <y.

(ii) There exists o € X such that zq < Tz and zg < T?x.

(iii) Either T is continuous or X is regular.

Then T has a fixed point z* € X and {T?z,} converges to z*.
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Proof: Define a mapping a : X x X — [0,00) defined as follows

_ 1, ifz<yory=u;
oz,y) = { 0, otherwise.

Then the existence conditions of theorem 2.2 hold and hence T has a
fixed point which is the limit of the sequence {T"x}.

Theorem 3.4. Let (X, d, <) be a partially ordered rectangular b-metric
space and T : X — X be a nondecreasing self mapping. Suppose that the
following conditions are satisfied:

(i) There exists a function ¢ € ¥ for which, d(Tz,Ty) < (M (z,y)), where

d(z, Tz)d(y, Ty)
M = d d(x,Tx),d(y, T
(x7y) ma'X{ (x7y)? (J"7 x)? (y? y)? 1 + d(x,y) + d(l',Ty) + d(nyx)7
d(z, Ty)d(z,y) }
1+d(z,Tx) +d(y, Tz) + d(y, Ty)
for all z,y € X with z <y.
(ii) There exists xy € X such that zq < Tzg and zg < T?x.

(iii) Either T is continuous or X is regular.
Then T has a fixed point 2* € X and {T"x¢} converges to z*.

Proof: Employing again a mapping « : X x X — [0,00) defined as

- 1, ifz<yory=u;
oz,y) = { 0, otherwise

We observe that the existence conditions of Theorem 2.4 holds and
hence, T has a fixed point which is the limit of the sequence {T"xz}.
Several particular cases can be deduced from the above results.

Corollary 3.5. Let (X,d) be a complete rectangular b-metric space,
T:X — X and a: X x X — R. Suppose that the following conditions are
satisfied: (i) T is an a-admissible mapping.

(ii) T satisfies d(Tx,Ty) < kM(z,y) where

) d(z,Tz)d(y, Ty)
M(z,y) = max {d@, V), @ T2). A, Ty g e, Ty) + d(y, Ta)”

d(z, Ty)d(z, y) }
1+d(z,Tx) +d(y, Tz) + d(y, Ty)

for some k € [0,1)

(iii) There exists zy € X such that a(zg,Tr¢) > 1 and a(zg, T?z0) > 1.

(iv) Either T is continuous or X is a-regular.

Then T has a fixed point z* € X and {T"z(} converges to z*. Further, if
for all z,y € F(T), we have a(z,y) > 1, then T has a unique fixed point in
X.

Proof: Define v (t) = kt, clearly ¢ € U. By theorem 2.2, T has a unique
fixed point.
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Corollary 3.6. Let (X,d, <) be a complete partially ordered rectangu-

lar b-metric space, and 7 : X — X be a nondecreasing mapping. Suppose
that the following conditions are satisfied:

)

M(z,y) — max{d(x,w,d(:c,n),d(y,m),

d(Tz,Ty) < kM(x,y) where

d(z, Tz)d(y, Ty)
1+d(z,y) +d(z,Ty) +d(y, Tz)’
d(z, Ty)d(z,y) }
1+d(z, Tz) + d(y, Tx) + d(y, Ty)

for all z,y € X with z <y and some k € [0,1).

(ii) There exists o € X such that zq < Tzo and zg < T?x.
(iii) Either T is continuous or X is regular.

Then T has a fixed point z* € X and {T"x(} converges to z*.

Proof: Define o : X x X — [0,00) as

_ 1, ifz<yory=u;
oz,y) = { 0, otherwise

Corollary 3.5 implies that T has a fixed point.
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