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EXISTENCE OF FIXED POINT OF MEIR KEELER TYPE
CONTRACTIVE CONDITION IN FUZZY METRIC SPACES

BALBIR SINGH, VISHAL GUPTA AND PAWAN KUMAR

ABSTRACT. In this paper, we prove a general common fixed point theorem for
two pairs of weakly compatible self-mappings in Fuzzy metric space satisfying
a generalized Meir-Keeler type contractive condition.

1. INTRODUCTION

It proved a turning point within the development of fuzzy mathematics while
the perception of fuzzy set become brought by Zadeh [21]. Fuzzy set theory has
many programs in carried out technology such as neural network principle, stabil-
ity principle, mathematical programming, modelling theory, engineering sciences,
clinical sciences (clinical genetics, apprehensive device), image processing, manage
principle and so on. There are many view points of the notion of the metric area
in fuzzy topology, see, e.g., Erceg [2], Deng [I], Kaleva and Seikkala [9], Kramosil
and Michalek [I0], George and Veermani [3]. In this paper, we are considering the
Fuzzy metric space within the sense of Kramosil and Michalek [10].

Definition 1.1. A binary operation A on [0, 1] is a t-norm if it satisfies the following
conditions:

(i) A is associative and commutative,
(i) A(a,1) = a for every a € [0,1],
(iii) A(a,b) < A(c,d), whenever a < ¢ and b < d.
Basics examples of t-norm are Ap, Ap(a,b) = max(a + b — 1,0), t-norm Ap,
Ap(a,b) = ab and t-norm A,r, Aps(a,b) = min{a, b}.

Definition 1.2 ([I0]). The triplet (K, M, A) be a fuzzy metric space if A be a

continuous t-norm, K be a arbitrary set and M is a fuzzy set in K2[0, 00) satisfying
(i) M(x1,91,0) =05

(11) M(ﬁl,yl,t1> =1forall t; > 0iff z; = Y1;

(i) M(z1,91,t1) = M(yr, 1, 11);

(iv) AM(z1,y1,t1), M(y1, 21, 51)) < M(21, 21,1 + 51);
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(v) M(x1,y1,-):[0,00) — [0,1] be a left continuous;
(vi) lim M(z1,y1,t1) =1 for all z1,y1,¢t1 € K and s1,t; > 0;

t1—00
M(z1,y1,t1) can be thought as the degree of nearness between z; and y; with
respect to t;.

Definition 1.3 ([]). Let (K, M, A) is a fuzzy metric space. A sequence {z,} in
KC is said to be
(i) Cauchy sequence if nh—>néc M(Zptp, T, t1) = 1.
(ii) Converge to z1 € K if nleréoM(xn,xl,tl) =1,Vit; >0
(iii) Complete if every Cauchy sequence in K is convergent in K.
In 1996, Jungck [8] brought the belief of weakly compatible as follows:

Definition 1.4 ([§]). Two maps S and T are said to be weakly compatible if they
commute at their coincidence points.

In 1999, Vasuki [20] introduced the notion of weakly commuting as follows:

Definition 1.5 ([20]). Let S and T are two self-maps on a fuzzy metric space
(K, M, A). Then § and T are said to be weakly commuting if

M(STIEl,TSIL'l,lLl) > M(Sl’l,Tl’l,tl), for all Iy in ’C, t1 > 0.

In 1994, Mishra [II] generalised the notion of weakly commuting to like minded
mappings in fuzzy metric space akin to the concept of well suited mapping in metric
space.

Definition 1.6 ([I1]). Let S and T be self maps on a fuzzy metric space (K, M, A).
Then S and T are said to be compatible if

lim M(S8Tx,, TSz, t1) =1, Vt; >0,

n— oo
whenever a sequence {z,} in K satisfying lim Sz, = lim Tz, = u;, where u;
n—oo

n—oo
in K.

In 1994, Pant [14] introduced the concept of R-weakly commuting maps in metric
area. Later on, Vasuki [20] initiated the idea of non-compatible mapping in fuzzy
metric space and delivered the belief of R-weakly commuting mapping in fuzzy
metric space and proved a few commonplace constant point theorems for those
mappings.

Definition 1.7 ([20]). Let (K, M, A) be a fuzzy metric space and S and T are
two self maps on (I, M, A). Then S and T are said to be non-compatible if

lim M(S8Txy, TSz, t1) # 1 or non-existent,
n— o0
whenever a sequence {x,} in K satisfying lim Sz, = lim Tz, = u;, where
n—oo n—oo
u1 € K and for all t; > 0.

Definition 1.8. A pair of self-mappings S and T on a fuzzy metric space (IC, M, A)
are said to satisfy the property (E.A) if there exists a sequence {z,} in K such that

li_>m M(Szp,u,t1) = lim M(Tzp,u,t1) =1, for some u € K and for all ¢; > 0.
n oo n—oo

The class of E.A mappings contains the class of non compatible mappings.
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Definition 1.9. Let (IC, M, A) is a fuzzy metric space. Two pairs (P, S) and (R, T)
holds the common (E.A) property if we can find two sequences {z,} and {w,} in
K satisfying

lim Pz, = lim Sz, = lim Rw, = lim 7w, = u, for some u € K.
n— oo n—o0 n—o0 n—oo

Definition 1.10. Let (K, M,A) is a fuzzy metric space. Two pairs (P, S) and
(R,T) holds the (JCLRgr) property if we find two sequences {z,} and {w,} in K
satisfying

lim Pz, = lim Sz, = lim Rw, = lim 7w, = Sw ="7Tw for some w € K.
n—oo n— oo n— 00 n— o0

Example 1.1. Let £ = [-1,1] and (I, M, A) is a fuzzy metric space defined by

ty :
B m lf tl > 0 .
M(z1,11,t1) = {O e -0, for all z1,y; in K.
Define P, R, Sand T on K by Px; = %, Rr; = =1, Szp = 11, Tay = —xy, for
all z; € K.

Then with sequences {z,} = {3~} and {w,} = {51} in K, one can easily verify
that

lim Pz, = lim Sz, = lim Rw, = lim Tw, = S0="T0.

n— oo n—oo n—oo n—oo

Hence (JCLRgr) property are satisfied by the pairs (P,S) and (R, T).

Now we prove the in fuzzy metric spaces satisfying a generalized Meir-Keeler type
contractive condition.

2. MAIN RESULTS

Theorem 2.1. Let P, R, S and T be four self mapping on a fuzzy metric space
(M, K, A) with minimum t-norm such that

(2.1) P(K) € T(K), R(K) € S(K);

(2.2) given an € > 0 and for all z,w € K, we can find a § € (0,¢)

satisfying € — 6 < m(z,w, t1) < e = M(Pz, Rw,t1) > e,

where m(z,w,t;) = min{ M (Sz, Tw,t;), M(Pz,Sz,t1), M(Rw, Tw, t1)};
(2.3) one of PKC, RK, SK or TK be a complete subspace of K;
(2.4) the pair (P,S) and (R,T) are weakly compatible.
Then the pairs (P,S) and (R,T) have coincidence points and Pu; = Ruy; = Tuy =
Suy; = uy, where uy is unique in IC.

Proof. Since P(K) C T(K). Now consider a point zy € K, there exists a point
z1 € K satisfying Pzy = T'z; = wy and a given point z1, we can find a point zo € K
such that Rz; = Sz3 = ws. Continuing in this way, we can define sequences {z,}
and {wy,} in K such that

Wop = Szop = Rzon_1; wap—1 =Tz29n-1 = Pzapn_o.

We show that {w,} be a Cauchy sequence. Let us denote M,, = M (wy, wp11,t1)
and G, = G(wy, Wp41,t1), where t; > 0.

Suppose that M,, = 1 for some n = 2k — 1. Then M (wak—1,wak,t1) = 1, this gives
Waop_1 = Wak, which implies that Tzor_1 = Pzor_o = Szor = Rzor_1, so T and R
have a coincidence point.
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Further, if F,, = 1 for some n = 2k, then M (wag, wog+1,t1) = 1, this gives wor =
Wak+1, which implies that Tzox+1 = Pzor = Szop = Rzar—1, so P and S have a
coincidence point.
Now suppose that M,, # 1, for all n.
If for some z,w € K, m(z,w,t;) = 1, then we get Pz = Sz and Tw = Rw. Hence
the result.
If m(z,w,t1) < 1, for all z,w € K, then, by|(2.2)] we have
M(Pz, Rw,t1) > m(z,w,t1). (1)
Hence, we have
Moap_1 = M(wan_1,Wan, t1) = M(Pz2n_2, Rzan_1,11)
> m(22n—2, Zon—1,11)
= min{M(Szon_2, T22n—1,t1), M(P22 2, Sz2n_2,t1), M(Rzon_1,T22n_1,t1)}
= min{ M (waen—2, Wan—1,t1), M(Wan—1, Wan—2,t1), M(wWap, Wan_1,%1)}
= min{MQn_Q, MQn_l} = MQn—Q-
Therefore,
Maop 1 > May_a. (2)

Similarly, Mo, > Mg, _1.
Hence we deduce that M,, > M,,_1, for all n.
Thus {M,,} is a strictly increasing sequence of positive real numbers in [0, 1].

Hence {M,,} converges to some limit say s. (3)

Next we claim that s = 1. If s # 1, then by , there exists a § > 0 and a natural
number m such that for each n > m,

S_5<M(wn7wn+17t1):Mn§5- (4)
In particular, m(2zn, 22n—1,t1) = min{Ma,, Ma,_1} = May,_1, then we get
s—0 < Mgy_1 <s.

Therefore, by using we have
M(Pzop, Rzop—1,11)
> m(zan, Z2n-1,t1)
= min{ M (Szapn, T22n—1,t1), M(Pzap, Szon, t1), M(Rz2n—1,T22n—1,t1)}
= min{ M (wan, Wan—1,t1), M(Wapt1, Wan, t1), M(wapwan_1,t1)}
= min{ M (wap, wan—1,t1), M(wan+1, Wan,t1)}
= min{Mag,_1, Ma,} = Ma,.

Thus, we have M(zo,41, 2an,t1) = Ma, > s, a contradiction. Hence s = 1 i.e.,

lim M,, = lim M(wp,wpy1,61) = 1.
n—oo n— oo
Now, for any positive integer k,

M(w’na Wn+k, tl)

ty

t t
> M (wnawnJrlv k) AM (wn+lawn+2; k12> A AM (wn+k17 Wn+ks k;‘> .
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Since lim M (wy, wpt1,t1) =1, for t; > 0, then

n— oo

lim M(wnywnJrkvtl) > 1,

n—oo

which shows that {w,} be a Cauchy sequence in K.
Suppose SK be a complete subspace of . Then the subsequence ws,, = Sza,, must
have a limit in SK, say u; and v; € S™1(uy), so that Sv; = uy. Since {w,} is a
Cauchy sequence containing a convergent subsequence {ws,}, the sequence {w,}
also converges to u;.
First we claim that Pv; = uy. If Pvy # w1. On putting z = vy and w = 29,1 in
(2.2)l we have for t; > 0,
M(Pv1, Rzan—1,t1) > m(v1, z2n-1,11)
= min{M(Svy, Tzon—1,t1), M(Pv1, Svi, t1), M(Rz25—1, T22n—1,t1)}
Putting n — oo, we have
M(Pvl,ul,tl) > min{./\/l(ul,ul,tl),./\/l(ul,Pvl,tl),./\/l(ul,ul,tl)}
- M(Pvl,ul,tl)
a contradiction.
Thus Pvy = u; = Sv;.
Hence the pair (P, S) has a point of coincidence.
As P(K) CT(K), Pv; = u; gives uy € TK.
Let o1 € T~ Y(uy), then Tzy = uy.
Next we claim that Rz = uy. If Rxy # ug.
On putting z = wsy, and w = x; in|(2.2)} we get ¢t > 0,
M(P’U)Qn, Rxl, tl) > m(wgn, X, tl)
= min{ M (Sway, Tx1,t1), M(Pwap, Swan, t1), M(Rxy1,Tx1,t1)}.
Putting n — oo, we have
M(uy, Ry, t) > min{ M (uy, uy, t1), M(uy, ui, t1), M(Raq,ur, t1)},
= M(Rl‘l, Uy, tl)a
a contradiction. Therefore, Rx1 = uqy = Tx1.
Hence we have shown that v; = Svy = Pvy = Rz = Tx;.
The same result is obtained if we assume TK to be complete. Indeed if PK is
complete, then u; € PK C TK and if RK is complete, then u; € RK C SK. Now
weakly compatible of the pairs (P, S) and (R,T) implies, Pu; = PSv; = SPv; =
Suy and Ruy = RTx1 = TRx1 = Tu,.
Finally we claim that Pu; = u;.
If PU1 7& Uuy.
Putting z = u; and w = 7 in|(2.2)} we get t; > 0,
M(P’Lﬂ,RlL’l,tl) = M(PU1,U1,t1)
> m(uy, 21,t1)
= min{M(Sul, T.’El, tl), M(Pul, Sul, tl), M(Rl‘l, T.]?l, tl)}
= min{M(Pul,ul,tl),M(Pul,Pul,tl),/\/l(ul,ul,tl)}
- M(Pul, uy, tl),

a contradiction. Therefore, Pu; = uy.
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We can easily show that Ru; = ;.
Hence Puy = Rup = Tup = Sup = uq.
Uniqueness. Suppose wi(u; 7# wy) be other point in K such that

Pw; = Rwy = Twy = Swi = wy.
On setting z = u1, w = wy in[(2.2)] we get t; > 0,
M(Puy, Rwy,t1) = M(ug,w,t1)
> min{ M(Suy, Twy,t1), M(Puy, Suy, t1), M(Rwy, Twy,t1)}
= min{M(uy, w1, t1), M(u1, u1,t1), M(wy,wy,t1)}
= M(uy,wr,t1),
M(ug,wr,t1) > M(uq,wr, t1)
a contradiction.

Hence Pu; = Ru; = Tup = Suj = uy, where up is unique in K. O

Example 2.1. Let K = [2,20] and (I, M, A) is a fuzzy metric space defined same
as in Example 1.10.
Define self maps P, R, S and T on K as follows:

2 ifzy =2orxz; >5 2 ifzy =2o0rxz; >5
Pz = . Rz = .
z1+1 if2<x <5 z1+2 if2<z1 <5

Sty =<8 if2<xz1 =5 11 if2< 5
T i 1 =
wlTH if.’E1>5, ! !

Then the self maps P2 = S2 = T2 = R2 = 2 and satisfy all the conditions of
Theorem 2.1 and moreover the maps satisfy neither the ¢-contractive condition
nor the Banach type contractive condition.

2 ifxg =2 .
{2 ifzy =2o0rzy >5
Tl‘lz

Now we shall improve the above theorem the usage of commonplace property (E.A),
because it relaxes containment of the variety of 1 map into the variety of other,
that’s utilized to assemble the collection of joint iterates in not unusual constant
point issues.

Theorem 2.2. Let P, R, S and T be four self mappings on a fuzzy metric space
(K, M, A) with minimum t-norm satisfying |(2.2)} (2.4)| and the following:
the pairs (P, S) and (R,T) holds common (E.A) property; (5)
SIC and TK are closed subsets of K. (6)

Then the pairs (P,S) and (R,T) have coincidence points and Pu; = Ruy; = Tuy =
Su1 = w1, where uy is unique in K.

Proof. In view of , there exists two sequences {z,} and {w,} in K satisfying

lim Pz, = lim Sz,

n—oo n—oo
= lim Rw, = lim Tw, = uy, for some u; € K.
n—oo n—oo

Since SKC be a closed subset of I, we can find a point v; € K satisfying u; = Sv;.
First we claim that Pvy = uy. If Pvy # ug.
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Putting z = v; and w = w,, in|(2.2), we have for t; > 0,
M(Pvy, Rwp,t1) > m(vi, wn, t1)
= min{ M (Svy, Twy, t1), M(Pvy, Sv1,t1), M(Rw,, Twy, t1)}.
Letting the limit as n — co, we obtain
M(Pvl,ul,tl) > min{M(ul,ul,tl),M(Pvl,ul,tl),./\/l(ul,ul,tl)}
== M(PUl, uy, tl),
a contradiction. Therefore, Pv; = uy; = Sv;.
Since T is also closed subset of I, lim Tw, = u; € TK and hence we can find a
n—oo
point py in K satisfying Tp; = u; = Pvy = Svy.
Now we show that Rp; = uy. If Rp; # u;.
On setting z = v1 and w = p; in|(2.2), we get for ¢t; > 0,
M(PUI) Rplatl) > m<vlaplat1)
= min{ M (Svy, Tp1,t1), M(Pvy, Sv,t1), M(Rp1, Tp1,t1)},
M(Ul, Rpl, tl) > min{/\/l(ul, Uy, tl), M(ul, Uy, tl), M(Rph U1, tl)}
= M(Rp17 uy, t1)7
a contradiction. Therefore, Rp; = u; = T'p1, which shows the pair (R,T) has a
coincidence point p;. Now weakly compatible of the pairs (P, S) and (R,T') implies,
Pv, = Svi, Rpy = Tp1, Pu; = PSvy = SPv; = Suy and Ru; = RTpy = TRp, =
Tul.
Now we claim that Pu; = uy. If Puy # u;.
Putting z = vy and w = py in|(2.2)} for ¢; > 0,
M(Pu17 Rplatl) > m(ulaplvtl)
= min{M(Suy, Tp1,t1), M(Puy, Suy,t1), M(Rp1,Tp1,t1)},
i.e.,
M(Pul,ul,tl) > min{M(Pul,ul,tl),M(Pul,Pu17t1)7/\/l(Rp17Rp1,t1)}
== M(Pul, Ui, tl)
a contradiction. Therefore, Pu; = u; = Su;. We can easily show that Ru; = u; =
Tul.

Hence Pu; = Ru; = Tuy = Sup = uy.
Uniqueness. Suppose wi(u; # wq) be other point in K such that

Pw1 :Rw1 :Tw1 :Sw1 = Wwq.

On setting z = u1, w = wy in we get t1 > 0,
M(Puy, Rwy,t1) = M(ug,w,t1)
> min{ M (Suy, Twy, t1), M(Puy, Sui, t1), M(Rwy, Twy,t1)}
= min{M(uy, w1, t1), M(u1, u1,t1), M(wy,wy,t1)}
= M(uy,wr,t1),
M(ug,wy,t1) > M(uq,wr, tq)

a contradiction.
Hence Pu; = Ruy; = Tuy = Suy = uq, where uq is unique in K. O
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We now give an example to illustrate the above theorem.

Example 2.2. Let K = [2,20] and (K, M, A) be a fuzzy metric space defined same
as in Example 1.10.
Define P, R, S and T on K as:

2 ife;=2o0rxz; >5 2 ife;=2o0rxz; >5
Px, = i Rz, = .
r1+1 if2<ax; <5 T +2 if2<x; <5

2 ifzy=2o0rz; >5 2 ifzy=2o0rz; >5
Sz, = . Tz, = )
8 if2<uxz <5 9 if2<xz1 <5

Take {z, =5+ 1} and {w, =5+ 1}. Then
lim Pz, = lim Sz, = lim Rw, = lim Tw, =2€ K.

n—oo n—oo n—oo n—oo
Thus pairs (P, S) and (R,T) satisfy common (E.A) property, P2 = S2 = T2 =
R2 = 2 and holds all conditions of Theorem 2.2. Here SK and TK are closed
subspaces of K whereas neither PX nor RKC is closed subspace of K. Moreover the
maps satisfy neither the @-contractive condition nor the Banach type contractive
condition. Also, one may notice that neither R ¢ SK nor PK € TK.

Finally, it is found that common (E.A) property calls for the completeness or close-
ness of the subspaces. So an attempt has been made to drop the closeness of the
subspaces from Theorem 2.2 with the aid of the use of the (JCLRgr) property.

Theorem 2.3. Let P, R, S and T be four self maps on a fuzzy metric space

(K, M, A) with minimum t-norm satisfying condition|(2.2)}, [(2.3)| and the following:
the pairs (P, S) and (R,T) holds (JCLRgr) property. (7)

Then the pairs (P,S) and R,T) have a coincidence point and Pvy = Rvy = Tvy =

Sv1 = vy, where vy is unique in K.

Proof. As the pairs (P, S) and (R, T) holds the (JCLRgr) property, there exists

two sequences {z,} and {w,} in K satisfying

lim Pz, = lim Sz, = lim Rw, = lim Tw, = Su; = Tu,
n— oo n— oo n— oo n— oo

where u; € K.

First we claim that Pu; = Suy. If Puy # Su;.

Setting z = w1 and w = w,, in|(2.2), we have ¢; > 0,

M(Pulva’rutl) > m(ulawnvtl)

= min{ M (Suy, Twy, t1), M(Puy, Suy,t1), M(Rwp, Twy, t1)}

Putting n — oo, we have

M(Pul, Sul,tl) > min{M(Sul, Sul,tl),M(Pul, Sul,tl),M(Sul, Sul,tl)}

= M(Pul,uhtl),

a contradiction. Therefore, Puy; = Su;.
Now we claim that Ru; = Tu;.
If Ruy # Tuy. Putting z = uy and w = u; in|(2.2)} we get ¢t > 0,

M(Puy, Ruy, t1) > m(ur,u,t1)
= min{M(Sul,Tul,tl),/\/l(Pul,Sul,tl),/\/l(Rul,Tul,tl)},
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M(Tul, Rul, tl) > min{./\/l(Sul, Sul, tl), M(Tul, Tul, tl), M(Rul, Tul, tl)}
= M(Rul,Tul,tl),
a contradiction. Therefore, Ru; = Tuy.
Thus we have Tu; = Ru; = Pu; = Su;. Now we assume that v1 = Tu; = Ru; =
Puy = Suy. Now weakly compatible of the pairs (P, S) and (R, T) implies, Pu; =
Suy, Ruy = Tuy, Pvy = PSuy = SPu; = Sv; and Rv; = RTu; = TRuy = Tv;.
Now we claim that Pv; = v;.
If Pvy # v1. On putting z = v; and w = u3 in for t1 > 0,
M(Pvl, RU1, t1) > m(vl, uy, tl)
= min{M(Svl, T’U,l, tl), M(Pvl, Svl, tl), M(Rul, Tul, tl)}7
ie.,
M(Pvl,vl,tl) > min{./\/l(Pvl,u,tl),./\/l(Pvl,Pvl,tl),/\/l(vl,vl,tl)}
= M(P’U,’Ul,tl)
a contradiction. Therefore, Pv; = v1 = Svi. We can easily show that Rv; = v =
T’Ul.
Hence Tv; = Rv; = Pvy = Sv; = v;. O

We now give an example to illustrate the above theorem.

Example 2.3. Let £ = [2,20] and (K, M, A) is a fuzzy metric space defined same
as in Example 1.10.
Define self maps P, R, S and T on K as follows:

2 ifzy =2o0rxz; >5 2 ifzy =2o0rxz; >5
Pz = . Rz, = .

x1+1 if2<z <5 r1+2 if2<x <5

2 ifx;=2o0rxzy >5 2 ifrx;=2o0rxzy >5
Sty = . Ty, = .

r1+1 if2<ax <5 r1+9 if2<x <5

Take {zn =5+ %} and {wn =5+ %} Then
lim Pz, = lim Sz, = lim Rw= lim Tw, =2=52=T2.

n—oo n—oo n—oo n—oo
Thus pairs (P, S) and (R, T) satisty (JCLRgr) property, P2 =52=T2=R2=2
and holds all the conditions of Theorem 2.3. Notice that none of PX, RX, SK and
TK is a closed or complete subspace of IC. Moreover the maps satisfy neither the
¢-contractive condition nor the Banach type contractive condition. Also RK ¢ SK
and PK ¢ TK.

3. CONCLUSIONS

Section 1 is essentially central to text. In this section, we give some basic definitions
and results that we need in the sequel. It consists two sections. In first section, we
deal with background of fuzzy fixed point theory. In second section, we give nota-
tions, preliminaries, basic definitions and basic results which are used throughout
paper. Then in Section 1, first we prove a common fixed point theorem for four
self maps in fuzzy metric spaces with minimum ¢-norm satisfying some Meir-keeler
type contractive condition in which two pairs of mappings are weakly compatible
and have coincidence point and in next (Theorem 2.2) we prove the same with E.A
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property and Theorem 2.3 with (JOLRgr) property. Some suitable examples are
given to support our theorems.
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