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ON THE GAUSS k-FIBONACCI POLYNOMIALS

MERVE TASTAN, ENGIN OZKAN

ABSTRACT. In this paper, we define the new families of Gauss k—Fibonacci
polynomials. We obtain some exciting properties of the families. We give
the relationships between the family of the Gauss k— Fibonacci polynomials
and the known Gauss Fibonacci polynomials. We also define the generalized
polynomials for these numbers. We also obtain some interesting properties
of the polynomials. Furthermore, we find the new generalizations of these
families and the polynomials in matrix representation. Then we prove Cassini’s
Identities for the families and their polynomials.

1. INTRODUCTION

Fibonacci numbers have exciting properties and many applications in many
branches of mathematics.[5], [§], [12], [13], [14], [I5]. In [6], Mikkawy and So-
gabe gave a new family of k—Fibonacci numbers. In [I0], Ozkan et.all. defined
a new family of k—Lucas numbers and give some properties about the family of
the numbers. There are some works on polynomials of the families of k—Fibonacci
numbers and k-Lucas numbers [8], [13], [15]. In [3], Falcon and Plaza gave general
k-Fibonacci numbers and showed properties of these numbers were related with
elementary matrix algebra. In [2], Bolat and Kose found some important proper-
ties about k—Fibonacci number. Finally [16], Tag presented k—Gauss Fibonacci
numbers and give some properties related to these numbers.

In this paper, we define the new families of Gauss k—Fibonacci polynomials.
We obtain some exciting properties of the families. We give the relationships be-
tween the family of the Gauss k— Fibonacci polynomials and the known Fibonacci
polynomials. More, we find the new generalizations of these families in matrix
representation. Then we prove Cassini’s Identities for the families.

2. MATERIAL AND METHODS

Now, we introduce the Fibonacci polynomials Fj,(x), the Lucas polynomials
L, (z), the Gauss Fibonacci numbers GF,,(z) and he Gauss Fibonacci polynomials
g fn(x)-matrix, k—Fibonacci numbers Fék), k—Gaussian Fibonacci numbers GF®.
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Definition 1. The Fibonacci polynomials F,,(z) are defined by
Fu(@) = 2Fo1(2) + Fa() 1)
where Fy(z) =1, Fy(z) =z, and n > 3.[7]
Definition 2. The Lucas polynomials L (z) are defined by
Lp(x) = xLn-1(2) + Ln—2(x) (2)
where Lo(z) =2, L1(z) =1, and n > 2.[7]
The Lucas polynomials satisfy the following properties:

Ln(z) = Foy1(2) + Froi(2) (3)

2Ln(x) = Frio(z) + Froa(z)
Ly(z) = xzF,(z) + 2F,_1(x)
i

Definition 3. The Gaussian Fibonacci numbers {GF,}>2, are defined by the fol-
lowing recurrence relation

GFhi1=GF,+GF,_1,n>1 (4)
with initial conditions GFy =i and GFy = 1.[1]
Binet formulas for GF,, is given by as follows

_Oén—ﬂn ,Oén_l—ﬂ77'71
GF, = P +1 P (5)

where a = 1%% and 8 = 1’2‘2/3.[4}

Definition 4. The Gaussian Fibonacci polynomials {GF, (z)}>2, are defined fol-
lowing recurrence relation
GFhi1(z) = GF,(2) + GFp—1(x),n > 2 (6)

with initial conditions GFy(z) = 1 and GFy(x) = x + 4.[11]
For n > 2, we have

GF,(z) = F(z) +iF,_1(x). (7)
Binet formulas for GF,, (x) is given by as follows
_az) —p"(z) e M(x) - " (2)
G = e T aw - 6w )
7“'\2/2@ and 3 = 7””_‘2/2m.[11]

where a =
The Gauss Fibonacci polynomial matrix gf, (z) is defined by

| GFu1(z)  GF,(x)

gfn(x) - GFn(.’E) GFn71<.’E) ,n>0.
1]
For n > 1, we have
GFpi1(2)GF,_1(z) — GF%(z) = (—1)"(2 — iz). (9)

1]
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Definition 5. There are unique numbers m and r such that n = mk + r where
m, k(# 0) natural numbers and 0 < r < k. The generalized k— Fibonacci numbers
FT(Lk) are defined by

F®) =

where o = 1+2‘2/5 and B = =25 []

Definition 6. There are unique numbers m and r such that n = mk + r where
m, k(# 0) natural numbers and 0 < r < k. The generalized k— Gaussian Fibonacci

numbers GF,(Zk) are defined by

o = (S () (- (55))
(5 (58) ) (- (52

where o = 1+2\2/5 and B = 1;2‘2/5.[16}

3. MAIN RESULTS

Definition 7. There are unique numbers m and r such that n = mk + r where
m, k(# 0) natural numbers and 0 < r < k. The generalized Gauss k— Fibonacci

Polynomials GF,gk)(x) are defined by

Wy L [m@) ) | i) - 87 )
Ch7) = [ 5 a@) —f ]

where o = TEYLZZEL gng g === VaZ i
Y v .

Also, we can find the generalized Gauss k—Fibonacci polynomials by matrix
methods. Indeed, it is clear that

kn+k

GFE Y (@)gfu(x) =
GFM (x)  GEP., (2)

GE® , (x)  GFP, (x) ]

GF,y1(x) GF,(x)
GF,(r) GF,_1(z)
Let’s give some values for the Gauss k-Fibonacci polynomials in the table below.

where gf,(x) = } ,m>0.
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k=1

0

1

T+

22 +1+ix

3 + 2z+

ix? 4

xt + 322+

1+ iz + 2ix
x® + 423 + 32+
izt + 3ix? +4
28 + 54

622 + 1+

ix® + dixd + dix

7 4+ 625 + 1023+

Az + iz + Sizt+
6iz? + 1

k=2 k=3 k=4

0 0 0

0 0 0

1 0 0

T+ 1 0

x? — 1+ T+1 1

2ix

3 + 2%+ x? — 1+ T+

) 2ix

ot + 2%+ 1+ 23 — 3x+ x? — 1+
2ix3 + 2ix Jix? — i 2ix

5 + 223+ a2t =222 -1 23 —3z+
x + 2zt Jixd +ix 3ix? — 4
+dix? 4+

28+ 32t +22%2— 25 —ad — a4+ 2t — 6224
1+ 205+ izt + 3ia? 1+ 4ia3—
6iz® — dix +1 dix
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o O O o o

T+

2 — 1+

2ix

3 — 3z+
3iz? — i

From (8) and Definition 7, we can give the generalized Gauss k—Fibonacci polyno-
mials via the Gauss Fibonacci polynomials.

GE®) (2) = (GF(2))* " (GFmi1(2)) 0 = mk + 1.

(10)

If k =1 in last equation, we have that m = n and r = 0 so GFy(Ll)(as) = GF,(z).
Throughout this paper, let k,m € {1,2,3,...}.

Theorem 1. For k and m, we have

(CF41(2))* = (GF(@))']

Proof. By using (10), we get

GrY

(m+1)k

(z) — GF¥)(2)

_ [GF((:L)_,FI)]C(&‘) —GFW® (x)} .

[(GF(2))* (G Fp (2)F] —
[(GF(2))F (G Py ())"]
(GFms1(2))" = (GFn(@))".

I
o

O O O O o

T+

2 — 1+
2ix



128 M. TASTAN, E. OZKAN EJMAA-2021/9(1)

For k = 2,3,4 and n, we have the interesting following properties between these
numbers.

(11)

From Definition 7, we know that n = mk + r where m, k(## 0) natural numbers
and 0 <r < k. Let’s suppose that GFikn) =0fork=1,2,....

Theorem 2. For the GESQ)(QU), we have

GEY) (@) =GR, (2)GFya(x) = (~1)"'(2 - iz)
GFP (2) + GFY o(x) = Fou(x)(z + 2i).

Proof. By using (11) and (9), we get

GEy)_ (x) = GF, (x).
GFP () — GF,(x)GF,_s(z) = —(GF,(2)GF,_s(z)—GF? (2)),

—(=1)"(2 —ix),

= (=12 —ix).
By using (3), (7) and (11), we obtain
GFY (z) + GFY ,(x) = GF2(z)+ GF2, (2).
GFg(x) + GF’r%-i—l(x) = (Fn(x) + iF’n—l( ))2 + (Fn+1( ) + iFn(m))Q
= F%(2)+2iF,(2)F,_1(2) +i* +
Fv%—&-l( )+27'Fn+1( n )+12F3(x)

)En(z
= Fp(z) = Fii(2) + 20 (@) (Fao1 () + Fopa(2))
= (Fasa(@) + Foo1(2)(Foga () + Froa(2)) +
2iF, (z) L, (z)
= xFu(x)Ln(2) + 2iF, (x) Ly (2)
= Fo(x)L,(z)(x + 2i)
= Fy,(x)(z + 2i).
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Theorem 3. (Cassini’s Identity) Let GF,Sk)(:E) be the generalized Gauss k-Fibonacci
polynomials. For n,k > 2, Cassini’s Identity GFT(Lk) (z) is as follows:

ZE=2() (1) (2 — iw =
GER, (0)GF, @)~ (GFE,, (o ))2:{0@ (2)(~1)"(2 - ix), ttél}.

Proof. By using (9) and (10), we get
2
k k k
GFlgn)—&-t( )G Flgn)—&-t o(2) — ( Flgn)—i-t (@ ))
(GFF 1 (@)GFot(2)) (GFE T (2)GFsr—a(x)) — (GEE Y (2)GFppia ()

= ((;lﬂf_l(m)) (GFopt(2)GFpyta(x) = (GFuyi-1(2))?)
GFF2(2) (GFnyt()GFpyi—2(x) — GFoyy1(2))?)
For t =1;

= GFika(x) (GF7L+,5($)GF,L+,5_2($) - GFn—&-t—l(w))Q)
GE?*=2(2)(—=1)"(2 — ix).
Fort #1,t=m,(m € N);
= GF3k72(x) (GFIL-i-m(x)GFn—i-’m—Q(x) - GFVL+77L—1($))2)
GE (@) (GFy o — GFayam—o)
0.

O

For n, we obtain an interesting relation between the known Gauss Fibonacci
polynomials and the generalized Gauss k—Fibonacci polynomials

GFnk+t< z) = GFf_t(x)GF£+l(x);

t=0,1,....k— 1.

Conclusion

In the present paper, we defined the new families of Gauss k- Fibonacci polyno-
mials. We gave some relations among these families and the known Gauss Fibonacci
polynomials. Furthermore, we find the new generalizations of these families and
the polynomials in matrix representation. Then we prove Cassini’s Identities for
the families and their polynomials.
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