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NEW OSCILLATION RESULTS TO THIRD ORDER DAMPED
DELAY DIFFERENCE EQUATIONS

M. MADHAN, S. SELVARANGAM AND E. THANDAPANI

ABSTRACT. This paper deals with the oscillation of certain class of third order
nonlinear delay difference equations with damping. Some new criteria of os-
cillation of the third order equation in terms of oscillation of a related second
order linear difference equation without damping are obtained. Examples are
provided to illustrate the main results.

1. INTRODUCTION

Consider nonlinear third order delay difference equation of the form
Aan A(bn (AYn)™)) + Pn(AYnt1) + @nf(Yn—r) = 0, n = no, (1)

where ng € N is a fixed integer, and a > 1 is a ratio of odd positive integers. We
assume that

(Hy) {an}, {bn}, {pn} and {¢,} are real positive sequences for all n > ng, and k
is a positive integer;

(H1) f: R — R is a continuous function such that uf(u) > 0, and % > M >0,
for all u # 0, where 8 < « is a ratio of odd positive integers.

By a solution of equation (1), we mean a nontrivial sequence {y,} defined for
all ng — k, and satisfies equation (1) for all n > ng. Clearly, if y, = ¢, for
n=mnyg—k,ng—o+1,..,n9p— 1 are given, then equation (1) has a unique so-
lution satisfying the above initial conditions. A solution of equation (1) is said
to be oscillatory if it is neither eventually positive nor eventually negative, and
nonoscillatory otherwise. A difference equation is called nonoscillatory if all its
solutions are nonoscillatory.

Recently, there has been a great interest in determining the oscillation criteria for
various types of second order difference equations, see for example [1] and the ref-
erences cited therein. However, the study of oscillatory behavior of third order
difference equations has considerably received less attention eventhough such equa-
tions have wide applications in the fields such as economics, mathematical biology,
and many other areas of mathematics in which discrete models are used, see for
example [5, 7, 11].

2010 Mathematics Subject Classification. 39A10.
Key words and phrases. Oscillation, nonoscillation, third order, delay, difference equation.
Submitted Feb. 8, 2020. Revised April 25, 2020.

79



80 M. MADHAN, S. SELVARANGAM AND E. THANDAPANI EJMAA-2021/9(1)

The study of oscillation and asymptotic behavior of equation (1) in the continu-
ous case (third-order delay differential equations with damping) and on time scales
(third-order delay dynamic equations on time scales) has been investigated in the
following papers [12, 13, 26].

We note that the analog equation of (1) in the continuous case is the functional
differential equation

(a(®)(b(®)(y'(£)")") + @)Y )" + qt) f(y(t — k)) =0

where a, b, p and ¢ are positive real continuous functions, k is a positive constant
and f: R — R is continuous with uf(u) > 0 for u # 0. For related works regarding
the oscillation of some special cases of equation (1), we refer to the papers [3, 6, 9],
and the references cited therein.

From the review of literature, one can see that most of the oscillation results are
for the third order difference equations without damping term, see for example
[1, 2, 8, 10, 14, 15], and the references cited therein and very few results available for
the equation with damping term [16, 18, 19]. Recently in [5], the authors considered
the equation (1) with o = 8 = 1, and established some sufficient conditions which
ensure that all solutions of equation (1) are either oscillatory or tend to zero as
n — 00.

The purpose of this paper to improve and generalize the results in [2, 4, 8, 10, 14,
15, 16, 17, 18, 19, 20, 21, 22, 23, 24], and present some sufficient conditions which
ensure that any solution of equation (1) oscillates when the related second order
linear difference equation without delay

AlanAzy) + L2 201 =0 (2)
bn+1

is nonoscillatory.

The paper is organized as follows. In Section 2, we present some preliminary

lemmas which are used to prove the main results, and in Section 3, we state and

prove oscillation theorems. Finally in Section 4, we provide some examples to

illustrate the main results.

2. PRELIMINARY RESULTS

For the sake of convenience, we denote Lo(Yn) = Yn, L1(yn) = bn(A(Lo(yn)))%,
Lo(yn) = anA(L1(yn)) and Ls(yn) = A(La(yn)) for all n > ng. Hence, equation
(1) can be written as

iLl(yn-i,-l) + an(yn—k) =0, n > ng.

n+1

If {y,} is a solution of equation (1), then {z,} = {—yx} is a solution of the equation

L3(zn) + bplLl(ZnJrl) + anf"(zn—k) =0, n = ng
n+1
where f*(zp—x) = —f(—2n—k) and uf*(u) > 0 for u # 0. Thus, concerning nonoscil-

latory solutions of equation (1) we can restrict our attention only to solutions which
are positive for all large n.
Define

n—1 n—1
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and

We assume that

Ri(n,N) — o0 as n — o0, (3)
and

Ry(n,N) — o0 as n — oo. (4)

We begin with the following lemma given in [5].

Lemma 1 Suppose that equation (2) is nonoscillatory. If {y,} is a nonoscillatory
solution of equation (1) for all n > ng, then there exists an integer N > ng such
that either vy, L1(yn) > 0 or y,L1(y,) < 0 for all n > N.

Lemma 2 Let {y,} be a nonoscillatory solution of equation (1) with v, L1 (y,) > 0
for n > N > ng. Then

Ll(yn) Z RQ(n7N)L2(yn)a n Z Na (5)
and
Yn > Rs(n,N)Ly/*(yn), n > N. (6)

Proof. Let {y,} be a nonoscillatory solution of equation (1), say y, > 0, yn_x > 0,
and Lj(y,) > 0 for all n > N. Since

AanAbn(Ayn)*) = =5 Lilynt1) = anf(gns) S0, 02 N,

we have that a, A(b,(Ay,)®) is nonincreasing for all n > N, and hence

Lilyn) = ba(Bpn)® = bx(Aun)® + 3 AL 2 3 AlLi(y)
s=N s=N
>, Ab (A1) Y - = Rl N) La(n).
s=N %

It follows from the last inequality that

Ro(n, N 1/a a

n

Now, summing this inequality from N to n— 1, and then using the fact that Lo (y,,)
is nonincreasing, we obtain

n—1 n—1
Un = yN+ZAySZ ZAys
- /
> Z <R2 >N > Ly (ys)
s=N

8
> Ry(n, N)Ly*(yn),

for all n > N. This completes the proof.
Next, consider the second order delay difference equation

A(anAxn) = annfl (7)
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where {a,} is same as in equation (1), {Q,} is a positive real sequence, and [ is a
positive integer.
Lemma 3 If condition (3) and

n—1

nl;rrgosup Z QsRa(n—1,s—1) > (8)
s=n—I1

are satisfied, then every bounded solution of equation (7) is oscillatory.

Proof. Let {x,} be a bounded nonoscillatory solution of equation (7), say z,, > 0,
and x,—; > 0 for all n > N > ng. By (7), we have that {a,Az,} is strictly
increasing for all n > N. Hence for any N7 > N, we obtain

n—1

asA:I:S
Tn = TN, + E Azs =xpn, + E
s=N; s=N1 s
n—1
1
> £L'N1+G,N1A£EN1 E —
s=N; s

= xn, + aNlAﬂchRg(le).

So Az, < 0, as otherwise (3) would imply that x,, — 0o as n — oo, a contradiction
to the boundedness of {z,}. Therefore

Zn >0, Az, <0, and A(a,Az,) >0, n > N. (9)
Now for j > s > N, we have

Ty > XTs—T; = _ZAJ)t Z atixt

t=s
> —a;Az; Z — = —Ry(j, s)a;Az;. (10)

For n >t > Ny, setting s =i — [ and j = n — [ in (10), we obtain
Ti_] > —RQ(TL —1l,i— l)an,len,l.

Summing the equation (7) from n — [ to n — 1, and then using the last inequality
we obtain

—Ap_ ATy > AT, — Q] AX,_
n—1
= Z stsfl
s=n—I
n—1
> — Z QsRo(n—1,s=1)| an—1Axp_y
s=n—I
That is,
n—1
1> 3" QuRa(n—1,5-1). (11)
s=n—I

Taking limit supremum as n — oo on both sides of (11) yields a contradiction to
(8). This completes the proof.
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Lemma 4 If condition (3) and

n—1 n—1
1
li — > 1, 12
are satisfied, then every bounded solution of equation (7) is oscillatory.

Proof. Let {x,} be a bounded nonoscillatory solution of equation (7), say x,, > 0,
and x,_; > 0 for all n > N > ng. As in Lemma 3, we obtain (9). Summing the
equation (7) from s to n — 1, we obtain

n—1
—asAxry > anAxnfasA:vs:E Qi
t=s

n—1
> lz Qt‘| Tpn—1-
t=s

That is,

n—1
1
_Axs > <(L; ; Qt) Tn—1-

Summing the last inequality from n — [ to n — 1, we have

n—1 1 n—1
5 (azgtﬂ
=n—I1 s

t=s

Tp—| > Tp—]— Tp > l
or
n—1 1 n—1
1> Zl<astZQt>. (13)
Taking limit supremum as n — oo on both sides of (13) yields a contradiction with
(12), and the proof is completed.

3. OSCILLATION RESULTS

Now, we begin to present the main results.
Theorem 1 Let conditions (3) and (4) hold. Suppose that equation (2) is nonoscil-
latory. If there exists a positive real sequence {p,}, and a positive integer ! such
that [ < k, and

li Til M ot AFT) (14)
o 5P ~ Pols = (o y 1o+t pa | =
s=Ny

where

A n n n
A, = =Pn Pn Pnopn+1,N),
pn+1 pn+1 bn+1

RY%n -k N
B, = oBBatn+1-kyirF kN,
bn7k+1

and (8) or (12) holds with

Pn
n+1

Qn=|cM@,R}(n—1,n—k)— >0 for alln > N; > N,
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and ¢, ¢* > 0, then every solution {y,} or {L2(y,)} of equation (1) is oscillatory.
Proof. Let {y,} be a nonoscillatory solution of equation (1). Without loss of
generality, we may assume that y,, > 0, and y,_x > 0 for all n > N > ng. Then,
it follows from Lemma 1 that Lq(y,) > 0 or Li(y,) < 0 for all n > N. First we
assume that Li(y,) > 0 for all n > N. From equation (1), we see that La(y,) is
decreasing for all n > N. Hence for any integer N1 > N, we have

n—1
Li(yn) = Li(yn,) Z A(Li(ys)) = La(yn,) + Y
s=N; s=N1

< Li(yn,) + La(yn, ) Ra(n, N1),

so La(yn,) > 0, as otherwise (4) would imply that Li(y,) = —oc as n — o0, a
contradiction to the positivity of Li(y,). Therefore Ls(y,) > 0 for all n > Nj.
Define

La(ys)
as

A(b, (Ay,)*
wy, = Pn%(yn)), n> Nj. (15)
yn—k
Then w,, > 0 for all n > Ny, and
A(L A W10y
Awn = ( ;(yn)) + Pn Wit — Pn n+1,8 Yn—_k
Yt Pn+1 Prn+1 Y
Ayl
< _Mann + P Wnp+1 — P Bn kwn+1
Pn+1 L R T
Pn Rs (Tl +1 N)wn+1 (16)
pn+1 anrl
Using Mean value theorem, we have
Ay? Ay,
‘Z”*’“zﬁ In=k 55 0. (17)
yn—k Yn+1—k

In view of (17), (5), and the fact that La(y,) is decreasing, and y,, is increasing, we
have from (16) that

A’ﬂ n n
Aw, < _MPHQn+< P Pn P R2(n+1,N)>wn+1

pn+1 pn—l—l bn+1

1/«
pn Ry!"(n—k,N) 141 B8/a—1
B . w1y (18)
Pr+1 b, g

It follows from Ls(y,) < 0 that 0 < La(y,) < ¢1 < oo for all n > N; > N. Hence
for n > N7, we have

bn(Ayn)® = Li(yn) = La(yn) Z (L1(ys))

IN

Li(yn) + c1Ra(n,

Li(yn)
_ ) < N
[Rg (n,N) ] c2Ra(n, N)



EJMAA-2021/9(1) THIRD ORDER DAMPED DELAY DIFFERENCE EQUATIONS 85

holds where co = ¢ + % Therefore, we have for all n > Ny > Ny, that

coRo(s, N L/a
yN1+ZAys<yN1+Z<22 ))

aNl s=N;

Yn

IN

yn, + Cg “R3(n, Ny)

le 1/04
——— +o0 R3(n, N1) < cgR3(n, N
s | Bal ) < ol )

holds where c3 = cé/ “+ %. Thus, we have

2oL > BN (Ry(n 1 — by Np))P L for all n > Ny

Thus from (18), we obtain

Awp, < =M ppgn + Apwni1 — anrlLill/aa n > N. (19)

Using the inequality Cu— Du't/® < ﬁ CDZI ,for D > 01in (19) with C = A,

and D = B,,, we obtain
a® Ao+t
CESVE T

Summing the last inequality from Ny to n — 1, we have

n—1

aa Aa—i—l
Mpsgs — s ) <y, 20
EJ:V( ot~ e ) (20
s=N2

Taking limit supremum as n — oo in (20), we obtain a contradiction to (14).
Next consider the function Ls(y,). The case La(y,) < 0 cannot hold for all large
n, say n > No > Ny, since by the summation of

1/ 1/«
s (B0) " ()

we have from (3) that y, < 0 for large n, which is a contradiction. Thus, assume
Yn > 0, L1(yn) < 0, and La(y,) > 0 for all large n, say n > N3 > Ny. Now for
j > s > N3, we obtain

Jj—1 j—1
(be(Ay,) )V o 1
Ys — Yj E : 1t/a > (—La(y)"* D NG

t=s t=s "t
= (] 8)(—L1(yj))1/a~
Setting s =n — k and j = n — [, we obtain
Yn—k = Ri(n —1,n = k)(=Li(yn-1))"/* = Ri(n = L,n — k)an

for all n > N3, where x,, = (—L1(y,)) > 0 for n > N3. From equation (1), and the
fact that {x,} is decreasing, and n — I < n — k < n, we obtain

A(anAZn) + <bpn> Zn+1—1 2 MQn(Rl(n - lan - k))ﬁzn—lzfiolé_l
n+1

where z,, = 2. Since {z,} is decreasing and « > j, there exists a constant ¢4 > 0
such that zﬁﬁkl > ¢4 for n > N3. Thus

A(anAZn) > annfla n > Ns.
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Proceeding exactly as in the proof of Lemmas 3 and 4, we arrive at the desired
conclusion. This completes the proof.

From the above theorem, we obtain the following corollary.

Corollary 2 Let conditions (3) and (4) hold. Suppose that equation (2) is nonoscil-
latory, and A,, < 0, for all n > ng, where A,, is defined as in Theorem 1. If there
exists a positive function {p,}, and a positive integer I such that I < k, and

oo
S putn = o0 (21)
n=N

for any N > ng, and (8) or (12) holds with @,, as in Theorem 1, then every solution
{yn} or {La(yn)} of equation (1) is oscillatory.
For n > N > ng, we set

Po= P Ry(n+1,N), By = MauRE(n —1,N),
n+1
and
n—1
E, = H 1+ P,).
s=N

In the following, we present comparison results for the oscillation of equation (1).
Theorem 3 Let conditions (3) and (4) hold. Suppose that equation (2) is nonoscil-
latory. Further assume that there exists a positive integer [ such that | < k for
n > ng, and (8) or (12) holds with @, as in Theorem 1. If every solution of the
first order delay difference equation

Au, + EX PR, 0% =0 (22)

n

is oscillatory, then every solution {y,} or {Ls2(yn,)} of equation (1) is oscillatory.
Proof. Let {y,} be a nonoscillatory solution of equation (1). Without loss of
generality, we may assume that y,, > 0, and y,_ > 0 for all n > N > ny. Further,
it follows from Lemma 1 that L1 (y,) > 0 or Ly (y,) < 0 for all n > N. First assume
Ly (yn) > 0. Choose an integer N1 > N such that n—k > N for alln > Ny > N+k.
Using (5) and (6) in equation (1), we obtain
A(La(yn)) + = Ro(n 41, N) Layn1) + M3 (n — b, NYL3 (9 4) < 0
n+
for all n > Ny, which can be rewritten as

Awn + inn+1 + Rnwﬁ/_O]; S Oa n 2 Nl

n

where w,, = La(yy), that is,
A(Enwy) + EpRyw?/% <0, n > Ny.

n

Setting u, = En,w, > 0 in the last inequality, and noting that E,_, < E,, we
obtain

Au, + Ei:i/aRnqu/_ak <0.
This difference inequality has a positive solution, and by Lemma 2.7 of [25], the
corresponding difference equation (22) has a positive solution, which is a contra-
diction. The case La(y,) < 0 for n > N is similar to that of Theorem 1, and hence
is omitted. This completes the proof.
From the above theorem, we obtain the following corollary.
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Corollary 4 Let conditions (3) and (4) hold. Suppose that equation (2) is nonoscil-
latory. Further, assume that there exists a positive integer [ such that [ < k for all
n > ng, and (8) or (12) holds with @, as in Theorem 1. If

n—1 k k+1
nl;néolnf Z R, > <kz+1> when o = 3,

s=n—k

or

ZEl ﬁ/aR = oo when a > (3,

holds, then every solution {y,} or {La(y,)} of equation (1) is oscillatory.
Proof. The proof follows from Theorem 3 and Theorem 7.5.1 of [11] for « = 8 or
Theorem 1 of [22] for the case a > §.
For ae = 1, we derive the following new oscillation criteria for equation (1).
Theorem 5 Let conditions (3), (4) and @ = 1 hold. Suppose that equation (2) is
nonoscillatory. If there exists a positive real sequence {p,} and a positive integer [
such that k > [, and

n—1 [s—1

Jim_sup ZN [l_l[v(l +pe— A | (Mpsgs — ) = 0 (23)
s= t=

for every N > ng. If (8) or (12) holds with @,, as in Theorem 1, then every solution
{yn} or {La(yn)} of equation (1) is oscillatory.

Proof. Let {y,} be a nonoscillatory solution of equation (1). Without loss of
generality, we may assume that y, > 0, and y,—x > 0 for all n > N > ny.
Proceeding as in the proof of Theorem 1, we obtain (19), that is,

Awn < —MPnQn + Anwn+1 - an%-{—l?

and so
Aw,, < —Mprngn + (An - Pn)wn+1 + PrWnt1 — an%-{-lv
or
02
Awp, + (pn — Ap)wng1 + (Mpngn — Bi) <0,n>N.
n
It follows that
n s—1 p2
Z [ (1+pr — Ap) | (Mpsgs ES)<WN
s=N Lt=N s

Hence

(MPSQS - &) S WN,

n
lim sup E
n— o0 BS
s=N

which contradicts (23). The rest of the proof is similar to that of Theorem 1, and
hence is omitted. This completes the proof.

s—1
H 1+pi — Ay)
=N
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4. EXAMPLES

In this section, we provide some examples to illustrate the main results.
Example 1 Consider the delay difference equation

1 2
A?((Ayn)?) + @(Aynﬂ)?’ + (8 — W)ynfz =0,n>1. (24)

Here a,, = b, = 1, pn:#, qn:8—%, a =3, =1 and k = 2. Note that the
corresponding second order difference equation A2zn+#zn+1 = 0 is nonoscillatory
by [1, Theorem 1.14.2]. Taking [ = 1 and p, = 1, we have 4, = =% < 0 for all
n > 1, and

o0 oo 2
D ontn =) (8= z5) = oc.
n=N n=1 on
Further 5 )
Qn:c(8—5ﬁ)—5ﬁ>0forn21,
and
n—1 n—1 9 1
nl;n;o sup S:Zn;leRg(n —-ls—1) = nlgr;O sup S:nz:_l[c(S - @) - @](n —-s+1)
2 1
= 1l - - 2
A suple(® = 5o —5v) ~ 5 )
= 16¢c>1

for ¢ > % > 0. Thus, all conditions of Corollary 2 are satisfied, and hence every

solution of equation (24) is oscillatory. In fact {y,} = {%} is one such oscillatory
solution of equation (24).
Example 2 Consider the third order delay difference equation

A*((Aya)?) + %(Aynm?’ + (32 - ;’6) Yp—o=0,n>1. (25)
Here a, = b, = 1, pn = 397, @ = 32— 52, a = 3 = 3, and k = 2. Note
that the corresponding second order difference equation A%z, + %znﬂ =0is
nonoscillatory by [1, Theorem 1.14.2]. The other conditions of Corollary 4 are
satisfied, and hence every solution of equation (25) is oscillatory. In fact {y,} =
{(=1)"} is one such oscillatory solution of equation (25).
Example 3 Consider the third order delay difference equation

1 L\ 13
Ayt e Bynia + (8 = 555 =0, n > 1. (26)

Here a, = b, = 1, pn:#, qn:8—3%, a =1, ﬂ:%,andk:ZNote
that the corresponding second order difference equation A2z, + G—Jﬂznﬂ =0is
nonoscillatory by [1, Theorem 1.14.2]. With p, = 1 it is easy to see that all
conditions of Theorem 5 are satisfied, and hence every solution of equation (26) is
oscillatory. One oscillatory solution of equation (26) is {y,} = {(—1)"}.

we conclude this paper with the following remark.

Remark 1 The results presented in this paper are new and high degree of generality.
We note that the results in [1, 2, 4, 18, 19] are applicable only when o = 8 = 1, and
therefore the results obtained in this paper are complement and generalize to that
of in [2, 4, 8, 10, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24]. It would be interesting
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to consider equation (1) and try to obtain some oscillation criteria if p, < 0 and
qn < 0 for all n > ng. This has been left to future research.
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