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SOME FIXED POINT THEOREMS IN CONE A,-METRIC SPACE

K. ANTHONY SINGH, M. R. SINGH AND TH. CHHATRAJIT SINGH

ABSTRACT. In this paper, we introduce the concept of cone Ap-metric space
and prove some fixed point theorems in the new space.

1. INTRODUCTION

The Banach contraction principle which is the foundation of metric branch of
fixed point theory is one of the most widely used fixed point theorems in all anal-
ysis. Inspite of its simplicity, it is a very powerful tool in mathematics having
useful applications especially in nonlinear analysis. Due to this, the result has been
generalized in various directions. As a generalization of metric space, Huang and
Zhang [6] introduced the concept of cone metric space by replacing the set of real
numbers by a general Banach space E which is partially ordered with respect to a
cone P C E.

On the other hand, Sedghi et al. [22] generalized metric space to S-metric space
and Bakhtin generalized it to b-metric space. Nizar and Nabil [17] introduced the
concept of Sy-metric space as a generalization of S-metric space. The concepts of
S-metric space and Sp-metric space are further extended to A-metric space and
Ap-metric space respectively by Mujahid Abbas et al. [12] and Manoj Ughade et
al. [10] and used in many other research papers. Dhamodharan and Krishnakumar
[4] extended S-metric space to cone S-metric space. K. Anthony Singh and M. R.
Singh [7] further extended cone S-metric space to cone Sy,-metric space.

The aim of this paper is to generalize the concept of cone Sp-metric space further
to cone Ap-metric space and prove some fixed point theorems. The new space can
also be looked upon as a generalization of Ap-metric space.

Following definitions, concepts and properties will be needed in the sequel.

Definition 1.1[6] Let E be a Banach space. A subset P of E is called a cone if
and only if

1. P is closed, nonempty and P # {0},
2. ax + by € P for all x,y € P and nonnegative real numbers a, b,
3. Pn(-P)={0}.
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Given a cone P C E, we define a partial ordering < in FE with respect to P by
xz <y if and only if y — 2 € P. We will write x < y to indicate that x < y but
x # y, while z < y will stand for y — x € int.P,where int.P denotes the interior of
P. The cone P is called normal if there is a number K > 0 such that 0 < x < y
implies || z ||< K || y || for all x,y € E.The least positive number satisfying the
above is called the normal constant of P.

The cone P is called regular if every increasing sequence which is bounded from
above is convergent. That is, if {z,} is a sequence such that 1 <z <--- <z, <
-+ <y for some y € E ,then there is € E such that || 2, — z || 00 as n — oo.
Equivalently, the cone P is regular if and only if every decreasing sequence which is
bounded from below is convergent. It is well known that a regular cone is a normal
cone.

Example 1.2[21] Let K > 1 be given. Consider the real vector space

E = {aac +b:abe Rz e[l-— %,1]} with supremum norm and the cone
P={ax+b€F:a>0,b>0}in E . The cone P is regular and so normal.
Definition 1.3[6] Let X be a non-empty set. Suppose the mappingd : X x X — E
satisfies

1. d(z,y) > 0, and d(z,y) = 0 if and only if z =y, Vz,y € X,
2. d(z,y) = d(y,z), Vz,y € X,
3. d(z,y) <d(z,2)+d(z,y), Va,y,z € X.

Then (X, d) is called a cone metric space or simply CMS.

Lemma 1.4[23] Every regular cone is normal.

Example 1.5[6) Let E=R* P = {(z,y) : 2,y >0}, X =Randd: X x X - FE
such that d(z,y) = (|z —y |, | © —y |), where @ > 0 is a constant. Then (X, d)
is a cone metric space.

Definition 1.6[17] Let X be a nonempty set and b > 1 be a given real number.
A function Sy : X x X x X — [0,00) is said to be Sp-metric if and only if for all
x,Yy, z,a € X the following conditions are satisfied:

(Sp1) Sp(z,y,2) = 0if and only if z = y = 2,
(Sb2> Sb(l‘,y7 Z) < b[Sb(LU, 37,0/) + Sb(:%y, a) + ,S'b(z7 z, a)]

The pair (X, Sp) is called an Sp-metric space.

It is quite obvious that Sp-metric spaces are the generalizations of S-metric spaces
since every S-metric is an Sp-metric with b =1

Example 1.7[24] Let (X, S) be an S-metric space, and S, (x,y, z) = {S(z,y, 2)}?,
where p > 1 is a real number. Then, S, is an Sy-metric on X with b = 22(°—1),
Example 1.8 Let X = R and let the function S : X x X x X — R be defined
as S(x,y,z) =|x—z |+ |y—2z | Then S is an S-metric on X. Therefore, the
function Sy(x,y,2) = {S(z,y,2)}? ={|x — 2 | + |y — 2z |}? is an Sp-metric on X
with b = 22C2-D = 4,

Definition 1.9[7] Suppose that F is a real Banach space, P is a cone in E with
int.P # ¢ and < is partial ordering in F with respect to P. Let X be a non-empty
set, and let the function S : X x X x X — F satisfy the following conditions:

1. S(u,v,2) >0,

2. S(u,v,2) =0 if and only if u = v = z,

3. S(u,v,2) <b[S(u,u,a)+S(v,v,a)+S(z, z,a)], Yu,v,z,a € X, where b > 1
is a constant.
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Then, the function S is called a cone Sp-metric on X and the pair (X, S) is called
a cone Sp-metric space.

We note that cone Sp-metric spaces are generalizations of cone S-metric spaces
since every cone S-metric is a cone Sp-metric with b = 1.

Example 1.10[7] Let E = R?, the Euclidean plane, and P = {(z,y) € E : z,y >
0}, a normal cone in E. Let X = Rand S : X x X x X — FE be such that
S(z,y,2) = (aSi(z,y, 2), BS«(x,y, 2)), where o, 8 > 0 are constants and S, is an
Sp—metric on X. Then S is a cone Sp-metric on X.

Definition 1.11[10] Let X be a non-empty set and let b > 1 be a given real
number. A function A : X™ — [0, 00) is called an Ap-metric on X if Va;,a € X,i =

1,2,3,...,n, the following conditions are satisfied:
1. A(x1,29,.. ., Tp_1,2n) > 0,
2. A(xy,29,...,&p_1,2n) =0if and only if 1 =29 = -+ - = zp_1 = Xy,
3. A(Z‘l, T, ..y Tp—1, xn) < b[A(J)h Tlyeen, (.131)71_1, a)-i—A(l‘g, T, ..., (.Tg)n_1, a)

+oe A(In_l, Tp—1s---) (In—l)n—la CL) + A(In, Tny ey (xn)n—ly a)]
The pair (X, A) is called an Ap-metric space.
Example 1.12[10] Let X = [1,00). Define 4, : X™ — [0, 00) by
Ap(z1,22,...,2p) = ZZ | 2 —xj |?
i=1 i<j
forall x; € X,i=1,2,3,...,n.
Then (X, Ap) is an Ap-metric space with b =2 > 1.

2. CONE A,—METRIC SPACE

Here, we introduce a new space called cone Ap-metric space.
Definition 2.1 Suppose that E is a real Banach space, P is a cone in F with
int.P # ¢ and < is partial ordering in F with respect to P. Let X be a non-empty
set, and let the function A : X™ — FE satisfy the following conditions

1. A(xy,29,. .., Tp_1,Zn) >0,
2. A(zy,29,...,Tp—1,2,) =0ifand only if 1 =29 = -+ - = 2,1 = @y,
3. A(xlux% cee 7$n717xn) S b[A(fI?l, T1yenny (xl)nfh CL)+A(£L’2,{I?2, ceey (x2)n717 a)

+- o+ A@p—1, 1,y (@n—1)n-1,0) + A(Tpn, Tny .-, (Tn)n—1,a)],
Ve,,a € X,i=1,2,3...,n,
where b > 1 is a constant.
Then, the function A is called a cone Ap-metric on X and the pair (X, A) is called
a cone Ap-metric space.
We note that cone Ap-metric spaces are generalizations of cone Sp-metric spaces
since every cone Sp-metric is a cone Ap-metric with n = 3.
Example 2.2 Let E = R?, the Euclidean plane, and P = {(z,y) € E : z,y > 0},
a normal cone in E. Let X =R and A : X" — F be such that A(z1,za,...,2,) =
A(x1,29,...,2,)(a, B), where o, 8 > 0 are constants and A, is an Ap-metric on
X. We show that A is a cone Ap-metric on X.
(1) Since Ai(x1,22,...,2,) >0, Vr1,29,...,2, € X, we have
A(xy, 29, ..., 2y) = Ax(T1,22, ..., 2p)(, B) > (0,0) =0
ie. A(xy,22,...,2n) >0, Vo1, 29,...,2, € X.
(2) A(z1,22,...,2n) =0 Au(x1,22,...,2,) (0, ) =0
< Au(x1,29,...,2,) =0 2] =29 =+ = Ty
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(3) aA,(xy,@2,...,2,) < blaAL(T1,21,...,21,0)+aA (T2, 2, ..., T2,a)+ -+

QA (Tp, Ty ooy Ty, a)].

and,

BA(x1,2a,...,2,) < U[BA(x1,21,...,21,0)+BA(22,2a,...,29,a)+ - -+
BA(Tny Ty oy Ty )]

A(xy, e, .., my) = Al(T, 20, -, 1) (o, B)
S b[A*(xhzla s 7‘T17a)(a7 5) + A*(x27x27 sy X2, a)(a7ﬂ)
et A*(xnvxna cee »xnaa)(a,ﬁ)]
=blA(z1,21,...,21,0) + A(z2, 22, ..., 22,0) + -+ A(Tp, Tny - . ., Tpya)].
Thus, A is a cone Ap-metric on X.
In particular, we have, the function
A*(xlax%"wl’n) :ZZ | Ty — Ty |2, T GX» i= 1,2,3,...,TL,
i=1i<j
is an Ap—metric on X with b = 2.
Therefore, the function

ATy, 22, 1) = ZZ|$i—$j RiZZ\%‘—%‘ ?

i=1 i<j i=1 i<j

is a cone Ap-metric on X with b = 2.
Definition 2.3 Let (X, A) be a cone A,-metric space.

1. A sequence {z,} in X is said to converge to z if for each ¢ € FE, 0 <« ¢
there exists ng € N such that for all n > ng, A(xn,Tpn,..., Ty, ) K c. We
denote this by lim,,_, x, = = or x,, = = as n — 0.

2. A sequence {z,} in X is called a Cauchy sequence if for each c € E, 0 < ¢
there exists ng € N such that for all n,m > ng, A(zn,zn, ..., T5, Tm) < c

3. The cone Ap-metric space (X, A) is called complete if every Cauchy se-
quence is convergent.

Lemma 2.4 Let (X, A) be a cone Ap-metric space. Then, for all z,y,a € X,

(i) Az, z,...,z,y) <bA(Y,y,...,y,2)

(i) Az, z,...,x,y) < (n—1)bA(z,x,...,x,a) + bA(y,y,...,y,a).
Lemma 2.5 Let (X, A) be a cone Ap-metric space, P be a normal cone with
normal constant K. Then a sequence {z,} in X converges to z if and only if
A(xy, zp, ..., 2n,2) = 0 as n — oo.
Proof. Let {z,} converge to z. And for a given ¢ > 0, let us choose ¢ € E,
0 < ¢ such that K || ¢ ||< e. Then, there exists ng € N such that for all n >
ng, A(Tp,Tn,...,Tn,x) < c. Thusfor alln > ng,we have, || A(xy, Ty, ..., 20, 2) [|<
K || ¢||< e. This means that A(2n, Zp,...,2Tn, ) = 0 as n — oo.

Conversely, let A(xy, Ty, ..., Ty, 2) = 0 as n — oo. And, let ¢ € E with 0 < ¢.
Then, there exists € > 0, such that | z ||< ¢ implies ¢ — & € int.P. For this e,
there exists ng € N such that for all n > ng, || A(xn, Zn, ..., 2n, z) ||< €. Therefore,
we have ¢ — A(zy, Tn, ..., Tn,x) € int.P. Thus, A(zp,Zn,...,Tn,x) <K ¢ for all
n > ng. Therefore, the sequence {z,,} converges to z.

Lemma 2.6Let (X, A) be a cone Ap-metric space, P be a normal cone with normal
constant K. Let {x,} be a sequence in X. If {z,} converges to w; and {z,}
converges to wo, then w; = wy. That is, the limit of a convergent sequence is
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unique.
Proof. We have

A(wy,wy, ..., wi,wa) < (n—1)bA(wy,wi,. .., w1, 2y,) + bA(ws, we, ..., wa, xy)
< (n-— 1)b2A(mn,xn, cey Tp,wp) + b2A(mn,xn, ey Ty, W2)
= A(wy,w, .., wi,we) || < K[(n— D)0 || A(n, T, - -, Ty wr) ||
+0% || A2y Tray - - oy Ty w2) ]
—0asn— o0
= A(wy,wy,...,w,ws) =0
= w1 = ws.

Lemma 2.7 Let (X, A) be a cone Ap-metric space, P be a normal cone with
normal constant K. Then a sequence {z,} in X is a Cauchy sequence if and only
if A(xp,@n,. .. &n, Tm) — 0 as n,m — co.

Proof. Let {z,} be a Cauchy sequence. And for a given £ > 0, let us choose
¢ € E, 0 < ¢ such that K || ¢ ||[< e. Then, there exists ng € N such that

for all n,m > ng, A(Xp,Tp,...,Tn,Tm) < c. Thus for all n,m > ng,we have,
| A(zn, Zn, - Tn, 2m) [|< K || ¢||< e. This means that A(x,, Tn, -« Tn,y T) — 0
as m, m — oo.

Conversely, let A(z,,, Zp, ..., Ty, Tm) = 0asn,m — co. And, let ¢ € E with 0 <«
c. Then, there exists € > 0, such that || z ||< e implies c—z € int.P. For this ¢, there
exists ng € N such that for all n,m > ng, || A(xn, Tn, ..., Tn, Tm) ||< &. Therefore,
we have ¢ — A(Tp, Tny - -+ s Ty Tip) € int.P. Thus, A(Tp, Tny -« Tn, Tm) K ¢ for all

n,m > ng. Therefore, the sequence {x,} is a Cauchy sequence.

Lemma 2.8 Let (X, A) be a cone Ap-metric space, P be a normal cone with normal
constant K. Let {x,} be sequence in X. If {z,} converges to w, then {z,} is a
Cauchy sequence. That is, every convergent sequence is Cauchy.

Proof. We have

ATy Ty ooy Ty ) < (0= 1)DA(X, Ty e ooy Ty, W)
FOA(Trmy Ty -+ oy Ty W)
=) A@n, Tny -y TnyZm) | < K[(n—1)b || A(zn, Tny -« -y Ty w) ||
+b || A(Tm, Ty - - oy Tny ) ]
—0asn,m— o0

= AT, Tny oy Tny Tin) — 0 as ny,m — 00.

Therefore {z,} is a Cauchy sequence.

3. MAIN RESULTS

We now state and prove our main results.
Theorem 3.1 Let (X, A) be a complete cone Ajp-metric space, P be a normal cone
with normal constant K. Suppose the mapping T : X — X satisfies the following
condition

ATz,..., Tz, Ty) < hA(z,...,z,y) (1)

for all z,y € X ,where h € [O, b%) is a constant. Then, T has a unique fixed point
w € X and we have lim,, .o T"x = w, for all z € X.
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Proof. Let xp € X and a sequence {z,} be defined by T"z¢ = x,,. Suppose that
Tn, # Tpta for all n. Using condition (1), we obtain

A(xnv s 7xn,zn+1) < hA(Z'n—h cee 7In—17xn,) << hnA(‘T07 s 71’0,171) (2)
Using condition 3(Def. 2.1) and (2), we have for all n,m € N with m > n,

bl(n — DA(xn, ..., Tny Tnt1) + A(@m, - oy Ty Tnt1)]
(n—1)bA(zn, ..., Tn, Tpy1) + bQA(an, ey T, Ton)
(n—1)bA(xn, ..., Tn,Tnt1)
+(n— D0 A(Tpi1, .. Tpi1, Tnyo)
+b4A(xn+2, ey Tpt2, T)
(n—1)bA(xpn, ..., Tn, Tnt1)
+(n— DV A(Tpi1,s . Tog1y Tng2)
+(n— D A(Tpyo, ..., Tpio, Tnys) + ...
—1—172(’”*"*1)A(:Em,17 ey Te1y T
< (n=1Db{A@n, .. Try Trg1) + VP ATty ooy Tpg1s Trgo)
+0* A(Tpyn,s o Tyt Tngs) + o
+02 D A2y 1, Tm) }
(n — 1)b{h™ + b2 T + bR T2 4 |
+b2(m7"71)hm71}A(m0, ce, T, T1)
= (n— 1R {1+ b?h+ (B*h)* + ...

+(B2h)™ Y Az, . .., 20, 1)

(n — 1)bh™
- 1—b2h
< % || A(zq, ..., zo,z1) ||

Since h € [O, b%) and b > 1, we have 0 < h < 1. Therefore, taking limit for n — oo
(and consequently n,m — o0), we have || A(xyn, ..., ZTn, Tm) || 0.

Thus, A(Zp, ..., Tp, Tm) — 0 as n,m — 0o.

Therefore, the sequence {x,,} is Cauchy. Using the completeness hypothesis, there
exists w € X such that lim,, o 2, = w ie. lim,_ o T"zo = w.

We show that w is a fixed point of T'.

Using condition 3(Def. 2.1) and (1), we have

ATy, .. Ty, Ty)

IN A CIA

IN

IN

A(Io, e ,I(),Il)

= AT T 7m) |

A(Tw, ..., Tw,w) < (n—1bATw,...,Tw,Tz,)+ bA(w,...,w,Tx,)
< (n—1DbhA(w,...,w,x,) + bA(w, ..., W, Tpni1)
=] A(Tw,...,Tw,w) || < K{n-1)0bh| Alw,...,w,z,) |
+b || A(w,...,w,xny1) |} = 0asn— 0o
= ATw,...,Tw,w) || = 0
= A(Tw,...,Tw,w) = 0
=>Tw = w.

To prove T has unique fixed point.
Let w,w; be two fixed points of T'. Taking x = w and y = w; in condition
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(1), we have A(w,...,w,wy) = A(Tw,...,Tw,Tw) < hA(w,...,w,wy), where
h € [0, b%) ,b > 1. And this implies that A(w,...,w,w;) = 0. Thus, we have
w = wi.

Theorem 3.2 Let (X, A) be a complete cone Ap-metric space and P be a normal
cone with normal constant K. Suppose the mapping T : X — X satisfies the
following condition

A(Tz,..., Tz, Ty) < h[A(z,...,x,Tz) + Ay, . ..,y,Ty)] (3)

for all z,y € X,where 0 < h < min{%,ﬁ} is a constant. Then 7T has a
unique fixed point w € X and we have lim, ., T"x = w, for each z € X.

Proof. Let zp € X and a sequence {z,,} be defined by T"z¢ = x,,. Suppose that
Ty, # Tpt1 for all n. Using condition 3(Def. 2.1) and (3), we get

ATy s Tpy 1) = ATzp—1,...,Txp_1,Txy,)
< h[A(xp—1,. oy tn—1, TTn1) + A(@p, ooy Ty Tay))
= h[A(xn—la“'axn—laxn)+A(xn7"'axnaxn+l)]
h
:>A(xn7"'v$n;xn+l) S ﬁA(mnflv"'vxnflaxn)
h 1

= Az, Tn, Tnr1) < kA(Tp—1,...,Tpn_1,%,), where k = -7 <1, ash< 3
= A(@n, . Tny Tnt1) < kA(Tp—1,...,Tpn_1,Ty)

< k2A(‘rn72a sy Tp—2, xnfl)

< k;nA('wa"va;xl)
= A(xn, .., Ty Tpy1) < K"A(zg,...,20,71)

Now for m > n , we have

ATy, .. Tn,Tm) < h[A(Tp—1,...,Tp_1,Zn)
+A(Z‘m—17 e Tm—1, $m)]
< h[k" " A(zo, .. ., 0, 71)

+km71A(an s ,.’Eo,’l,’l)]
h (/ﬂnil + kmil) A(SL’(), ey xo,.’tl)
:H A(:L'na s axnvxm) || < Kh (knil + kmil) ” A(:L’O, s ,{E(),.’El) ”

— 0 as m,n — o0

= A(xn, ..., Tn,Tm) — 0 as m,n — 0.

Therefore the sequence {x,} is Cauchy. By the completeness of X, there exists
w € X such that lim,, ,o z, = w i.e. lim,_,, T2y = w.
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Also, we have

A(Tw,...,Tw,w) < (n—1bATw,...,Tw,Tz,)+bA(w,...,w,Tx,)]
< (n=0b[hA(w,...,w,Tw)+ A(zp,...,Tn, Tz,)}]
+V? ATy, ..., T2y, w)
< (n—1)V?hA(Tw,...,Tw,w)
+(n — 1)bhA(Xp, -y Ty Trg1) + VP ATty ooy Tpgr, W)
= AT, Tww) < (nl_ (= DPhA )
V2 A(T 1,y T, w)]
= ATw,. .., Tw,w) || < 1—(n[i1)bzh[(n —1)bh || A(@n, .-y Tny Tnt1) ||
+b2 H A(xn-‘rl? <o Tndl, w) ”]
—+0asn— oo
= A(Tw,...,Tw,w)| = 0
=>Tw = w.

Therefore, w is a fixed point of T
To show that the fized point of T is unique.
Let there be another point wy in X such that Tw; = wy. Then,

Alw,...,w,w;) = A(Tw,...,Tw,Tw)
hlA(w,...,w,Tw) + A(ws,...,wy, Tw)]
= h[A(w7'"aw7w)+A(wla"'aw17wl)]
0

IN

= A(w,...,w,w) =

= W = w1

Hence, the fixed point of T is unique.

Theorem 3.3 Let (X, A) be a complete cone Ap-metric space and P be a normal
cone with normal constant K. Suppose the mapping T : X — X satisfies the
following condition

ATz, ..., Tz, Ty) < h[A(z,...,z,Ty) + Ay, ...,y, Tx)] (4)

for all z,y € X, where h € [O, m) is a constant. Then T has a unique

fixed point w € X and we have lim,, .., T"x = w, for each z € X.
Proof. Let zp € X and a sequence {z,} be defined by T"z¢ = x,,. Suppose that
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Zp # Tpeq for all n. Using condition 3(Def. 2.1) and (4), we get

A(zp, ...

= A(xn, ...

= A(xy, ...

» Ty Z‘n+1)

C Ty Tyt

ey Ty Tg1)

7xna zn-‘,—l)

s Ty xn+1)

IN

ININ

IN

IN

IN N

IAIA

Now, for m > n , we have

Az, ..

= Az, ..

. 7xn,,zm)

Ty Tn) |

IA A IA

IN

IN

A(Tzp-1,. .., Txp_1,Txy)

hA@n, s n, TTno1) + A1, ..y 1, T2p)]
hA(Zp, ... Tn, Tn) + A(Tp—1,. oy T1, Tnt1)]

hA(Tp—1,. ., Tp—1,Tnt1)

(n—1)bhA(Tp—1,..., Tn-1,%n) + DRA(Tni1,. - Tni1, Tn)
(n — D)bhA(xp_1,...,Tpn_1,Tpn) +b*hA(Tp, ..., Ty, Tpi1)

%A(xn_l, ey X1, X))

kEA(xp—1,...,Tn_1,Ty), where

e (=0 (h< e = <1,
1—0b%h = bk o L <1,

EA(Tp—1,. ., Tpno1,Tp)

sz(xn_Q, ey Tp—2, Tp—1)

knA(.To, ... X0, 3?1)
knA(.’to, N D) (El)

bl(n—1DA(xn, ... T, Tpy1) + AT, -« Ty Tit1))

(n—1)bA(zn, ..., Tn, Tpy1) + b2A(xn+1, ey Tl Ton)
(n—1)bA(xn, ..., Tn,Tpny1) + (n — l)b?’A(aanrl7 ey Tl Tng2)
+V  A(Tpya,s o Togo, o)

(n—DbA(Tn, .., T, Tpy1) + (0 — DO A(@pi1s e Tog1, Trg)
+(n = DV A(Tpy2,s s Tyt Tngsg) + - ..

—l—bQ(m*"*l)A(a:m_l, ey T—1, T

(n—Db{A(xn, ..., Tpn,Tps1) + bzA(:cn_,_l7 ey Tl Tnt2)
+b4A(xn+2, ey T2, Tpys) + ..

_,_b2(m—n—1),4(;1cm,17 e Em—1,Tm) }
(n — Db{k™ + B2k 4+ b k"2 4
+p2 =D Em= Az, ..., 20, 21)
(n — DbE™ {1+ 0%k + (0%k)* + ...
+(O*K)" " Y Ao, o, 71)

n — 1)bk™
ﬁA(I‘O, e ,.’EO,.’L‘]_)
n— 1)bk"K
IO w0, |

Taking limit for n — oo ( consequently n, m — o), we have

| A(zp, ..., zn, zm) [|— 0
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Thus we have, A(zy, ..., Ty, Tym) — 0 as n,m — co.

Therefore, the sequence {x,} is Cauchy. By the completeness of X, there exists
w € X such that lim,,_, z, = w i.e lim,_, T"z¢ = w.

Also, we have,

A(Tw,...,Tw,w) (n— 1D)bA(Tw,...,Tw,Tx,) + bA(w, ..., w,Tx,)

(n—1b[hMA(w,...,w,Tx,) + Alxpn, ..., Tn, Tw)}]

+bA(w, ..., W, Tpi1)

{(n—=1)bh + b} A(w, ..., w,Tpyi1)

+(n — 1)bhA(xp, ..., 2, Tw)

{(n—1)bh + b} A(w, ..., w,Tpyt1)

+(n —1)bh](n — 1)bA(zp, ..., Tn,w) + DA(Tw, ..., Tw,w)]

1

ey A

+(n — 1)’ hA(2p, . . ., Ty, w)]

= A(Tw,...,Tw,w) | < 1—(nfi1)l)2h[{(n —1bh+ b} || A(w, ..., w,xny1) ||
+(n—1)%0*h || A(zp, ... 20, w) |]
—0asn— oo

= A(Tw,...,Tw,w) = 0
= Tw =w.

I IN N

IN

= A(Tw,...,Tw,w) < bh 4+ b}A(w,...,w, Tni1)

Therefore w is a fixed point of T'.
To show that the fixed point of T is unique.
Let there be another fixed point wy of T in X so that Tw; = wy.

Then,
Alw,...,w,w;) = A(Tw,...,Tw,Tw;)
< h[A(w,...,w,Twy) + A(wy, ..., w1, Tw)]
= hlA(w,...,w,wy)+ A(wy,. .., wi,w)]
< hlA(w,...,w,w1) + bA(w,...,w,w)]
= h(b+1)A(w,...,w,w)
= A(w,...,w,w1) < hb+1)A(w,...,w,w)
But,
h < ! < L
b2{(n—1)b+1} “b2(b+1)
1
=hb+1) < b7<1, since b>1
Therefore, we have, A(w,...,w,w1) =0 = w = w;.

Hence, the fixed point of T is unique.

Note: If we take n = 3 in the above Theorems 3.1, 3.2 and 3.3, then we get the
fixed point theorems of cone Sp-metric space in [7].

Example 3.4 Let E = R? the Euclidean plane, and P = {(x,y) € E : 2,y > 0},a
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normal cone in E. Let X =[—1,1] and A : X" — F be defined as follows

A(xy,mo,. .., xn) = (Ll)ZZHci—xj >, Vo, € X,i=1,2,...,n.

i=1 i<j

Then, (X, A) is complete cone Aj-metric space with b = 2.
If we define T': X — X by Tz = 7, then T satisfies the following condition for all
reX,i=1,2,3,...,n

where k € [%, b%) C [0, bi
as asserted by Theorem 3.1.

(1]

[2

3

[4]

(5]

[§

8

[9

[10]
(1]

(12]

(13]
14]
(15]

[16]

T T Tn,

A(Txy,Txs, ..., Tx,) = A(Zl,f,...,I>
1

= 1—6A(9:1,x2,...,xn)

< kA(z1,x9,...,25)
,b=2. And x = 0 is the unique fixed point of T in X
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