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COMPARATIVE GROWTH PROPERTIES OF ANALYTIC
FUNCTION OF SEVERAL COMPLEX VARIABLES IN THE
UNIT POLYDISC

GYAN PRAKASH RATHORE, ANUPMA RASTOGI

ABSTRACT. In this paper, we introduced the idea of relative Nevanlinna L*-
order and relative Nevanlinna L*-lower order of an analytic function of several
complex variables with respect to an entire function of several complex vari-
ables in the unit polydisc. Also we study some growth properties of composi-
tion of two analytic functions of several complex variables in the unit polydisc
on the basis of their relative Nevanlinna L*-order and relative Nevanlinna
L*-lower order.

1. INTRODUCTION

A function f, analytic in the unit disc U = {z : | z| < 1}, is said to be of
finite Nevanlinna order [2], if there exist a number g such that the Nevanlinna
characteristic function

1 27 )
T(r,f) = —/ log™ |f(re”’)\d0
2 0
satisfies, T(r, f) < (1 —r) # forallrin 0 <ro <r <1.

The greatest lower bound of all such number p, is called Nevanlinna order of f,
Thus the Nevanlinna order py of f is given by

= limsu 7logT(r, 1)
Ps sl P —log(1—r)’

Similarly, Nevanlinna lower order Ay of f, is given by

T
As = liminf 9L L)
r—1 —log(l —r)

In sec.([3]) introduced the notion of Nevanlinna L - order for an analytic function
f in the unit disc U = {z :| 2| < 1}, where L = L(7X) is a positive continuous
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function in the unit disc U increasing slowly i.e L(7%) ~ L({=) as r — 1 for
every positive constant ’a’ in the following manner.

Definition 1 If f be analytic in U, then the Nevanlinna L - order p]% and the
Nevanlinna L - lower order A} of f are defined as

logT
p]% = lim sup o9 AnJ) L(T’lf) ,
r—1 lOg( (11:r)>

logT(r
AL = liminf 9T D)
r—1 I L(1=)
09 1—r
Now we introduce the concepts of relative Nevanlinna L* - order and relative Nevan-
linna L* - lower order of an analytic function f with respect to another analytic
function ¢ in the unit disc U which are as follows.

Definition 2 If f be analytic in U and g be entire then the relative Nevanlinna
L* - order of f with respect to g, denoted by pg( f) is defined by

W) for all 0<ro(p) <r<1}

Similarly, relative Nevanlinna L* - lower order f with respect to g denoted by
Ag*(f) is given by

and

pg*(f) =inf{p > 0:T¢(r) < T, (

. logT; *T(r)
L SR PR g
Ag (f) = Hminf o (ewp{uﬁ)}) '
9 an
When g(z) = exp(z), the definition coincides with the definition of the Nevanlinna
L* - order and the Nevanlinna L* - lower order.

Now we are extending the notion of single variable to several complex vari-
ables in ([3], [4]). let f be an non - constant analytic function of several variables
Z1,%2,...,%n in the unit polydisc,

U={(z1,22,---,2n) : 2| < 1,i=1,2,...,n}.

Definition 3 Let T¢(r1,72,...,7,) denote the Nevanlinna’s characteristic func-
tion of several complex variables and g be an other entire function of several complex
variables. Then the relative Nevanlinna L* - order of f with respect to g , denote
by pg* (f) is defined by

* lOgj 11f(’l“1 ro,...,T )

l . g ) ) b n

pg (?) = hmsup el L5 1 i 1 i ) .
lOg ( —r’l-rg T 1l—rp >

T1,72,...,7p—1
(1=r1)(1—r2)...(1—ry)

Similarly , the relative Nevanlinna L* - lower order of f with respect to g, denoted
L* . .

by Ay (f) is given by

logT; ' Ty(ri,72, ..., Tn)

g = b
T1,T2,.n, rp—1 lo e:vp{L(ilel ,7171T2 ..... 7171”1 )}
(I—r1)(1—7r2)...(1—7y)
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where L = L(7=—, ——,..., 1) is a positive continuous function in the unit
1-r1? 1—=r2? T l=ry

. . . . 1 1 1
polydisc U increasing slowly i.e., L( T Ty o 1_“”) ~ L( T T )
as ri,ra,..r, — 1, for every positive constant ‘a’.  When g(z1,22,...,2,) =
exp(z1, z2,...,2,), then the definition coincides with the definition of the Nevan-

linna L* - order and the Nevanlinna L*- lower order.

In this paper, we study some growth properties of composition of two analytic
function of several complex variables in the unit polydisc U ={(z1,22,...,2,) : |
zi| <1,i=1,2,...,n}, on the basis of their relative Nevanlinna L* - order(relative
Nevanlinna L* - lower order). We do not explain the standard definitions and no-
tations in the theory of entire function of several complex variables as those are
available in [1],[6]and [7].

In this section we present the main results of this paper.

Theorem 1 Let f, g be any two analytic functions in U and h be any entire
function of several complex variables such that 0 < A" (fog) < pF (fog) < o

and A (f) < pb" () < 000 L(, ey s 1) = O{logTy Ty (1,72, s 7n)}
as r1,rg,...,7, — 1, then
L* —1
AF L(*f og) < lim inf _ logT, " Tfog(r1,72, .1. . 7rnl) : <
Ph (f) LT T lOgTh Tf(rlvr%"'arn)+L(1—r1’ 1—rg? ") 1—7’71)
* -1
AE L(f 0g) < limswp logTy, " Tfog(r1,72, ..., Tn)
)‘h (f) 71,72, T —1 lOgTh_le(ﬁ, To,... ’rn) +L (1_1T1 , 1_1T2 e, 1_1Tn)
< i fog)

L*
)\h

Proof. From the definition of relative Nevanlinna L* - order and relative Nevan-
linna L* -lower order of an analytic function of several complex variables in the
unit polydisc U. we have for arbitrary positive € and for all sufficiently large values
of -, —2— ... —— that

1—=r1? 1=ro? """ 1—1,

) exp{L(+2—, 2~ ..., 1)}
LogTy, " Tog(r1,72, ..., m) = (A (fog) —€)lo RV =
9T, Thog(ri o, i) 2 (0 (Fog) =) g( T—r)d—r2)- (L —r)

i.e.,
—1
logTh f{og(Th’l”g,...,Tn) ZlOg 1 . LI !
(}\h (fog)—E) 1—7’1 ].—7"2 1—Tn
1 1 1
I 1
+ (1—7’1 1—7427 1_TTL>’ ()
and

_ . exp{L(:2-, 2=, =)}
logTy, ' Ty(ri,r2,...,ma) < (pf, (f)—i—e)log( 1’ 17y T—ry, 7

I—r)Q=r)...(1—1ry)
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i.e.

_ * 1 1 1
logT), 1Tf(r1,r2,...,rn) < (pﬁ (f) + e){log ( — )

1 1
1—ry? 1—rg? """

Now from equation (1) and (2), it follows for all sufficiently large values of
—L— that
s 1—r, )

(\E (fog)—¢)

logT; 'T T,
AT A

logT{leog(rl,rg, ceyT) >

ie.
1ogTy, "Trog(r1,72, ., ) - (A (fog)—e)
- — L*
log Ty Ty, oora) + L (s o) (PR () 46)
y logTy " Ty(r1,79, ...y 7n)
logT, *Ty(r1,72,...,7n) + L (1—1r1 , 1}@ e, ljrn)
i.e.,
logTh—leog(rl,rg,...,rn) y ()\;LL*(ng) o
p— — L*
logT, 'Ty(r1,72,...,70) + L (1_1” , 1_17,2 e 1_1“) (py” (f) +¢)
1
X )
lOgT;le(Tj,TQ,..A,Tn)
Since L (13T1 , ﬁ, cee ﬁ) = 0{logT}, ' Ty(r1,72,...,1n)} @S 71,72, ..., 70 — 1,
it follows from equation(3) that
—1 *
lim inf logTh Tfo(TlaT27~-~7rn) 2 AﬁL(*fog) 76.
T2 I U o T T (11, ray o) + L (1—1r1 , 1_1T2 e, l_lm) pr (f) +e

(4)
As € > 0, is arbitrary we get from equation (4) that from which we have
i inf logTy " Trog(r1,72, .+ 70) S M (fog)

rree oG T Ty (v oy ) + L (i o) P )

1—r1? 1=ra?" " "2 1—ry

()

Again for a sequence of values of — L L — tending to infinity

1-r1? 1=r2?" " "7 1—m,

GIL'p{L (1_17«13 1—1r2" ER] 1_17~n)}
(I—r)(1=rg)...(1—1ry) ’

10gTy  Thog (11,72, .., 70) < (A" (fog)+e)log
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ie.,
logTy ' Trog(ri,ra,. .. ) < AE (fog)+ e){log ! . LI 1
h gy ’ - 1—7r1 1—1r9 1—r,
1 1 1
L , e . (6
+ (1—r1 1—1r9 1—7‘n>} (6)
And

exp{L (1_1r1, 1_1T2,...7 1_17""’)}
(1—7’1)(1—7’2)...(1_Tn) )

logT, 'Ty(ri,r2,. .. 7n) > AL (f) = e)log

ie.,
logT, *T¢(r1, 72 ) > (AL (f) = e){log ! ! !

h f ) yeeenln) — h 1—7“1.1—7"2 ..... 1—7“n
1 1 1

L - (7

+ (1—7"1’1—7“27 71—7“n>} (™)

: 1 1 1
From equation (6) and (7), we get for a sequence of values of T Torg - > Tore

tending to infinity that

Ay (fog)+e)

- logT_lT (ri,7mo,...,7n)
AU E

logTh_leog(rl, Toy.o s Tn) <

ie.,
logTh_leog(rl,rg,...,rn) < ()\ﬁ*(fog) +€)
_ - L* _
logT Ty (r1, 72, .. 1) + L (1_1n, . 1_1rn) AL (f)—€)
" logT}:le(rl,TQ,...,rn)
lOgTh_le(’l"l,’I’Q, PN T‘n) + L <1—1r1’ 1—17"2 geeey 1—17‘n)
i.e.,
logTh_leog(rl, Toy . yTh) < ()\ﬁ* (fog)+e)
logT};le(rl,rg, ceytn)+ L (1—1r1 , 1fr2 N 1jr ) - -9
1
X . (8)
- L(ljrl,ﬁ ..... 1%)
logT;le(rl,rz,...,rn)
As L (1_1T1, 1_1T2 ey 1_1T”) = O{logTh_le(rl,rg, cey )} as r, e, Ty — 1
we get from equation (8) that
71 *
lim inf logTh Tfog(/rlv’rQ»"'arn) S ()\ﬁll(;fog)—’—e)
Pt o T Ty vy, ) + L (o) T )9

(9)
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Since € > 0, is arbitrary it follows from equation (9) that

1 L*
lim inf logTyy, Tyog(r1,72, .- -, 7n) < Ak L(*fog)
T2 e logT,;le(rl, Toy...yTn) + L (1—1r1 , 1}@ e, ljrn) Ay (f)
(10)

Again, for a sequence of values of lf L L_ tending to infinity

r1? 1—rg?" 7" 1—r,

eop{L (o s i ))
I=r)1=r3)...(1—=ry) ’

logT T (r1, 79y - oo 7)) < AL (f) + €)log

i.e.

logTthf(rl,rg,...,rn)S()\ﬁ*(f)—i—e){log(l1 : Lo ! )
+L( ! ! . ! )} (11)

1—r’1—ry" ' 1—1,

1 1
1—ry? 1—rg?° " "

Now, from equation(1) and (11), we obtain for a sequence of values of
, ﬁ tending to infinity that

Ay (fog)—o)

logTh_leog(rl,rg, cey ) > logTh_le(rl,rQ, cesTh),

() +e)
ie.
logTh_leog(rl, T9y e yTn) - ()\ﬁ*(f og)—¢)
_ ; = I+
log Ty Ty, ra,ira) + L (o g oo i) O () +6)
" logT, ' Ty(r1,79, .-, 7n)
logTh_le(rh T2, .. 7Tn) +L (1—1r1 ) 1—1r2 PR 1_1T”)
logTyy " Thog(r1,72, - -, T) L M (fog)—0)
logTy " Ty(r1,79, ... ) + L (1jﬁ , 1—1r2 e T ) )+
1
X . (12)
R )
lOgT{le(Tl,T’Q ..... )
In view of the condition L (13r1’ 1}@,..., 1jrn> = 0{logT}, ' Ty(r1,72, .., 7n)}
as ri,ro,...,T, — 1, we obtain from (12) that
Jim sup 1 lOgT{leog(Tl, T2, .1. .y 7""1) 1 > ()\a*L(;f o g) — 6)
2,1 logTy " Tf(T‘l, To,...,Tn) + L (17“ ST lfrn) ( h (f)+e)

(13)
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Since € > 0, is arbitrary it follows from (13) that

Jim sup 1ogT, "Trog(ri,m2,. .., 7n) N M (fog)
T1,725005 =1 logTh—le(rl,rg7 ceytp)+ L (1_1,r1 , 1_1r2 ey 1_1r ) - )\]}: (f)
(14)
Also, for all sufficiently large values of 1_17_1 , 1_17,2 e 1_1%,

1 1 1
exp{L(lfrl’ 1—rg?° ") lfrTL)}

logT, ' Tfo ) < (0F l
og h f Q(T17r27 , T )— (ph (fog)+€) og (1—T1)(1—T2)(1—7‘n) 9

ie
lOgTh_leOg(TlvT27 s ,’I’n) < (pﬁ* (f © g) + 6){logTh_1Tf(rlaT27 s 7Tn)

+L( ! ! ...71_1Tn)}. (15)

1—7”1,1—7“27

So from equation (7) and (15), it follows for all sufficiently large values of — L

1—7r1? 1—rg? """

1
I that

(pk " (fog)+e)
(AnL*(f) —€)

lOgTh_leog(Tlar27 s ,’I"n) < logTh_le(le’rQa s arn)v

ie.
logTy, ' Tyog(r1,72, -+ 7) pr (fog)+e)
logT}L*lTj.(rl,rg, ceyty)+ L (1_1“, 1_1T2 e, 1_1”) = ML (f) — e
X lOgTh_le(Tl,Tg,...,Tn)
logT, 'Ty(ri,72,...,m0) + L (1_1T1 , 1_17.2 yeees 1_17%)
lony;leog(rlvr%""rn) < pﬁ*(fog)_FE)
logTh_le(rl, To,...,Tn) + L (1—1r1 , 1jr2 e, 171”) = MLA(f) —e)
1
X . (16)
logTy, ' T (r1,m2,smn)
Using L (1_1r1 , 1—17«2 e 1_1Tn) = O{logTh_le(rl,rg, cey )} as T, Te, . Ty —
1, we obtain from (16) that
_— 10T, Tyog (1,2 ) _ (o) +d
T1,T2500y T —>1 logTh_le(m, To,...,Tn) + L (1jr1 , 1ET2 e ljrn) = (AL (f) —e)
(17)
As e > 0 is arbitrary, it follows from (17) that
lim sup lOnglef"g(Tl’TQ""’rn) < Pﬁ*(fog)
r1,r2,. ] logT{le(ﬁ, To,...,rn)+ L (13T1 , ljm R ljrn) = AL*(f)

(18)
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Thus, the theorem follows from (5),(10),(14) and (18).

Similarly, in view Theorem 1, we may state the following theorem without proof
for the right g of the composite function f o g.

Theorem 2 Let f, g be any two analytic function of several complex variables in
U and h be any entire function with 0 < M\:"(fog) < pE' (fog) < oo, and 0 <

Aﬁ* (g) S pﬁ* (g) <oo. If L (1_1“3 1—1r2 PR 1—17’n) = O{ZOQTEITg(Tlvr% S arn>}a
as ri,7o,...,r, — 1, then
* -1
AE L(f 0g) < liminf 1 1 logT), "Tfog(r1,72, .1. . ,rnl) 1 <
Pr (9) T1,T2,0 T — logT}: Tg(rl,rg,...,rn)—l—L (17”, T 17”)
* -1
)\%\L(;f 0g) < lmsup 1 logTy, " Trog(r1,72,. . 7n)
h (9) iz =1 log Ty Tg(rl, To,...,Tn)+ L (1717‘1 , 15T2 S 171”)

< P (fog)
N(g)
Theorem 3 Let f, g be any two analytic functions of several complex variables in U
and h be an entire function of several complex variables such that 0 < pﬁ* (fog) <
0o, and 0 < pk" (f) < oo. If

liminf logTh_leog(rl,rg,...,rn) - pﬁ*(fog)
X : _ < =
71,72, —1 logTy, 1Tf(r1,r2, ceoytp)+ L (1_17,1, 1_1T2 Sy 1—1rn) py (f)
1
< limsup 1 logT, " Trog(r1,72,- - ,70) .
T1,72,e T —1 logT}; Tf(rlv T2,... ,Tn) + L (1717"1 5 1jr2 PRI 1jrn)

Proof. From the definition of p-™(f), the relative Nevanlinna L*-order of an
analytic function f of several complex variables in the unit polydisc U with respect
to an entire function h of several complex variables we get for a sequence of values
of 1 L L. jrn tending to infinity that

—7r1 ) 177’27 1

exp{L (1_17,1, 1_1T2 yeees 1_1%)}
(I=r)(1=r9)...(1—=1ry) )

logTy " Ty(r1,72,...,m) > (pf () — €)log

i.e.

ZogTthf(rl,rg,...,rn)>log( 1 1 1 )
R A VR S

1 1

Now from equation (15) and (19), it follows for a sequence of values of T Tt o)

1
1—ry,

tending to infinity that

(pE (fog)+e)

- logT_lT (ri,7ay ..y Tn),
E(H—e 0

logTh_leOg(rl,rQ, ceytn) <
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ie.,
109y Tyey(r1.73.. ... 1) _6E (fog)+9)
logT, 'Ty(r1,72,...,70) + L (171“, 1jr2 e, 171”) (-
" logT{le(rhrg,...,rn)
lOgT{le(’r'l,Tg, S ,’l“n) + L (13r17 1717"2’ ceey 13Tn)
ie.,
1ogTy " Tiog(r1,72, .- 70) - (pE" (fog)+e)
logT}:le(rhrg, ceoytn) + L (1717017 1jr2 e 1jrn> B (Pﬁ (f)—¢€)
1
X . (20)
logT;le(rl,rg,...,rn)
Using L (1jr17 1jr2 e, lfrn) = O{logT,:le(rl,rg, ceyTR)}as T, T, Ty =
1, we obtain from (20) that
N log Ty Tyeq(r1, 73, 12) _E (fog) +9
T2 ] lOng;le(rla r2,. .. ,Tn> + L (ljrl ’ 1jr2 PR 157‘ ) - (pﬁ (f) - 6)
(21)
As e > 0, is arbitrary it follows from equation(21) that
lim inf logTh_leog(rl,TQ,...,rn) - p}[;*(fog)
71,72, —>1 logTh_le(rl, T, ... 7Tn) + L (1—1r1 , 1—1r2 e, 1—1r ) B pﬁ (f)
(22)

Again for a sequence of values of 1_1 L L_ tending to infinity,

r1? 1=ry? """ 1—r

eonll (s s )}
1=r)(l=r9)...1—ry)

logTh_leOg(Tla T2, .. arn) > (pﬁ* (f Og) - E)ZOg

ie.,
logTh_lT{Og(rl,rg, ceyTh) > log ( . 1 1 )
(pﬁ (fog)—e) 1—r; ' 1—1y 1—7r,
+ (1—17’1’1—17“2" 1—17"”) (23)
So combining (2) and (23), we get for a sequence of values of 1_1“, 1_17,2 e 1_1Tn

tending to infinity that

(pE (fog) —e

. logT_lT 1,72, oy Th),
GE )+ o9 Tl )

logTh_leOg(rl,rQ, ceyTR) >
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ie.,
logT;leog(rl,rg,...,rn) - (pE (fog)—e)
- L*
logT, 'Ty(r1,72,...,7m0) + L <ljr1 , 1jr2 e, 171”) (o (f) +e)
" logT,;le(rl,rg,...,rn)
logTh_lrf(TlaT27 s ,’I"n) +L (1,1,” ) 1,17‘2 PR 1j7“n>
i.e.,
10gT, " Trog(r1,72, .-+, 7n) o (pE (fog)—e)
iy L*
logT, 'Ty(r1,79, ..., 1n) + L (1_17_1, 1_17,2 e 1_1”) (o~ (f) +e)
1
X — —- (24)
R —
logT, ' Ty (r1,r2,...,rn)
Since, L (1_1r1, 1_1r2 e 1_1T ) = O{logTh_le(rl,TQ7 s Ttp)}as rire, . Ty —
1, it follows from equation (24) that
lim sup lOgT}L_leog(rla 72,04, Tn) > (pﬁ* (f o g) B 6)
71,72, —>1 longle(Tl, ro,... ,Tn) + L (1—1r1 5 1—17‘2 gy 1—17" ) B (p}lz/ (f) + 6)
(25)
As € > 0, is arbitrary we get from equation(25) that
) logT, *Trog(r1,72, . .. T0) pE (fog
lmsup e T M2
2= log T Ty (11,79, .oy 1y) + L (1_T1 o e R 1_T") Pr
(26)

Thus, the theorem follows from equation (22) and (26).
Theorem 4 Let f, g be any two analytic function of several complex variables in U
and h be an entire function of several complex variables with 0 < p{;* (fog) < oo,

and 0 < pE™(f) < oco. IfL( - L ):0{logTh—1Tq(r1,r2,...,rn)} as

1—r1? 1—rg? " Y 1—1r,

r1,T9,...,Tn — 1, then

—1 L*
hmmf logTh Tfog(r17{r27"'7rn) < ph (fog)

rrne S oG T (1, o) + L () A6 )

1—-7r1? 1—ro?° Y 1—ry

<

logT,;leog(ﬁ7 T9, ...y )

lim sup .
1,725 01 logT{ng(rl,rg,...,rn)—|—L( L L2 )

1-r1?1—=ro?" " "2 1—1y

Theorem 5 Let f, g be any two analytic function of several complex variables
in the unit polydisc U and h be an entire function of several complex variables
such that 0 < A" (fog) < pE (fog) <oo,and 0 < A" (f) < pE (f) < oo . If

L( L Lo, L ) O{logT;le(rl,rg,...,rn)} as ri,7a,...,7n — 1, then

1—r1? 1—ro? """ 1—1y, )

lim inf logT, " Trog(r1,72, -, 7n) <
P g T Ty (1 ra ) + L (i )

1—r1? 1=ra?" " "2 1—1y




20 GYAN PRAKASH RATHORE, ANUPMA RASTOGI EJMAA-2021/9(1)

mm{kﬁ*(fcg) ﬂﬁ*(fog)}<max{/\ﬁ*(f 9) p (fog)}
N T e ST N e ST

-1
lim sup logTh Tfo.‘] (Tlﬂ T2,. .. 7T7L) .
1,720, —>1 lOgT Tf(?“l,TQ,.. Tn)-|—L( 1 1 )

1—7r1? 1—7y? Y l-rp

Theorem 6 Let f, g be any two analytic function of several complex variables
in the unit polydisc U and h be an entire function of several complex variables
with 0 < M7 (foyg) < pk'(fog) < oo, and 0 < A" (g) < pE(g) < oo .If

1 1 1 -1
L (1_“, el PR 1_”’) = 0{logT} "Ty(r1,72,...,7n)}, as r1,72,...,m, — 1, then
lo T_lT 1, T2, ..., T
lim inf 1 - g foq( 1,72, ) n) <
TR logTh_ TH(TI’TQ’ o Tn) +L (1 r1’ 1 lrz tt0 1—1rn>

IN

e (M (fog) pi (fog)\ _ (A (fog) pi (fog)
{ MN(g) 7 ek (g) }< { M(g) 7 ek (g) }

logTﬁleog(rl, To, .oy Tn)

lim sup .
12,1 log T " T(’l"h’l"g,.. rn)—l—L( ., )

1—-7r1? 1—7rg? Y 1l—ry

Theorem 7 Let f, g be any two analytic function of several complex variables
in the unit polydisc U and h be an entire function of several complex variables such
that p& “(f) < 00, also let g be analytic function of several complex variables in U.
If A" (f o g) < oo, that

lo T_ITo 71,79y, T
lim inf J roo(T1 72 n) = 0.
rirasern=1 logTy YTy (re, 7y ..oy Th)

Proof. Let us suppose that the conclusion of the theorem do not hold.
Then we can find a constant 8 > 0, such that for a sequence of values of

1_ )T 1r2 . 1_1T tending to infinity,

logThflTJvog(rl7 Toy.ooyTn) < BlogT,;le(rl7 T9y ey Th). (27)
Again from the definition of pf” (f), it follows that for all sufficiently large values
of ljﬁ, ljrz,..., —— that,

1 1
exp{L(l r1? 1—rg? "’lfrn)}

logTy, " Ty (r1,72, .., ) < (ph () + €)log T =) =)

(28)

1 1
r1? 1—ro?° " 1—1y,

Thus, from (27) and (28), we have for a sequence of values of —
tending to infinity that,

1 1
6xp{L<1 —r1? 1—ry? "’1—7"")}

lOQTh_leog(Tlar%-~-7T7L) Sﬁ(pﬁ*(f)+e)109 (1—T1)(1—T2)...(1—T ) ’
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ie.,

L ewp{L(ﬁ,ﬁ,...,ﬁ)}
l0gT; Tyog(r1ra, o yrn) _ PP0 (f)+6)l°9( =) (=) (=r)

<
log <ewp{L<11111211>}> log (ewp{L(llm,llw..,llrn)}) ;

(1=r1)(1=7r2)...(1=7y) (1—r1)(1=72)...(1=7p)

10gT, ' Trog(r1, 72, -, 7n)

71,725, n exp{L(—+—,——,. .., ——

lOg ( pilf(rlli)aflrggi(l:rnr)n >}>
this is a contradiction,
This prove the theorem.
Remark. Theorem 7 is also valid with ”limit superior” instead of ”1limit” if )\ﬁ* (fo
g) = o0, is replaced by pﬁ* (f og) = 0o, and the other conditions are remaining the
same.
Corollary 1 Under the assumptions of Theorem 2.7

lim inf

=\ (fog) < oo,

. 71, 71,79, ...,T
lim sup h,l rog(r1, 21 )
T1,725--,Tn Th Tf(rl,T'Q,...,Tn)

= Q.

Proof. From Theorem 7, we obtain for all sufficiently large values of 1_1T1 , ﬁ, ceey

1fr and K > 0, that

Ty ' Trog(ri, 79y« yrn) > KT, YTy (11,79, .oy 70),
ie.,
Th_leog(rl,rg, ceeyT) > {Th_le(rl, ooy ) S,
from which the corollary follows.
Theorem 8 Let f, g be any two analytic functions of several complex variables in

the unit polydisc U and h be any entire function of several complex variables such
that pL” (g) < oo, and A" (f o g) = oo, then

logT,;leog(rh Ty ..oy Th)

= 00.
rirasern logTy YTy(r1, 2, -y Ty)

Remark. Theorem 8 is also valid with ”limit superior”instead of ”limit” if )\ﬁ* (fo

g) = o0, is replaced by pﬁ* (f og) = oo, and the other conditions are remaining the

same.

In the line of corollary 1, we may easily verify the following.

Corollary 2 Under the assumptions of Theorem 8

-1
limsup Th Tng(’l"l, T, .. ,rn)

—1
T1,72,.0y T Th Tf(’l“l, ro,... ,Tn)

= Q.
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