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SOFT S,-METRIC SPACES AND SOME OF ITS PROPERTIES

SK. NAZMUL, UTPAL BADYAKAR

ABSTRACT. Firstly, we have founded a generalized concept of soft S-metric
spaces, named soft Sp-metric space, based on soft points of soft sets, and some
basic properties regarding soft Sp-metric spaces are studied with examples.
After that, we have established a fixed point theorem on soft Si-metric spaces
with an application.

1. INTRODUCTION AND PRELIMINARIES

Soft set theory was first initiated by Molodtsov [4] in 1999, which is an extension
of fuzzy set theory [7]. After that, Maji et al. [10] studied this theory in detail.
The concepts of soft real set, soft real number, soft point, and soft metric spaces
were introduced, and some of their important properties were studied by Das and
Samanta in [I3], [15].

In 2012, S-metric space was introduced by Sedghi et al. [12] and obtained some
fixed point results on S-metric spaces. Thereafter, some more fixed-point results
are discussed by many researchers in [, @) [16, 17, [19].

As a continuation, Aras et al. [2] have extended the concept of S-metric spaces
to soft S-metric spaces, and some important fixed point results were established in
2018 [3] with the help of soft mapping [1I, 5, [I1] [I§]. Recently, soft Sp-metric space
using soft elements was discussed in [6].

In the present study, using soft points, we have introduced a generalized notion
of soft S-metric spaces called soft Sy- metric spaces, and some of their fundamental
properties are established with proper examples. An important soft fixed point
result on soft Sp-metric spaces is also discussed with an application.
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Choosing X (# (), universal set; E*, set of parameters, and P(X), power set of
X.

Definition 1.1. [4] Taking F* : Q* — P(X), a function; Q* C E*, then (F*, Q%)
is soft set over X.

Definition 1.2. [I0] If F*(¢*) = X, V ¢* € Q*, then (F*, Q), a soft set over X,
is designated absolute soft set and is glossed by X.

Definition 1.3. [13] A function H* : E* — B(R) is a soft real set and is glossed
by (H*, E*).
If (H*, E*) is singleton, then it is designated a soft real number. It is prevailed

as t*, whereas t* prevailed a especial form of soft real numbers, where t*(a*) =
t*, Va* e E*.

Definition 1.4. [I5] (F*, Q*) is mentioned as a soft point of X if there is a
specific one ¢* € Q* for which F*(q*) = {z}, for few z € X and F*(b*) =0, V b* €
Q" \{q"}. It is prevailed by Pj..

Definition 1.5. [[4] P! = P2 = z1 =2z and ¢} = g3.
Again, Pjl # P;2 = either z1 # 23 o1, ¢f # G-

2. SOFT Sp-METRIC SPACES

In this part, we have initiated soft Sp-metric spaces, and some of their properties
are discussed with application.

Definition 2.6. Let SP(X) be the collection of all soft points of X and R(E*)* be
the collection of all non-negative soft real numbers.

A mapping Sy : SP(X) x SP(X) x SP(X) — R(E*)*, is entitled a soft Sy- metric
on the soft set X with constant soft real numbers > 1, ifgg content the following
conditions ¥ PF}, Pr2, Ps Prs ¢ SP(X),

asg ? as ?
(S1) :S‘;(Pfll, Pr>, Prs) >0, equality holds if and only if PPl = Pp2 = pPrs

(S2) Su(Pgr, Piz, Pio) <5 { Sy(Pg, Pi, Pi) + Sy(Piz, Paz, Pt

a1 ai? ai ?
+ Sy(Py2, P2, Pia)}

as? as’

and the soft set~)? with a soft Sy-metric on X is called a soft Sy-metric space and
is denoted by (X, Sp, E*).

Example 1. Choose X = R = E* and V PJ', P¥2, P € SP(X), define the

ay ? as ?

function :S’\; by,

- _ _ _ _ _ _ 2
Sy(Prr, Piz, Prs)=[|T1— T2 |+ | T2 —T5 |+ | T3 — 71 | |

+ [|ai—a |+ |@m—a3|+|ag—a1|]°, where TT(\*) = @1, ¥V A" € E*.
Then, definitely the condition (S1) is satisfied. Now, for condition (S2),
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x T T —_— PR — — 12 —
Sb(Pl P2 PS) = [|£17171’2| + |$27$3| + ‘1’371’1‘] + [|0,170,2|

a ? as ? as

_ — . 2
+ |042—a3‘ + |a3—a1|]

< [lzi-7a| + |- + |T2—-%1| + |Za—73 |
+ | m-m| + |T-m ]
+[lar—a1| + |@a—a| + |as—az| + |@a—a3 |
+ @l + |a-a ]’
= 2 m-m| P+ (27| + [2|m—T|])
+8 |Ti T || T2 ~Ta| +8 |T2 71 || 75— 74 |
+8 |m-m|| T -7 +(2 |a—an| )
+(2 |a-—@|]® +[2 |a-—a|)® + 8 |ar—axl|laz—aa |
+8 |sg—asl|laz—as| +8 |az—aq || a1 —as |
3|2 lm-ml)] + (2 m-m| ) + (2 | m-m] )

+[2lam-a@!|] + [2le-@l|) + [2 |-l
= 3 [ Sy(P2, P, P) 4 Sy(PI2, P2, PP 4 Sy(P%, P, P) |

az az

Thus, ()N(, Sy, E*) is a soft Sy-metric space with constant 3 = 3.

Note: Every soft S-metric space is a soft Sp-metric space with § = 1, but the

function S, may not be a soft S-metric, if we pick
T =4, T2 =6, T3 =8, Ta=b;and a; =2, az = 4, az = 6, a; = 3, then from
Example [[| we have V \* € E*,

Sb(lel, ij;, Pj;)()\*) = 128
< [ Sp(Por, P, P 4 Sy(Pr2, P2, Pra)
+ Sp(Prs, P, PE) ](AF)

= 88, which is a contradiction.

Lemma 2.1. In a soft Sy-metric space ()?, Sy, E*) withs > 1,

Sp(P2t, PP, P22y < 5 Sy(P22, P2, Po),

ay " ay? az " a2

Proof. Since, ()?, Sy, E*) is a soft Sp-metric space with 5 > 1, we have

Sb<P$1 P P;czz) g g{,gz(le P P,fll)—i—g;(P”“ P Pg;)

ay ? ai ? ay ? ai ? ay ay ?
+ Sb(sz;v P;22> Ptfll) }
isb(Pail? P;?’ ng) g §Sb(P;;, chfrfv Pgll)
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Definition 2.7. A soft S,-metric space ()?, Sy, E*) with's > 1 is called symmetric
if
Sy(PZ1, P, P2) = §,(P2, P2 P,

ay ay ag
Example 2. In Example the function EZ s a symmetric soft Sy-metric on X.

Example 3. Take X =R = E* and V P}, P2, Pr? € S’P()?) pick Sy as,

ay

Sb(P07P0aP1) = 3

Sb(P1»P1vP0) 6,
Sb(Pgll, P;;, P%) 0, ifPL'fll = PT2 = PJ;,
Sb(P;”ll7 P2, Py?) = 1, otherwise,

Then :S’vb is soft Sy-metric, but not symmetric.

Definition 2.8. A sequence {P”’1 } in a soft Sp-metric space (5(, Sy, E*) is con-
verges to PY if and only if Sb(Pj;L, Pfﬁl, PY) -0 as n — occ.

i.e, for each € > 0, 3 k € N such that E;(an, Py, PY) <E Vn>k

1t is denoted by ILm Py, =Py

Example 4. Take E* = {dy, d2} and X =R.

Pick Sy from Ezample[].

Define {P;ln} by P;,ln(di) =5 VneN; i=1,2.

ThenV d; € E*; i =1,2,

I I . 2
(3 1 (3 — —

S EEE SRR EEN
n n n

i

n
) l

- [| 1l opero- ]
n n

— 1
N n
— 0, asn — o0
Therefore, nl;rr;o P;ln =P
Theorem 2.1. If a sequence {Py} } in a symmetric soft S,- metric space
()?, Sy, E*) converges to PY, then PY is unique.
Proof. Let {Py} } — PY, asn — oo and {Py] } — Py, asn — oo, where P # Py.
So, for each € > 0, 3 ky, ks € N such that,

~§

So(Pihy Py PY) < = Y2k

’ S

and B
Sy(Pi, Pit P Z o, V> k
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If we take k* = max{ky, ko}, then

[

Sy(Pg,, Py, PY) < T vz k*
and B
Sy(P3, PR, P 2 ig V> k"
Now,
Sy(PY, PY, Bf) = 5{28(PY, PY, Pi)+Sh(Pf, P, Pib)}

= 5{28(Pf. P PN+ Su(Pi P B,
since :S\’; is symmetric
< EVn>k

Since & > 0 is arbitrary, so Sy(PY, PY, P7) =0, i.e., PY = Pf.
(I

Note: If the function S is not symmetric, then PY in Theorem may not be
unique.
In Example[3], P? is not unique.
Definition 2.9. A sequence {P;;} in a soft Sy-metric space ()N(, Sy, E*) is Cauchy
ifg’;(P;‘:;, P, Pyh.) =0, as n,m — oo.

i.e, for each € >0, 3 k € N such that :S’I(P;’;, P, Pit) <& Vn,m>k.

Example 5. In Example the sequence { P!}, where P{1 (d;) = L, VneN; i =
1,2 is a Cauchy sequence, as for all d; € E*; i =1,2,

— ~ i

So(Pin, Py Pin)di) = S(Pr, Pp, Pr*)
i i i 2
= || —== |+l ===+ ===
n n n m m n
i i i i ]?
= [ lamRltl et s
i di]?
-1
m n

— 0, asn,m — o0

Theorem 2.2. If a sequence {Py} } in a soft Sy- metric space (X, Sy, E*) is
converges to PY, then {Py) } is a Cauchy sequence.

Proof. As lim Pjl = PY, so for any £>0, 3 ki, ks € N such that,
n—oo ’

5 ~ £

Su(Biy Pin PY) < = V> hy,
and _
Sy(Pit., P3PV 2 V>
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Set k* = max{k1, ]{12}
Now,

Sy(Pyn, P, Pty <05 {2 Sy(PY, Py, PY)+ Sy(Pyh,, Pyt PY)

d,n’ d,n’ d,n’ d,m> d,m?

~ & E
< -+, YVnm>k"

2 2
= Sy(PyL,, Py, PL) <
Therefore, {P;? } is a Cauchy sequence. O

Definition 2.10. A soft Sy-metric space ()?, Sy, E*) is complete if every Cauchy
sequence in X is converges to some soft point in X.

Example 6. In Example if we take (Y, E*) C X, where Y(d) =[0,1], Vd € E*,
then (Y, Sy, E*) is a complete soft Sy-metric spaces.

Theorem 2.3. Let ()Z', Sy, E*) be a complete soft Sy- metric space with 3 > 1.
If f, and T, are two soft mappings on (X, Sy, E*), content the following condition,

Sl (P, Jo(PL), Tu(PL)) 2@ | Sy(Pi, PR, PLL))
52

- ~ [ T
V Py., PY. € SP(X), wherea € [O, ), (1)

then f, and Ty have a unique common fized soft point in ()Z', Sp, E*).

Proof. Let P{. , € SP(X).
Let us consider a sequence of soft points {P{. ,} in ()~(, Sy, E*) defined as,
P app1 = Jo(PRe ap) » PR gy = Tu(PRe gpa) 5 £ =0,1,2, ...

Now,
Sb(Pf*,zk-Hv Pf*,zk-s-l» Pf*,zk-s-z) = Sb(fw(Pf*,%)a fgo(Pf*,zk)a Tw(Pf*,zk-H))
@ Sp(PYs oy Pxe oy Prx ak41)
Again,
Sb(Pf*,2k+2a Pf*,2k+2v Pf*,2k+3) - Sb(Tw(Pf*,%H), T¢(P§*,2k+l)a st(P)g\C*,2k+2))
= s Sb(ftp(P)g\C*,2k+2)7 fw(Pf*,2k+2)a Tw(Pf*,QkH))v
from Lemma 2.1
< @5 Sp(Pye aprar Paeokrar Paeoks1)
= a3 Sp(Py« oky1s Pox kg1 Pox 2k42)s
from Lemma [2.1]
Therefore,
So (P onsos Piepigzs PReoigs) < @50 So(PRepprrs P orgrs Pie2ig2)
< @5 Sy(Pgp Pl Pleoiin); k=10,1,2, ..
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Now, V n € N,
T (pzx x x = = Q (p=x x x
Sb(P)\*,n+1’ P/\*,nJrl’ P)\*,n+2) < a Sb(P)\*,'rw P)\*,n7 P/\*,nJrl)
= =22 3q /px T T
S a s Sb(P)\*,nfh P)\*,nfh P)\*,n)
=  —n+l1 =n+1 g [/ pzx T T
< a s Sb(Pxx 05 PXe 05 PXe 1)

Using Lemma 23] for m > n,
Sy(Pfe s Py Pien) S 5 [2S5(PYe s Py Pleyn) +
5 Sb(Pf*,nJrh P)a\:*,n+1a Pf*,m)}

2 Sb<P)3\c*,n’ P);f*,'rm Pf*,n«kl)

AR

- o (pzx T T
+ 5 [2 Sb(P)\*,n-i-l? P)\*,’Vl""l’ P/\*,7L+2)

+ 5 Sb(Pj\v*,n+27 PAx*,n—&-Q? P)‘?*,m)]

25 Sp(PL s PEpy PEei1)

+23 §;(P)a\:*,n+l? Py i1y PYe ngo)
+oo 25MmTD GpE ) PR
+ 25 Gy(PE L, PRy, PR
25 Sp(PL s PEpy PR

+27% E(Pf*,mp Py i1y PYenga)

+25%° /SZ(Pf*,mz’ Py nios PYengs)

+ 25 Sp(PEigr PEonisy Poopga) oo+
2 s(m=n=1) g, (PE, PL. Py pq)

+ 25 Gy (PE. Py Py, +
) [a Sn+1 +an+1 —-n+3 +an+2 —n+5

P;*,m—l)

m—2

IAR

m—2) m—2)

m—1» m—1»

IAR

+ @t gt ] Sb(P/\*Oa P o, Pyeq)
2g" 5"t [1+(a§ )+ (@ 5%)?
+ (6718 ] S Pf*,()a Pf*,m Pf\c*,l)

a” §n+1 .

2 W Sb(P;j*_ro, P§*707 P;:*,l)

~[~1
— 0, asn — oo |since, @ € {0,2>}
5

AR

AR

Therefore, {P¥. , } is a Cauchy sequence.
Since, ()?, Sy, E*) is a complete soft Sp-metric space, so 3 P! € SP()?) such that
Py, — Pl asn — oo.
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Now,
Sy(fo(PL), fo(PL), PL) < 2 Sy(fo(PL), folPL), Tu(Pi. yiin))
+ Sy(PL, PL, Ty (P o 11))
< 2a Sy(PL, PL, PP yyy) + Su(PL, Pl Piogiis)

Taking & — oo,

So(fo(PY), fo(PL), Pty < 2aS,(PL, P!, PL)+Sy(P., P!, P.)

jg;(fw(Pé)) fv(Pctx)a P) <0

:>f§9(Potz) = Pl
Again,
Sy(PL, PL, Ty(PL) = Sy(fo(P, ) fw(Pt) Ty(Py))
< a@Sy(PL, P, PL)
=0
= T,(Pl) = P

Thus, f,(P.) =T, (P.) = PL.
.e., f, and Ty have common fixed soft point.
To assert uniqueness, let PE*(# P!) € SP(X) be another fixed soft point of

f¢ and T1/,.
Now,
Sy(Pay Pho P) = Sy(fo(P )f«:( o)y Tu(P5)
= asSy(P, Fa, P§)
= Sy(Pi, Ph, Py) = 0
=P, = P}

Therefore, f, and T, have unique common fixed soft point in ()? , Sp, E*). |

Corollary 2.0. Let ()?, Sy, E*) be a complete soft Sy- metric space with 5 > 1.
If hy is a soft mappings on (X, Sy, E*), content the following condition,

So(hy(PE.), By (PE), By (PL)) £ 8 Sb(P,{”*,Pf*,Pﬁ*)] ,
- ~ [ 1
V PY.,Pl. € SP(X), whereb € [0 = ) (2)
52
then h~ has a unique fized soft point in ()}, Sy, E*).

Proof. Choose f, = hy = Ty and @ = b. Then from Theorem we get the
result. (]
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2.1. Application. Let E* = [ 2, 00) and X(\*) = [—1, 3], VA e E~
For all Py1, P>, P¥s € SP(X X), define S, as,

2
Sb(Pg“l Pr2 P;;’): [| $1—$2| +| JJQ—LL'gl + | T3 — T1 | ]

ay ) az

+ [|ar—a| +| ;z—az| +| a5 —a7 | ]2, where T1(\*) = x1, V \* € E*.
Then ()?, Sy, E*) is a soft Sp-metric space.

4] by

Now, we define ¢ : [-2, 00) = [-2, o0) and f : -1,
2 an respectively.

(-
plz)=2%2—-1,Vae [-2, oo and f(z) =22, Va €

Let f,: (X, Sy, E*) = (X, Sy, E*) be such that f,(PL) = Pfg))

Now,

So(Fo(PE)s fo(Pi2), fo(PE))(N)
= {I F)(N) = fa2) (A7) |+ | fa2)(X7) = Fas) (A7) |

+

uwmxwwumxﬂ]+[¢wmxwwmmxn

P () — Pl () | + | pla) () — <xvn}

2
[Iﬂm)—f@ﬂka@ﬂ—f@@kﬂf@@—f@ﬂ@

2
+ [ | p(ar) —plaz) [ + | plaz) —plas) | + | p(as) —¢(ar) | ] ; (since T7(A*) = 1)
2 2
=[lal-ad | +]ad—af |+ |af-al | +[|$-% |+ -2 |+|2-%]
2
Si {[|$1—$2|+|x2—x3|+|x3—x1| ] +[|a1—a2|+\a2—a3|

+|a3a1|]2]

= 1|1 a0y a1+ 1 7w —m00) [+ | ) -7 | )

F 1 @) @) |+ ] @A) —as(\) |+ | ) —a() | 7,
(since T1(\*) = 1)

Sy(PZr, P2, PT3)(A\*).

ag as

= Sy(fo(P2)s fo(P22), fo(PE2)) (V) <

Since this is true for all A* € E*, so

=]

So(fo(P1), fo(PE2), fo(PE2)) < = Sy(PTr, P2, P)

ay ? as ?

»-N\ )—‘\

Therefore, ()? , Sp, E*) is a complete soft Sp-metric space.
Also the condition,

So(fo (P21, Fo(PE2), S
is satisfied for b (= %) € R(E™).

ay ? az ’ ay az

(Pg)) < bS(PR, P2, Pys), ¥ Py, P2, Pis € SP(X),
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Thus, all the conditions of Corollary [2.0] are contented. So, from Corollary [2.0]

we can say that f, has a unique fixed soft point.
2
Now, f,(P%) = PE%*) =P,

Hence, P°, is a fixed soft point.

3. CONCLUSIONS

In this study, we have initiated soft S,-metric space, and some elementary be-
haviours are investigated. A significant fixed point result on soft Sp-metric spaces is
established with an application. We expect that this modern thought will favour re-

searchers in enhancing and generalizing the theory of soft metric spaces and related
fields.
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