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SOME RESULTS ON VALUE DISTRIBUTION THEORY FOR
MEROMORPHIC FUNCTION IN AN ANGULAR DOMAIN

ASHOK RATHOD

ABSTRACT. In this paper, we establish analogous of Milloux inequality and
Hayman’s alternative for meromorphic functions in an angular domain. As
an application of our results, we deduce some interesting analogous results for
meromorphic function in an angular domain. And also we have given the ap-
plications of homogeneous differential polynomials to the Nevanlinna’s theory
of meromorphic functions in an angular domain and given some generalisations
by these polynomials.

1. INTRODUCTION

The uniqueness theory of meromorphic functions is an interesting problem in the
value distribution theory. In 1929, R. Nevanlinna proved that, if f and ]?be two non-
constant meromorphic functions in C and if they share five distinct values IM, then
f= f, if they share four distinct values CM, then f is a Mobius transformation of f
After this work, many authors proved several results on uniqueness of meromorphic
functions concerning shared values in the complex plane. In 2004, J. H. Zheng (see
[1]) extended the uniqueness of meromorphic functions dealing with five shared
values in an angular domains of C. Also in 2010, He Ping proved some important
results on the uniqueness of meromorphic functions sharing values in an angular
domain (see [2]-[35]). It is interesting to prove some important uniqueness results
in the whole of the complex plane to an angular domain.

2. BASIC NOTATIONS AND DEFINITIONS

Nevanlinna theory in an angular domain will play a key role in the proof of
theorems. Let f(z) be a meromorphic function on the angular domain Q(«, 5) =
{z:a<argz < B},

st ) =2 [ (5 5 ) Dog ) 1 7006} &,

T =
2w (7 + NP
Bos(r, f) = — log™ |f(re')|sinw(8 — a)d#,
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1 bnl“\ .
Cap(r, f) = Z <|b = _ |7«2c|u )sznw(@n —a)db,

1<|by, |<T

where w = /(8 — a) and b,, = |b,|e?’" are the poles of f(z) on Q(«, 3) appearing
according to the multiplicities. C, g is called angular counting function of the poles
of f(z) on Q(a, B) and Nevanlinna’s angular characteristic function is defined as
follows

Sa,B(Tv f) = Aa,ﬁ(ra f) + Ba,ﬁ(n f) + Ca,ﬁ(rv f)
Throughout, we denote by Ry g(r, *) a quantity satisfying satisfying
Ra (r, ) = Oflog(rSa,s(r, %))}, re€E,

where E denotes a set of positive real numbers with finite linear measure.

Definition . Let f(2) be a meromorphic function in an angular domain Q(c, B) =
{z:a <argz < pB}. Then function

Saﬁ(r7 f) = Aaﬁ(?", f) + Ba,ﬁ(rv f) + Ca,ﬁ(T7f)

is called angular Nevanlinna characteristic of f(z).

3. Some Lemmas
Lemma 3.1. [1] Let f(z) be a meromorphic function in an angular domain Q(a, B) =

{z:a<argz<pB},aeC

1
&3 I - « ) 1 .
o (115 ) = S 1)+ O)
and for an integer p > 0,
Sap(r, JP) < 2pSa p(r, f) + Rap(r, f),

) )
A (r, f;p) + Ba 3 (r, f;p) = Ra5(r, f),

and Re 5(r, fP)) = Ry 5(r, f).

Lemma 3.2. [1] Let f(z) be a meromorphic function in an angular domain Q(a, §) =
{z:a <argz < p}. Then for arbitrary q distinct a; € C (1 < j < q), we have

J

q
(¢ —2)Sap(r, f) < Zéaﬁ (7’, f_la) + Rap(r, f),

Jj=1

where the term Co p(r,1/f —a;) will be replaced by Cy 5(r, f) when some a; = oo.
We use 62)75(7”, 1/f — a;) to denote the zeros of f(z) —a in Q(a,B) = {z:a <
argz < B} whose multiplicities are no greater than k and are counted only once.

—(k —
Likewise, we use C&’;l(r, 1/f —a;j) to denote the zeros of f(z) —ain Q(a, B) = {z:
a < argz < 8} whose multiplicities are greater than k and are counted only once.
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4. Main Results

In the value distribution theory, it is very important to introduce and study the
derivative of a given function. It is natural to ask whether can we establish the
analogous of Milloux inequality and Hayman’s alternative in an angular domain
Qa,B) ={z:a < argz < B}

By adopting the notaions of Nevanlinna functions in an angular domain
Qa, B) = {2z : a < argz < B}, we proved the following theorems and establish an
interesting and remarkable result of the Milloux inequality and Heyman’s alterna-
tive in an angular domain Q(a, 8) = {2 : a < argz < }.

Theorem 4.1. Let f(2) be a transcedental meromorphic function in an angular
domain Q(a, B) = {z: a < argz < f}. Let

k
0(z) = Y a fO(2) (4.1)
=0

for any positive integer k. Where ag, a1, as, as, ....., ar, are small functions of f. Then
(C] (C]
Aa’ﬁ (7‘7 ) + Ba’g (T, ) = Ra’g(n f) (4.2)
f f
and
Sa,p(r;0) < (k+1)Sas (1, f) + Rap(r, f). (4.3)

Theorem 4.2. Let f(z) be a transcedental meromorphic function in an angular
domain Q(a, B) = {2z : @ < argz < B} and O(z) be the function defined by (4.1). If
O(z) is not a constant, then
_ 1 — 1 (0) 1
Sap(r,f) < Caplr,f)+ Cap (T, f> + Cop <7”, o= a) — Ca,ﬂ (T, ®,>
+ Rap(r, f) (4.4)

1
where (a # 0,00) and Cé% (T, @/> counts only zeros of © but not the repeated
roots of © = a in an angular domain Q(a, 8) = {z : a < argz < B}.
Theorem 4.3. Let f(2) be a transcedental meromorphic function in an angular
_ 1
domain Q(a, B) = {z: a < argz < B}, © = f*) and C‘ES,)B (r, @/) be defined as in
Theorem 4.2. Then

_ — 1
KChanf) < CLalrf) + Cas (gt

0 1
a) + Oé,?@’ <7‘, @/> =+ Ra,ﬁ(rv .f)
(4.5)
where C, 4(r, f) counts the simple poles of f(z) and 6&2,/3(7", f) counts the multiple
poles of f(z), not including multiplicity in an angular domain Q(a, 8) = {z : a <
argz < f}.

Theorem 4.4. Let f(2) be a transcedental meromorphic function in an angular
domain Q(a, B) ={z: a < argz < B}. Then

SQ,B(T, )< (2—|— /t) Ca (7’, }) + <2—|— i) 604”3 (’I“, @1—(1) + Ra,B(T, -
(4.6)
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By replacing © = f(*)(2) in the Theorem 4.2, we get the following result
Corollary 4.1. Let f(z) be a transcedental meromorphic function in an angular

domain Q(a, B) = {2 : a < argz < B} and k is any positive integer. Then

Sa.p (’I“7 ) < 6%3 (r, )+ Co (T, ]10) + 604,,8 (T, f(k)l—a) (4.7)

1
—c) (7’7 f(,m)) + Rap(r, f). (4.8)

By Theorem 4.2, we get the following Corollary

Corollary 4.2. Let f(z) be a transcedental meromorphic function in an angular
domain Q(a, B) = {2 : a < argz < B} with only a finite number of zeros and poles.
Then every function © as defined in (4.13) assumes every finite complezx value,
except possibly zero, infinitely often or else is identically constant in an angular
domain Q(a, B) = {z: a < argz < S}..

By replacing © = f(*)(2) in the Theorem 4.4, we get the following result

Corollary 4.3. Let f(z) be a transcedental meromorphic function in an angular
domain Qa, B) ={z: a < argz < f}. Then

Sozﬁ(ra f) S (2 + ]];:) Ca,ﬁ <7”, jc) + (2 + Ii) 6(1,5 <T7 f‘(k)l_a) + Ra,ﬂ(r, f)

f—w
, where w; and ws be complex numbers

)
wy # 0 and Sop(r,F) = Sap(r, f) + O(1) in Theorem 4.2.4. Then we get the
following result.

By replacing the value of F' =

Corollary 4.4. (Hayman’s Alternative in annuli. ) Let f(z) be a transcedental
meromorphic function in an angular domain Q(a, B) = {z : a < argz < 3}. Then
either f assumes every finite value infinitely often or f*) assumes every finite value
except possibly zero infinitely often in an angular Qa, B) = {z: a < argz < B}.

5. PROOF OF THE MAIN RESULTS

Proof of the Theorem 4.1 :
First of all, we prove the Theorem 4.1 for the case ©(z) = f(*) using induction on
the number &k and then deduce the conclusion of the Theorem 4.1 for the general
case.
By Lemma 3.1, we have
f/
Soz,ﬁ (’I’, f,) = Soc,ﬁ <T7ff> < S(x,,@’ (Taf) + 5, a,f3 <

f/
f

i sin(18) o) ()

Sap(r,f)+ Cap(r, f)+ R
2Sa,ﬁ (rvf)+Ra,[3( f)

> +0(1)

IN N
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Hence the result is true for k = 1.
Suppose that the theorem is true for k£ = n. Then by assumption, we have

(n) (n)
Aa,ﬂ <Ta ff) + B(l,,@ <T7 ff> = Ra,ﬁ(ra f) (51)
and
Sas(r, f™M) < (n+1)Sas(r, f) + Rap(r, f). (5.2)

Also we have,

A (1 1) 4 Bags (1 £00) = Aay (r,£™) + Bas (1, £™)

f(n+1) f(n—i—l)
o (L )+ 8o (nF )

(5.3)
and
Cop(r, f)) = Cap(r, f™) + Caplr, f)
= Cap(r,f™) +Cap(r, f)
< Coplr, f™) + Cyp(r, f). (5.4)

By Lemma 3.1, we have

fnt1) fntD) fnt1) fnt1)
Aa,,B (T, T + Ba,ﬁ T, f S Aa,,@ r, W + Ba,ﬁ r, f(")

(n) (n)
+Au <r, ff> + Ba.g (r, ff)

Ros(r, f™) + Rag(r, f)
Ra,ﬁ("“y f) (55)

IA A

and

Saps(r, fD) = Aus (r7f(n+1)> + Bag (T7f(n+1)> + Cap(r, fO+D)

IN

f(n—H) (n+1)
Aag(r, F™) + Bag(r, f™) + Aas ( ) + Bays ( )

fn) fn)
+ Cap(r, f) + Cap(r, £) + O(1)
Sas(ry f™) + Cap(r, f) + Rap(r, f)
(n+1) Sa,5(r, f) + Sa,s(r, f) + Ra,p(r, f)
(n+2) Sa,p(r, f) + Rap(r, f). (5.6)
Hence the result is true for all positive integer k.

In the following, we consider the general case.
By above case, it is obvious that

Aa,ﬁ (T, 8) + Ba7ﬁ (r, @> < ZAQ)/B (R, a/lf(l)> n ZBQ’B (}%7 adfl) + lOg(k + 1)
f f =0 f =0 f

IAINCIA
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k Ji0 Ji0

< Z [Aa,ﬁ (ryar) + Bag (rya1) + Ao g <r, f> + Ba g ( 7 ﬂ + log(k +1)
1=0

< Rap(r,f). (5.7)

Thus, we have

Aaﬁ(T,@)—l—Ba”@)(’r,@) < A ( ?)—FBQ@( >+Aa,8 rf —I—Ba@(’rf)
< Aap(r f) + Bap(r, f) + Rap(r, f). (5.8)

On the other hand, we have

Oa,B (7", 6) < Ca,ﬂ (Ta f(k)) § Coz,B (Ta f) + kéa,ﬁ (Ta f) . (59)
Therefore, by (5.8) and (5.9), we have
Saﬁ (T, @) = Aaﬁ (T, @) + Ba’g (’I“, @) + Caﬁ (T, @)

< Aa,ﬁ (T‘, f) + Ba,ﬂ (707 f) + Coz,ﬁ (Tv f) + kéa,ﬁ (Tv f) + Roz,ﬁ('ra f)

< Sa,ﬁ (Ta f) + kéaﬁ (Ta f) + Ra,ﬁ(Ra f)

< (k + 1)‘9&,6 (Tv .f) =+ Roe,ﬁ(ra f)
Sa,p(r,0) < (k+1)Sap(r,f)+ Rap(r, f)

which completes the proof of Theorem 4.1.

Proof of the Theorem 4.2:
By Lemma 3.1, we have

1 1
Aa,ﬂ (T', @) =+ B(%B (7', @) + Aa7B (T‘, @> =+ Ba7ﬂ (7"7 @)

1 1
A — B -
+ a”g(R@ >+ QB(R@a)
<2805 (1,0) = CY(r, ) + Rap(r,0). (5.10)

By Lemma 3.1, we have

2505 (r,0) — CL(r, f)

= Ay (r,0)+Bapg(r,0)+ Aap(r,a,0) + Ba g (r,a,0) +Cop5(r,0) + Cop(r,

1
_ {wa,ﬁ (1,0) = Cars (1, ©) + Cag ( @,)}
= Ay (r,0)+Bapg(r,0)+ Ay (r,a,0)+ By g (r,a,0) + Cq 5 (r,a,0)
1
—Ca, ( ®/>+Ca5(r®) Cop(r,0).

It is obvious that

Cop(r,0)— Cop(r,®) < Cuapl(rf) (5.12)

and

1 1\ — 1 o [ 1
Ca,ﬁ <T7(_)_a> - Caﬁ < ®/> - 0(176 <'r, o _a> - Ca,ﬁ <T,(_)/> . (513)

a,©)

(5.11)
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Hence it follows from (5.10), (5.11), (5.12) and (5.13) that

1 1 — — 1 1
Ao p (7‘, ®)+Ba,ﬂ <7‘, ®> <Cap(r,f)+Cap <7"7 g a)- Caos (h @,)4-Ra,/3(3,@)~

(5.14)
From (4.3), we have

Ra,g(r, @) = Raﬁ(?“, f)

By Lemma 3.1, we have

1 1 1
Sap(rif) = Aap (7‘7 f) + Ba g (7", f) + Cap (7", f) + O(1)

1 1 €] ©
Aap (7“7 @> + Bag T, 6)) + Aup (r, f) + B, s (73 f)

+Cop (r, f> + 0(1)

1 1 1
< Aa,ﬁ <T7 @> +Ba,/3 (Ta 9) + Ca,,B <T7 f) + Raﬁ(’l’, f)(515)

From (5.14) and (5.15), we have

IN

—_

_ 1 — 1
Sohﬂ (T7 f) S Ca,,@ (T7 f) + Ca,ﬂ (Ta f> + Ca,ﬁ <Ta @)

which completes the Proof of Theorem 4.2.

Proof of the Theorem 4.3:
We first define the function

(f(k+1))k+1 (@/)k+1

T )T o 10

Suppose f has a simple pole at zg, in an angular domain Q(«, ) = {2 : a < argz <
B} ie f(z) =b(z — 2z9) "t + O(1) for some b # 0. Then differentiating k times,

et ka i
F9(z) = (‘”)ﬁ' (14 0((z — 2)*1))

Differentiating again and then substituting it into g, we find that

(~D(k + 1)

vy (1—|—O((z—zo)k+1)) )

g:

Thus, at a simple pole of f, g # 0, co, in an angular domain Q(c, 3) ={z:a<
argz < 8} but ¢’ has a zero of order at least k in an angular domain Q(a, 8) =
/!

{z: a <argz < B}. Now we apply First Lemma 3.1 to g—, assuming g to be non
g
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constant, giving
A ) IR G R )
Al =]+ Bapgl|r=] — Aap|rn=]|+DBapl|r=]|+ 01
,6( P s\ o\ s\"y (1)
7)

1

= Cop(r,g)+ Cap r,,) — Cap(r,g)— Cap <T

- Cozﬁ (Ta g) :

g\ .. .
, = | 1s non negative,

Thus using (5.17), Lemma 1 and the property that A, g (r

we have
1 1
RCLs(nf) < c(?g( )<caﬁ( )
g’ g
6, g g
+Cap(r.9)+ Aap (T, ; + Bag | 7, g )" O(1)
_ 1 o
< Cus ( g) oy (1 g) + Ruplrng). (518)

By (5.18) and zeros and poles of g can only occur at multiple poles of J, a-points
of © or zeros of © which are not a-points of © in an angular domain Q(a, 8) =

{z:a <argz <} and so
_ 1 _ _ 1 —(2 (0) 1
- < ).
Ca,p (7‘, g> + Cap(r,g) <Cap (Ta — a) + Cop(nf) + Coz,/? (7‘, @/)

Hence by (5.15), we have

—(2 — 1 1
KCh sl ) < Cs(r) + Cos (1 g ) + O (1 g ) + Ruslr )
Proof of the Theorem 4.4 :
We start by noting that in Ny(R, f), multiple poles are counted at least twice in
an angular domain Q(c, 8) = {2z : a < argz < B} and then apply (4.4)
—(2
C(i,,@(’ra f)+ 2 Oa,ﬂ(rv f) < Saﬁ(rv f)

< éa,ﬁ (7“, f) + Caﬁ <T,}.> + 60475 (T, @1—a) _ C(O) ( @1/) + R, 5( f)
(5.19)

Since Co,p(r, f) = C) 4(r, f) + 6((1275(7“, f), hence by (5.19), we get

cl
o <caﬂ( >+ca,5 <r,®1_a)c<0>< é,>+Raﬁ( ). (5.20)

)
g

(5.17)
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By (5.20) and (4.5), we get

1 1 — 1 () 1
koa,ﬁ(r’ f) S Ca’ﬁ (’I", ? + Caﬁ Ty @ —a - Coé,ﬁ T @/
Yol 1 o (, 1
+Cap <T7 ) —a) + Ca,ﬁ (T,@/> + Rop(r, f)
ENL,(rf) < Cup (r,f> + 200 (15— a) + Ras(rf).  (5.21)

By (5.20) and (5.21), we can write

Coplr,f) = CLa(r )+ Coslr, f)

1 1 — 1 1
< = - N, -
B k%(“f)+ C“ﬁ(“@a)+ 0<R’f>

70{ r7

el (r )+R #00.9)

1
Since C’C(SZ; ( 9/> > 0, we substitute this and (5.22) into (4.4), we get

Saﬁ(?", f) < <2+ ;) Coéﬁ (T,J{) + <2—|— 2) 60"[3 <T7@1_a> -|—Ro¢’5(R7 f)

6. ON THE DEFICIENCIES OF DIFFERENTIAL POLYNOMIALS FOR MEROMORPHIC
FUNCTIONS IN AN ANGULAR DOMAIN

We shall concerned with meromorphic functions P which are polynomials in
the meromorphic function f(z) and derivatives of f(z) with coefficients of the form
a(z) in an angular domain Q(«, 8) = {z: a < argz < 8} .

Let

and

where f W @ , ™) are the successive derivatives of f in an angular domain
Qe, B) ={z: a <argz < B} and tg,t1,..., L, are non negative integers.

Definition . Iftg+t,+...+t,, for a fived positive integer in every term of P, then
P is called a homogeneous differential polynomial in f(2) of degree n in an angular
domain Qa, f) ={z: a < argz < g}.
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Lemma 6.1. [12] Let f(z) be a meromorphic function on the Qa,B)={z:a<
argz < B} anda; € C (j =1,2,...,q) be q distinct complex numbers. Then we have

I 1 1 1
A (1 )+ 3 B ()
> o (r ) > o (n

q q

1 1

Aa’g T,E —&-Ba’g T,E —I-O(l).
parl pr Al

We introduce some lemmas which are important and used later.

Lemma 6.2. If P is a homogeneous differential polynomial in f in an angular
domain Qa, B) = {z: a < argz < B} of degree n > 1 , then

P P
Aaﬁ <’I", > + Baﬁ <T, ) = Ra,g(r, f) (61)
fn fn
Proof. We know that

(4) (2)
Aa,B (73 ff > + Ba,ﬁ <T, ff) = Ra,ﬁ(ra f)

By definition, P is the sum of finite number of terms of the type
Fp = a(f)" [ F 2 [f7])

Where tg + t1 + ... + t;,, are non-negative integers satisfying

fori=1,2,3,......

f:ti =N
i=0
Then . . .
() () ()
Im ! f AN '
So,

F k) F(k)
s (5 ) + 00 (57

s (4) m (4)
< Aap ()4 Bas (a4 3ot Ans (D7) 4 300 By (n )
=0 =0
< R(X,B(T7 f)
Thus,

IN
N
Q
@
R R
3
B
Z
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Which proves lemma 6.2. O

Lemma 6.3. Let P be a homogeneous differential polynomial in f of degree n in an
angular domain Q(c, ) = {2z : a < argz < B} and suppose that P is a homogeneous
polynomial of degree n in ff0), f2) ... , fU™) with coefficients of the form a(z)
in an angular domain Q(a, B) = {z : a < argz < B}. If P is not a constant and
a1,0a2,.....,aq are distinct elements of C where q is any positive integer, then

q
n ZAa,/f <r, 7f i a>—|—n Z B. s (r, 7f i a> < Sap(r,P)—Cap (T, ;)—l—Ra,g(r, )
i i=1
(6.2)

or

d 1
10505 0) < Sup(rs )t Y Cas (12 ) = o (1 ) + Rl )

i=1

Proof. We may assume that ¢ > 2.

Let
q

1
FE) =2 G —ar

i=1

By Lemma 6.1, we have

Aa (1, P) + B g(r,P)+ Ba g(r, P) + Ba g(r, P) + O(1)
q 1 n q 1
I 1 ! 1
= n;Aa,ﬁ’ (7’, = ai) + ”;Ba,ﬁ (7’, f_az> (6.4)

n

v

Thus,
g 1 ! 1
n;Amﬁ (r, fai) +n;3aﬁ (7", faz')
< Aupp(r,F)+ Bag(r,F)+ O(1)
< Aap(r,PF)+ By g(r,PF)+ Ay p <r, ]13> + Ba g (r,]lD +0(1)
q n g n
S TP Y A A

Now for 1 < < g, P is a homogeneous differential polynomial of degree n in f —a;
in an angular domain Q(a, 8) = {z : @ < argz < 8}, since the successive derivative
of f — a; are precisely those of f and so by Lemma 6.1, we have

P \" P \"
AOL sy BOL sy = « 9
o(rm) o (npg) = Restew
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fori=1,2,3,.....,q

Hence from (6.5), we have

n§:Aaﬁ( >+n§:Baﬁ( )gfhﬁ(n;)+3mgca;)+Rmmnﬁ

So,

INA
N
2
™
=
|
-
_l_
oy
R
™
—
3
=
~
_l’_
PQ
=
—
=
g
~
_l’_

1 1
< Sa,ﬁ (ra P) - Ca,ﬁ (7",

P
< Sup(nP)—Cog r,1> R o(r, W) (6.6)

Which proves (6.2).
Next by (6.6), we prove (6.3)

”ZAaB( )+”ZBa6( )*”ZCQB(

1 1
S SO&»B (T’,P) +n;Co¢,ﬁ ("‘7 f — ai) - ch,B (Ta F) +Ra,ﬁ(r7f)

1 1 I 1 1
nqSy,s (r, T al) < Sap (T, P)—i—nZCaﬁ (’l", T a,)_cﬂfﬁ (r, P>+RD"B(T’ )
(3 i=1 (3

1 ! 1 1
nqSaps(r,f) < Sap (r, P) —l—ni:ZlC’a,g (T, fai> —Cup (r, P) + Ro p(r, f).

Which proves (6.3). O

7)

Theorem 6.1. Let P be a homogeneous differential polynomial in f of degree n in
an angular domain Q(«, 8) = {z: a < argz < B8} and a #b. If f is a non constant

meromorphic function in an angular domain Q(a, 8) = {z : a < argz < B}, then
we have the following inequality

1 1 1
Sa90 ) < Ca g P+ Coy (n 522 )+ Cas (175 ) = Cop D)= Cov (1 s ) 4G )
(6.7)

Proof. Since a # b, we have

1 (P P \(f-a)\ 1
f—b(f—bf—a)< P >b—a
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By Lemma 3.1, we have

Aa,p (7“, ﬁ) + Ba.g <r, fib)

Aag (r, %) + Bag (r, f]j b) ¥ Aag (r, fl_ja) + Bag (r, flja>
+ Ao (r, f;a> + Bag (r, f;a) +0(1)

Ao (17 )+ B (r 75 ) + s (12 )+ B (75

P P P —
+Aq (7’, f—a) + Ba,s (r, f—a) + Cap (r, m) — Cagp (r, fPa) + o)

< Cop(nP)+ Cap (o) = Cop (1 p) = Con D)+ Raplnd) (68)

f—a
Where P P
Aa y Ba s 1L S « )
,/3<7" f—a)+ 76(7" f—b> R p(r, f)
and

P — 1 1
Ca,ﬁ (Tv ﬁ) - Ca,ﬁ (Tv fP a) = COL,B (Tv P)+ Ca,ﬁ (Tz ﬁ) - Ca,ﬁ (Tz F) - COL,B (T’ f)

If we add the term Cy g (r,

IN

IN

1
fb> on both sides of the inequality (6.8), we get

1 1 1
S (1 1) < o (. P+ Cag (1o )+ G (g ) = G (1 )~ Con (1 ) R )
(6.9

If we restrict P = f’(z), the inequality (6.9) becomes

_ 1 1 1
S0 (1 1) < Carg (1104 Coy (1 )+ G (15 )= G (15, ) = Con (R 14 R )
(I

Theorem 6.2. Let P be a homogeneous differential polynomial in f of degree n
and b # 0 in an angular domain Qa, B) = {z : a < argz < B}. If f is a non
constant algebroid function in an angular domain Q(a, ) = {z : a < argz < B},
then we have the following inequality

_ 1 1 1
Sa (1, ) < Cap (. f) + Ca g (rm) + Cap (n P_b) -cl) (r, 3) + Rap(r, f)
(6.10)

Proof. Since b # 0, we have
I P P P-b\1
W—-a \W-a W-a P )b
By Lemma 3.1, we have
1 1
Aq s | + Ba :
’ﬂ<’"f—a>+ ’B(Tf—a>
P P P’ P’
Ao v B, s Ao ; B, s
’ﬁ<rfa>+ ﬁ(’"fa>+ ’ﬁ(rfa>+ ’B<Tfa)
P—-b P-b
+Aa,ﬁ (7", Pl> +Ba’5 <7"7 Pl> + O(l)

P’ P-b
Ca,ﬂ (7’, f)—b> + Ooz,ﬁ (7’, Pl) + S(T, W)

IN

IN
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Where
P P P! j o2
A (T’ f—a) + B (r’ f—a) A (T’ f—a) + B (T’ f—a)
P—b P—b
+Aa,,8 (rv P ) +Ba,ﬁ (7"7 I ) < Ra,ﬂ(rv f)
Therefore,
1 1
Aq y —— B, ,
"3 (T f—a) +Bap (T f—a)
1 1
< Cap(rP)+ Cap (Tv P_b) = Cap (Tv p) — Ca,p (1, P) + Rag(r, f)
_ 1 1
< Ca,B (T’, f) + Ca,B (’I”, P—b) - Ca,ﬂ (Tz F) + Ra,ﬁ(r’ f)
1 1
< Cap )+ Cop (n g ) = Cop (n ) + Rasr) (6.11)
Thus,

1 — 1 1 1
a,B <T, P) = Ca,,@ <T, _P—b> + Ca,ﬂ <7', _P/> - 0066 (7’, P_ b)

If we add the term N (r,

1
VVb) on both sides of the inequality (6.11) we get

1
) - C(io”)fj (Ta .P/> +Ra,ﬁ (Ta f)

— 1 1
Sa,p(r, f) < Cap(r, [+ Cap (7‘, f_a)+0a,6 (T, 73
If we restrict P = W) (2), the inequality (6.10) becomes
_ 1 1 1
Sa,5 (1, f) < Ca,p(r,f)+Cap (7”7 m) +Ca,p (7”7 m) - Cfﬁ}g (7"7 W) +Ra,g(r, f)
O
Which is one of the Milloux result.

Theorem 6.3. Let P be a homogeneous differential polynomial in f of degree n
in an angular domain «,B) = {z : a« < argz < B}. If f is a non constant
meromorphic function in an angular domain Q(«, §) = {z: a < argz < 8}, then

1 1 1 )
Sa,p(r,f) <Cap (7“, m) + Cap ("‘7 m) + Cap (7’7 P c) — C, 5 (r, P) + Rqo g(r, fX6.12)
where

1
Cap(r,P)=2Cap(r,P)— Cap(r,P) + Cap <r,P>

are non negative.
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Proof. 1t is easy to write
1 1 P

f—a_Ff—a

By Lemma 3.1, we have

1 1
oo () + 2o ()

1 1 P P
< _ _ - -
<S Aa,ﬁ <7‘, P) +Ba’ﬁ <7”, P> + Aaﬁ <7”, f—a> +Ba,5 (7‘, f — a)
S Aavﬁ (T’, ;) + Ra,ﬁ(ry f)
1
< S0 (nP) = Cos (1 p ) + Ruslrn) (6.13

By Lemma 3.2, we have

1 1 1
Soz,ﬁ (7", P) < Ca,ﬁ <T7 P) + Coz,ﬁ <7“, f’—b) + Ca,ﬁ <Ta ]D—C> - Cé,ﬂ (7”, P) + Ra,ﬁ(ra f)

If we use Lemma 3.2 in the equality (6.13), we have

1 1 1 1
Sanlrif) = Cos (r 75 ) 4 Cos () + s (15 ) o (1)
1

—Ch 5 (r,P) = Cap (r, P) + Ry pg(r, W)
or
S0s (i) < Cas (ris ) +Cap (g ) + Cos (s ) = Chop (0 PV R )
o,B\T, > a,B T,f_a o, T’P—b o,B T,P_c .8 (T 0,3 (T
If we restrict P = f(*)(2), the inequality (6.12) becomes

1 1 1
Sap(rf) < Cap (r, m) +Ca,p (r, m) +Cayp <r, m) = (r f9) + Raya(r, ).

O

Theorem 6.4. Let P be a homogeneous differential polynomial in f of degree n
in an angular domain Q(«,B) = {z : a < argz < B}. If f is a non constant
meromorphic function in an angular domain Q(«, B) = {z: a < argz < 8}, then

_ — 1 ! 1 1
10503 (1) < Car (1014 Cs (15 )0 Y- Cans (1o ) = Cas (1 )+ Rasr ),
i=1
(6.14)

Proof. By Lemma 3.2, we have

1 1
Saﬁ (T, P) < Caﬁ <T, P) + Cmg (T, P)+ Ca,g (7’, P—b> — C(i,ﬂ (T, P)+Ra7g(T, P)
where

1
O(i,ﬁ (r,P)=2Cap(r,P)— Cop(r,P")+ Cup <r, P’>
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1 1 1
S0 (nP) < Cap (rp )+ Cas PV + Cas (n 5y ) = o (1 )
- 20&75 (T7 P) + Coé,ﬁ (7’, Pl) + Ra,ﬁ(rv P)

_ 1 — 1 1
Ca’[j (T,P) -+ Ca)g <7'7P> +Ca75 (7', P—b) - C ( P/) +Ra IB(T P)

IA

Therefore,

Sap(r,P) < Cap(r,P)+C, l+5 L N, i+R (r, P)
o,B\T, S Uap T, o, T;P a,f3 P b a8\ T P o,B\T,
On the other hand, it is easy to write Cg s (r,P) <C 8, )+ Rap(r, f).

If we use the inequality (6.7), we can write

—_ 1 — 1 1
ngSap(r,f) < Cap(r,P)+ Cap (r, P) +Cap (7“, Pb) — Cup (r, P’)

q
1 1
+n anﬂ (7’, T a-) — Cap <r, P’> + Rog(r, f)
i=1 v

or

_ _ 1 i 1 1
nan,B (7'7 f) < CQ,B (Tv f) + Ca,B (7'7 P_ b) + n;Ca,B (Ty m) - Ca,ﬁ (Tv F) + Ra,B(T: f)
If n =1 and g = 1 the inequality (6.14) gives the inequality (6.10). That is, the
inequality (6.14) is the generalization of the inequality (6.10). O

Theorem 6.5. Let P be a homogeneous differential polynomial in f of degree n in
an angular domain Qa, B) = {z : a < argz < B} and s =1,2,3,..., if f is a non
constant meromorphic function in an angular domain Q(«,B) = {z : a < argz <

B}. Then
L 1
(s—=1)ngqgSap(rf) < Coplr,f (s—1) Cy + Capglm
4505 5 z o (r ) > o (r525)
7Ca,g< ;/)+RQB(T ) (6.15)
If s =3,4,5, ..., then we have
q
(s =2)nqSap(r,f) < (8—2)1120&,5(7", > ZCﬁ( P b)
i=1
1
—Cl, ( P,)—&—Rﬁ( ) (6.16)

Proof. Lemma 3.2 in terms of the homogeneous differential polynomial P in an
angular domain Q(«, 8) = {z: @ < argz < 8}, then we have

(S — I)Sa,ﬁ (T, f) < 60"5 (T,f) +;€a,g <T, Pib]) — C ( ;,) + R, [3( f)

(6.17)
and

(5= 280 (1) £ 3 Cos (n g ) = CH 0P 4 Rogtf) (619
i=1
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where

Cot(1) (1. P) = 2o () = Co 1P+ Covs (v

and non negative.

If we use the inequality (6.17) and (6.18) in the equality (6.7), we get

A 1
C[! b
_ai)+z ’B(T P—bj)
Jj=1

(5= D)ngSap(nf) < Cap(rf)+ (s—1)n anﬁ(r,

1
- Ca,ﬁ ("’7 F) + Rll,ﬁ('ry f)

and

(5= DnaSas(f) < (s-2)n }j@B(

~Cu (1) + Bl )

7))+ LT (o)

7. APPLICATIONS

~ We can use Milloux inequality and Hayman’s alternative in an angular domain
Qa, B) = {2z : a < argz < B} to prove results related to uniqueness and sharing of
two meromorphic functions in an angular domain Q(a, 8) = {2z : a < argz < S}.
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