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ANALYSIS OF SOME DYNAMICAL BEHAVIORS OF A SIXTH
ORDER DIFFERENCE EQUATION

IBRAHEEM M. ALSULAMI AND ELSAYED M. ELSAYED

ABSTRACT. The main goal of this research paper is to analyze some behaviors
including stability , period of solution , solution of a special case and numer-
ical examples to illustrate the analysis for the following sixth-order difference
equation

BZn_2
Zn+1 = aZn—2 + oy —

)
n—>5

n=20,1,2,3,...,

where the initial conditions z_5,z_4,2_3,2_2,2—1 and 2z are arbitrary real
numbers and the values a, 8, and ¢ are defined as positive constants.

1. INTRODUCTION

This research paper aims to demonstrate the qualitative dynamical behaviors of
the following sixth-order difference equation:

6Zn,2
’YZn72 - 5Zn757
where the initial conditions z_5,2_4, 2_3, 2_2, 2_1 and 2y are arbitrary nonzero real
numbers and the values «, 3, and ¢ are defined as positive constants.

Difference equations are fundamental in many areas of applied mathematics in-
cluding engineering, biology, etc. In the last few years, researchers have concen-
trated on the behaviors of the solution of difference equations such as the local and
global attractivity, boundedness character and the periodicity of the solutions which
perform to importance this field. Moreover, we can present some recent studies in
this field as the following :

Alayachi et al.[1], highlighted the analysis of the following fourth order difference
equation:

L1 = 0Zp_o+ n=0,1,2,3,....., (1)

by
Tl = 0n-1 o+ G g
Almatrafi et al.[3], investigated the following fourth order difference equation:

b, 1

Tn4+l = AGTp—-1 — Tn_1—dzn 3"

In[7], they studied behaviors of the solution for the following difference equation
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bz,

Tnt1 = Qln — cryp—dr, _1°

In[9], the authors described the solutions of the following difference equation
T
In[19], the behavior of the following difference equation

_ Tn_3
Tn+1l = Te, 5

were obtained by Simsek et al.
Additionally, In[22] they analyzed some behaviors of the solution of the following
equation

_ (azp_1+bzn_2)
Tnt+1 = (c+dzpn—1Tn—2) *

Other details on this aspect can be seen in refs. [1]-[23].

This paper is divided into six main sections. Section 1 contains the introduction.
Section 2 proves the solutions of period two. Section 3 illustrates the local stability
of the solutions. Section 4 states the global attractivity character of solutions of
Eq.(1). Section 5 discusses the special case of Eq.(1). In Section 6 we verify our
theoretical results by providing some numerical examples with figures.

2. PERIODICITY OF THE SOLUTIONS

This section illustrate a theorem that states Eq.(1) has a periodic solutions under
sufficient conditions.

Theorem 2.1. Eq.(1) has a positive period two solutions if and only if
(¥) (y+0)(a+1)>46, ay#o.
Proof: We claim that Eq.(1) has a period two solution
ey Dy Gy D5 G, -

and we need to prove the condition (*) holds.
From Eq.(1) we observe that

p—agt+ L1
vq — dp
and
qg=ap+ o _
yp — 6q
Then
vpq — 0p® = ayg® — adpq + Bq, (2)
and
Ypq — 8¢ = ayp® — adpq + Bp. (3)

Subtracting (3) from (2) implies that

8(¢* = p*) = av(¢* = p*) + Blg — p).
Indeed p # ¢, we conclude that

B
§—any’

ptqg=
By adding (2) and (3) we get
2vpq — 5(p* + ¢*) = ay(p® + ¢°) — 2adpq + B(p + q). (5)
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By using
P’ +¢* = (p+q)* —2pg forall p,geR,
we obtain from (4), (5)
” ©)
(0 —ay)?(y+0)(a+1)
From (4) and (6) we observe that the p and ¢ are two positive roots of the following
quadratic equation

pq =

£ = (p+q)t +pg =0. (7)
Which implies that
B 326
t2 _ t — 0
G-a7) " G-aP(r+0)a+1)
That is )
526
§—ay)t? — Bt + =0,
O = = B o+ )+ 1)
and so )
, 45326
> e
thus

(v+0)(a+1) > 4o.
Therefore the condition (*) holds.

Now,we assume that condition (*) is true. We shall prove Eq.(1) has a period
two solution.

suppose
B4
S 2(0—an)’
and
__B=A
2(6 — ay)’

- 4576
WhereA—\/ 62—m

We can see from condition (*) that
46

(y+dla+1)> 40 = 1> sy

then after multiplying by 82 we get
4326
(v+0)a+1)

we conclude that p and ¢ are distinct positive real numbers.
Put

B>

z_1=p and zg=q.
and we wish to get that

z1=z2_1=p and 2z =29 =q.
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From Eq.(1) we have

B Bzg Bqg  ayg® — adpg + By
Z1 =0+ ———— =g+ =
Yzo — 021 Yq — op g — op

e el e e e
20— (6 -G+ +D] " [2(—ay)
8 —A B+ A
y -6
2(6 — ) 2(6 — ay)
Multiplying both the denominator and the numerator by 4(d — ay)? we get:
4526 ] 43252

)

2(B8 — —A
G )t D)) Gro@sn AP afE =2
20 — ) {18 — 86 — (v + 6)A} ’
2 252

daf*~d + 4aB?d _ 286A

(y+8)(a+1)

206 —ay) {78 — B3 — (v +9)A}
Multiplying both the denominator and numerator by {v8 — 86 + (v + ) A} we get:
4083425 — 408353
_4B3382 _ — 43252\
g (v+8)(a+1) p ‘
B ((40452725 + 8af?y6% + 4aﬂ263)> Nt 833762 + 83353
(v +)(a+1) (Y +0)(a+1)
462725"‘ 45253 + 8ﬁ2752}
(v +0)(a+1)
Multiplying both the denominator and numerator by {(v+ §)(a+ 1)}
—4B362 (v + ) (a + 1) — 4aB3426 — 4aB35% — 4B8%5%(y + 0) (a + 1)«
B — (4082926 + 8a 262 + 4aB263)\ + 83352 + 83363
o= 2(5 — ay) {48%702 + 425° — 4032425 — 4252} ’
(4ﬂ353 + 483762 — 4a 3426 — 4a,83'y52)
+ (482702 + 45263 — 4o %420 — 4af?y6%) A
2(6 — ay) {48262 + 48253 — 4a 2426 — daf2y62}

Now, Dividing both the denominator and numerator by {4ﬂ2762 +4B26% — 4aB?4%5 — 4aB>5? }gives
that

o [62 260+ 62 -

2326 —

zZ1 =

2(6 — a) {4ﬂ2’y§ +

o B+A
"T2@ a7
Similarly as before we can conclude
Z2 = (.

So by induction we get that
Zon =¢q and zop41 =p forall n>-1.
Thus Eq.(1) has the positive prime period two solution
s DS Q5D G

Hence, the proof is complete.
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3. THE LOCAL STABILITY

In this part , the discussion centres on studying the local stability of the equi-
librium point of Eq.(1).
Eq.(1) has a unique fixed point given by the following

zZ =00z + 752 —.
YZ — 6z
If v # 6, a # 1, then the unique fixed point of Eq.(1) is
S
(y=0)(1-0a)
Let us define the function f: (0,00)? — (0,00) by
_ pu
fu,v) = au+ P
Thus
of(w,v) _  Pov
ou - @ (yu — 6v)?’
of(u,v) Béu
v  (yu— )2’
Then we see that at equilibrium point z,
0f(z,z) 01 —a)
ou - (y—96) bo;
of(z,z)  ol—-a)
N e

Then by linearization of Eq.(1) about Z we have

Yn+1 — PoYn—2 — P1Yn—5 = 0.
Theorem 3.1. Suppose that

lay — 6| + |ad — 0| < |y — 4.
Then the fized point of Eq.(1) is locally asymptotically stable.

Proof: We see from Theorem A in [13], Eq.(1) is asymptotically stable if

Ipo| + |p1] < 1.
(1 —a) (1—a)
L9 ‘<w—® <

Which can be rewrite as follows:
la(y = 0) +6(1 — o)+ |=6(1 — )| < |y = 4.
Therefore
lay — 6| + |ad — 0| < |y — 4.
Which proved the require.
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4. THE GLOBAL ATTRACTIVITY
This section is devoted to present the global stability of the Eq.(1).
Theorem 4.1. The fized point Z of Eq.(1) is global attractor if ay < 4.

Proof: Assume that a¢ and b are two real numbers and let us define the function
g: (avb)2 — (aab) by

_ pu
g(u,v) = au+ P
Then, we have
dg(u,v) Bov
ou - T (yu — 6v)?’ ®)
dg(u,v) Bou ©)
v  (yu—6v)?’

So, we have to cases to consider:

Case(1): If o — % > 0 then from (8) and (9), the function g(u,v) is

increasing in both v and v.
Assume that (m, M) is a solution of the system

m=g(m,m) and M = g(M,M).
Then we have from Eq.(1)

M
pm M—aMi B

m:am—&—’ymiam, yM — M’

This result gives

(M—-—m)=a(M—-m), a#l.

Thus
M =m.
Which gives by Theorem B in [13] that Z is a global attractor of Eq.(1).
Case(2): If o — (wﬁf;’v)z < 0 then from (8) and (9), the function g(u,v) is

decreasing in v and increasing v.
Assume that (m, M) is a solution of the system

m=g(M,m) and M =g(m,M).
Then we have from Eq.(1)

M
B M =am+ pm

=aM + —— _
meo +7M—5m’ ym — M

Thus
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yMm — ayM? — ém? + adMm = M,
yMm — aym? — §M? + adMm = Bm.
This result gives

(M2 —m?) = (6 —an) = B(M —m), ay>1.
Which implies that

M =m.

Thus, Theorem B in [13] gives that Z is a global attractor of Eq.(1).
Which completed the proof.

5. SPECIAL CASE OF EQUATION

This section will demonstrate a special case of Eq.(1) as the follows
Zn 2
Zpi1 =ZLp-o+ ——"— =0,1,2,3,..... 10
n+1 n—2 1 70— 7o n , (10)
where z_5, ,2_4, 2_3, Z_2, Z_1, 2o are arbitrary real numbers with z_5 # z_3 #
z_1and z_4 # z_9 # 2p.
Theorem 5.1. Let {x,}22 _5 is a solution of Eq.(10) satisfying z—s = r,z_y =
l,z3=t,z 9=8,2_1=k,zg="h. Then forn=0,1,...

s =
26n—3 = nh_(n_l)t+n(n_l)+%’
“n-2 = (”+1)5—m"+n2+87isr,
Zen—1 = (n+1)k—nl+n2+%7
Zon = (n+1)h—nt—|—n2+hn7_ht.

Proof: For n = 0 the result holds. Next assume that n > 0 and our assumption
satisfies for n — 1. That is,

e = (= Ds— (=24 (- D(n—2)+ D
i = (0= Dk (- 2)+ (- D —2) + B8
Zon—g = (n—1)h—(n—2)t+(n—1)(n—2)+m{%t)h’
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-1
Zoneg = ns—(n—1)r+(n-1)>2+ u,
s—r
- Dk
Zono7 = nk—(n—1I+(n—-1)72+ %,
—1)h
Zon— = nh—(n—1t+n—-1)*+ %
Now, it follows from Eq.(10) that
Zen—3
Zen—5 = Len— _——
G5 = Zon-s ¥ Zen—8 — Zen—11
-1
:nS—(nf1)1"+(n—1)2+u
s—r
ns—(n—1)r+(n—-1)>%+ 7(2117,)8
_l’_
ns —(n—1)r+ (n—1)2+ 2205 (= 1)s — (n = 2)r + (n — 1)(n — 2) + ©=12)

zns—(n—l)r+(n—1)2+(n_1)8+(ns_nr+r)(8+n_r+1)

s—r (s=r)(s+n—r+1)

Ins — 5 —
=ns—(n—1)r+n-1)7>%+ ns_ s mrAw

s—r
Cns— (n— 1y 4 MRS ET)
s—r
ns
=ns—(n—1 -1 .
ns—(n—1)r+n(n )+s—7“
Next, we obtain from Eq.(10) that
Zen—7
Toms = Zon7 + ——200=T
o T bt — Zon—10
-1k
:nk—(n—l)l—l—(n—l)Q—i—%

) nk— (n — 1)+ (n — 1) 4 B2k

(n—1k (nk—nl+0)(k+n—1+1)

=nk—(n—1)l+(n-1)%+

k—1 (k=Dk+n—-1+1)
mk — k —
:nk—(n—l)l+(n—l)2—|—%
k= (n— 1) 4 Mk =D
k—1
nk

:nk—(n—l)l—i—n(n—l)—i—m.

nk—(n—1)l+(n—1)2+ D5 (n —1)k— (n—2)1 + (n— 1)(n — 2) + C=Lk)



196 IBRAHEEM M. ALSULAMI AND ELSAYED M. ELSAYED EJMAA-2022/10(2)

Neat, from Eq(10) we have

Zen—6
Zon—-3 = ZLen-6+ ——"—"——
on=3 O n—6 — Zen—o
—1h
:nhf(nfl)t+(n71)2+%

N nh—(n—l)t—f—(n—l)z—i—("h_flt)h

(n—=1)h (mh—nt+t)(h+n—-t+1)

=nh—(n—1)t+(n—-1)72+

nh—(n—1t+n—1)2+ 20" _((n—1)h— (n—2)t+ (n—1)(n—2) +

h—t (h=t)(h+n—t+1)
2nh —h —nt +t
=nh—(n—1)t+(n—-1)72+ i ; tn+
n(nh —nt +t)
—nh—(n— 1)t 4 Y
n (n—1)t+ —
h
:nhf(nfl)t+n(n71)+n7.
h—t
Also, we get from Eq.(10)
Zen—s
Zn— :Zn_ -
o ‘ 5+Z6n—5_Z6n—8
ns
ns—(n—1Lr+nn—1)+ —
N ns —(n—1)r+n(n—1)+ 1=
ns—(n—1r+n(n—1)+ 2 — (ns — (n—1)r+(n—1)2+ (Zi?s)
—ns—(n—Dr+nn—1)+ ns +(s—n—r)(ns—nr—|—r)(s—r)
s—r (ns—nr+r)(s—r)

:ns—(n—l)r—i—n(n—l)—&—ﬂ—i—s—n—r
s—r

=(n+1)s —nr4+n?+ 1

s—1r

We also obtain from Eq.(10) that

Z6n—4
Zen—-1 = Len—a+ 57—
6n—1 6n—4 Z6n74_26n77
k
:nk—(n—l)l—i—n(n—l)—i—%

nk—(n—1)l+n(n—1)+ 2
nk—(n—l)l—i—n(n—l)—l—k"f_kl—(nk—(n—l)l—l—(n—l)Z—F%)

nk (k—=n—10nk—-—nl+1)(k-1)

+

=nk—(n—1)I -1
k= (n=Dit+nln =)+ =+ —— o)
:nk—(n—l)l—|—n(n—1)+kn7_kl—|—k—n—l

nk

(n—1)h

h—t

)
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Finally, from Eq.(10) we prove that

Zen—3
Zon = Zon—g+ —0=2
¢ 3T en—3 — Zon—g
h
:nh—(n—l)t—kn(n—l)—i—%

nh—(n—1)t+n(n—1)+ 2%
nh—(n—Dt+n(n—1)+ 2= — (nh— (n— 1)t + (n — 1)2 + &=0h)
nh (h—n—t)(nh—nt+t)(h—1)

+

=nh—(n—-1t+nn—-1)+

h—t (nh—nt+ t)(h—1)
h
:nh—(n—l)t—l—n(n—l)—l—%—i—h—n—t
nh
—(n+Dh—nt+n2+ .
(n+1h—nt+n +h—t

Hence, the proof is completed.

6. THE NUMERICAL SOLUTIONS

In this part, we provide some numerical examples in order to verify our results.

Example 1: In this example, we show the local stability behaviour of our problem
when Z_5=6,Z_4,=05,Z 3=3,Z 2=2,Z_1=15,Zp=1,a=02,=1,7=
5and § = 0.5. See Fig.1.

plot of Z(n+1)=aZ(n-2)+BZ(n-2)/(yZ(n-2)-5Z(n-5))

30 35 40 45 50

FI1GURE 1. Local Stability of The Equilibrium Point.

Example 2: Suppose that Z_5 = 5,74 = 6,23 = —5,Z_9 = =2, 71 =
3,70 =—-1,a=05=1,7v=2and § =9. Then this example demonstrate the
global stability behaviour of Eq.(1). See Fig.2.
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plot of Z(n+1)=aZ(n-2)+BZ(n-2)/(yZ(n-2)-5Z(n-5))

FIGURE 2. Global Stability of The Equilibrium Point.

Example 3: In this example we present the plot of the solution when we have
Z75 = 5, Z,4 = 03, Z,3 = —27Z,2 = 1,271 = 4,Z0 = 0.5,0& = 17ﬁ = 1,’}/ = 0.5
and § = 9. See Fig 3.

plot of Z(n+1)=0Z(n-2)+BZ(n-2)/(yZ(n-2)-5Z(n-5))

FIGURE 3. Solution of Eq.(1)

Example 4: Here, we also present the plot of the behavior of the solution under
Z 5=4,7Z 4=05,Z_3=1,7Z 9=3,Z_1=6,%Zy=8a=1,=1,7=0.5 and
6 =9. See Fig 4.
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plot of Z(n+1)=aZ(n-2)+BZ(n-2)/(yZ(n-2)-5Z(n-5))

FIGURE 4. Solution of Eq.(1)

50
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Example 5: This example will provide the behavior of the solution in the special
case with Z,5 = 57Z,4 = 0.1,Z73 = 1,Z72 = 0.5, Z,1 = 4, ZO = 8,0& =1= 6 =

~v = 4. See Fig 5.

120

100

80

60

40

20

-20

FI1GURE 5. Solution of The Special Case Equation

plot of Z(n+1)=aZ(n-2)+BZ(n-2)/(yZ(n-2)-5Z(n-5))

50
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Example 6: Here, we confirm that our equation has a periodic solution of period

two Whena:2,,8:6,7:8,6:20andz_1:O.914(p:%),

_ 43268
A .
20 = 0586 (4 = ga=any) - /\_\/62_(7—“5)(04—}—1)' See g 6

- plot of Z(n+1)=aZ(n-2)+BZ(n-2)/(yZ(n-2)-5Z(n-5))

09r ]
0.85 b
0.8 r ]

Zo75) 1
x

0.65 [ §

0.6

0.55 I I I I I I I I I

FIGURE 6. Periodic Solution of Period Two
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