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INITIAL BOUNDS FOR CERTAIN P-VALENT ANALYTIC
FUNCTIONS ASSOCIATED WITH Q-P-VALENT BERNARDI
INTEGRAL OPERATOR AND COMPLEX ORDER

Z. M. SALEH AND A. O. MOSTAFA

ABSTRACT. In this paper we introduce a new subclass of p-valent analytic
functions of complex order defined by using g-p-valent Bernardi integral oper-
ator. Also we obtain initial bounds for functions in this class.

1. INTRODUCTION

Let A(p) denote the class of functions of the form:

F(z)=2"+ Y az* (peN={1,2,.}), (1)
k=p+1

which are analytic and p—valent in the open unit disc U={z € C : |z| < 1}. We note
that A(1) = A. Also, let 7(p) denote the subclass of A(p) consisting of analytic
and p—valent functions which can expressed in the form:

F(z)=2"— Y ap (ax>0), (2)
k=p+1

with 7(1) = 7. For F(z) € A(p) given by and 0 < ¢ < 1, the g—derivative
operator V, of F(z) is given by [9] [I1] (see also [T}, B} @] 24} 26}, 27])

F(z) — F(qz)
Vo F(z) = -9z 20, (3)
F(0), z2=0

provided that F'(0) exists. From and , we deduce that

VpoF'(2) = [p]qu_l + Z Uf]qakzk_lv (4)
k=p+1
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where ,
_1-4

[j]q = [O]q =0. (5)

1—¢q’

’

Asq— 17, [jlg=7 and V, F(2) = F (2).

For a function F' which is differentiable in a given subset of C. Further, for p = 1,
we have Vi (F(z) = V F(2) (see [24] 25]). The g—Jackon definite integral of the
function F'(z) is defined by

[P0 de=s1-0Y ¢ Fet), Geo), (6)

k=0
provided that the series converges (see [I1]). For a function F' given by , we
observe that

z L+l © akzk+1
F(t) dgt = + ,
A T+ kg;Jk+ﬂq
and
z p+1 o k+1 z
lim [ F(t) dyt = = -+ ﬁzl :/’Fwdu
=1~ Jo pt hpin T 0

where [ F(t) dt is the ordinary integral.
We use the g—Jackon definite integral of the function F'(z) € A(p) to define the
q — p—valent Bernardi integral operator M, , , in the following definition.
Definition 1 Let ¢ be a real number such that ¢ > —p (p € N). The g—p—valent
Bernardi integral operator M., ,(2) is defined by

c+ Z e
M pqe(z) = le+ g g lo / tIE(t) dyt (¢ > —p; F(z) € A(p)). (7)
0
For a function F' given by , we have
- [c+plg &
— P .
Mepa(z) =2 +k%;Jc+Hq%z (¢c>—p; peN). (8)

We note that:

(1) limy_1- Mcpq(2) = Mep(z) (¢ > —p), where M, ,(2) is the p—valent
Bernardi integral operator (see Saitoh [22] and Saitoh et al. [23]);

(2) Mc1,4(2) = Mc4(2) (see Noor et al. [20] and Aldweby and M. Darus [2]);

(3) limgy_1- Mc1,4(2) = Mc(2) (¢ > —1) (see Bernardi [5] and Libera [13]).

By using the operator M., ,(z) we define the class S;(c,p, 7) as follows.

Definition 2 Let 7 € C* =C\ {0}, ¢ > —p,p e N, 0 < ¢ < 1 and F € A(p),
such that M., (F(z) # 0 for z € U/{0}. We say that F € S,(¢,p, 7) if

e {14 o (e ) >0 )

Note that:
(i) limg—1— Sy(c,p, 7) = S(e,p, 7) = {F(z) :Req1+ #(% —p)} > 0} ;
i3 2Vg(Me o F(z .
(i) Sy(e,1,7) = Sy(e;7) = {F(2) s Re {14 L(T3iafE) — 1)} > 0

mnnmwﬂ_squT)S@J){F@)ﬂm{1+i6%ﬁ§3>])}>o};
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(iv) S4(c,1,1) = Sy(e) = {F(z) : Re {W} > 0} ;
(v) limg1_ Sy(e,p, 1) = S(c) = {F(z):Re{H;(W—p)} >0};
(vi) Sy(e,p, (1 — [i) ¥ cosb) = Sy(c,p,a,0) (0< a < [plg, 6] <), where

Re{ e ZVa L4 > acosb;
{ ( MepgF(2) )
(vil) limg—1- Sg(c,p, (1 — ﬁ)e*ie cos) = S(c,a,0) (0 < o < [plg, 0] < %),
where
i0 z(Mc,p,qF(Z)),
Re{e ( Moo F(2) ) p > acosb.

Pommerenke [2I] (see also [18]) defined the Hankel determinent for F(z) € A,
n>1,v>0as

Oy Ayl Grytn—1
a a a
Gyly)=| 7 T (= 1), (10)
Gy+n—1  OQytn Ay+2n-2

This determinant has also been considered by several authors, for example
G2(1) = az — a3, is known as the Fekete-Szego functional ( see Fekete-Szego [§]
who generalized the estimate to ‘ag — ua§| where p is real ).

For more studies of G,,(7) see [7, [14, 19].

Also Hankel determinant for various subclasses of p—valent functions was inves-
tigated by various authors including Krishna and Ramreddy [12] and Hayami and
Owa [10].

We consider the Hankel determinant in the case of n = 3 and v = p:

ap ap41  Ap42
G3(p) = | apy1 Gpr2  Gpg3
ap+2  Ap+3  dptda

For F € A(p), ap =1, we have

G3(p) = apt2(apt1ap+3 — a12)+2) — ap43(Ap+3 — Apt1ap+2) + apra(ap2 — a;2)+1)~

and by applying the triangle inequality, we obtain

G3(p)| < |ap4| |ap+1ap+3 - a;2)+2’+|ap+3| |apt3 — apr1apia|+|apra ’ap+2 - a;QEJrl‘)-
11
Incidentally, the sharp upper bound for the functional ’ap_H Apy3 — a% +2’ on the
right hand side of the inequality for the class of functions which is of our
interest in this paper was obtained by Vamshee Krishna and Ramreddy [I3]. Thus,
in this paper we obtain upper bounds to the functionals |ap+3 — apt1Gp+2| and
Apt2 — af,ﬂ{, then the sharp upper bound on G3(p).

2. MAIN RESULTS

Unless indicated, let 7 € C*, p € C, 0 < g < 1, ¢ > —p, p € N and F(z) given

by .
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To prove our main results we shall need the following lemmas. Let P be the
family of all functions p analytic in U for which R{p(z)} > 0 and

p(z) =14 crz+ 2’ + ... (12)

Lemma 1 [6] Let p € P, then |cx| <2, k=1,2,... and the inequality is sharp.
Lemma 2 [I6] Let p € P, then

2 = E+z(4-72)
des = A+2w0(4—3)—22a(d—33)+2y(1 - zH(d - D) (13)

for some x and y such that |z| <1, |y| < 1.
Lemma 3 [I7] If p € P is of the form and v is a complex number, then

|2 — Z/Cﬂ < 2max{1;|2v — 1|}.

Theorem 1 Let F(z) € Sy(c,p, ), then

4([plg)? 7
Apa1Qpys , 14
| p+18p+3 — p+2| = BQ([p—‘rQ} [ }q)2 ( )
__[etplq __[etplq __[etplq
where A = o, B = g and B = e
Proof. Let M., F(z) = 2P + B, 12" 4+ B, 02772 + 3, 32PT3 4 ., then
Bp+1 = Aaerlv ﬁp+2 = Bap+2a Bp+3 = Eap+3' (15)
By @[), there exists p € P such that
2Vq(MepoF(2))
e = 1 —1)). 16
Mo F(2) [plq(1+ 7(p(2) — 1)) (16)

so that
[Pla + Bparlp + g2 + Byiolp +2]02° + Byaslp +32° + .-
L+ Bpp12+ Bpiaz? + B33 + .
= Ply(l+ 71z +Teaz? +71e32 +..), (17)

which implies

[Plg + Bpsr[p + Uz + Bypialp + 2g2% + By yslp + 3]42° + .
= [p] [ ] (7'01 + ﬁp+1)z + [ ]q(ﬁp+2 + Tclﬂp_i_l + 7'02) 2
+[p]q(703 + TclﬁerQ + Tc2ﬁp+1 + ,8p+3)23 + ...

Equating the coefficients of both sides we have

5., = Plerer 5 [PleTer ([plg)*2ct
e p+1e—lply” 777 (p+2lg—[ply) (o + g — [Pl ([ + 2]y — [plo)
8 _ Plares  (Plg )*r2ciea([p +1]q + [p + 2)g — 2[ply)
s (lp+3lg—[plg)  ([p+1g = [plo)([p+ 2l — [Plg)([p + 3]q — [Pg)
([plg)*3c

+

([p+ l]q - [p]q)([p—F 2]q [p ]q)([p+ 3]q - [p]q),
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so that, on account of and

[plgTer [ply™ [p]ch%
e (PR TA ron R Al (e L P T e D
S R (i)' |
b E([p + 3}11 - [p]q) E([p + 3]q - [p]q)([p + 1]q [ ]q)([p + 2]q - [p]q)
o (BPraelp+ 1)+ 2, 20y o)
E([p + 3] — [plg)([p + g = [Pl) ([0 + 2]4 — [Plq)

From , we have

([plg) e + ([)q)* 7 i e2 (Ip+ g+ [p+2]g —2[plq)
BA([p+3]¢—[Pla) ([P+1]a —[Pla)*([P+2]a—[pla) ' BA([p+3]q—[Plq)([P+1lq—[Ple)* ([P+2]s—[plq)

(Iplg)?*cics _[ bl ( [plgrc? )}
T ER T3l - Pl (p+ 1Tl | B(t2le—Tle) \©2 T otile=Irly)

|ap+1apss — ap |

(21)

By using Lemma 2,

(el 7 et + (° S (o1, 2L, 20l >[M]
BRTr T, Tl (1T, ~ o P =T, BAP 3L~ L) (1T~ BT (20~
a a _a2 _ [p] )27'20 [ 1+2’“‘1(4 Fl)—T F1(4 (‘1)+27/(1 |z|2)(4— <‘1 ([p] )4 4 4
pHITp+3 T Tt + BRG]~ 1) (o 1, 71) ~ B, e P T
(Ip)g)2r? (=) 3([p)) 723G
() P 1 Py () P ) Y (PR PR PO

(22)

Substituting for c¢; and c3 from and since |¢1| < 2 by Lemma 1, let ¢; = ¢ and
assuming without restriction that ¢ € [0, 2] we obtain, by triangle inequality,

| < (Iple)* 7" ¢
prifers =02l = BA(p + 3], — [ple)(fp + 1, [])2([p+2}q—[p]q)

(Ipl)* 17 ¢ (p + 1 + [+ 2]4 — 2[p])
2EA([p + 3]q — [plg) ([P + g — [pla)*(Ip + 2] — [Plg)
([plg)®ec? 7 (Ip + g + [p + 20y — 2[pl) (4 — )
2EA([p—|— 3] [p]q)([p-l- 1] [p]q) ([p+ 2]q - [p]q)

+

+

([Pl || et
Bz([p + 2](( - [p}q)2([p + 1]q - [P]q)2
(D)2 |77 [¢* + 26c®(4 — ) — €22 (4 — 2) + 2c(4 — ) (1 — £%)]
4EA([p + 3] — [plg)([p + g — [plg)
(Ip))? |71 [e* + 2ec*(4 — %) + 2(4 — 2)?] N (Iplg)? 7 (2 + e(4 — )
4B%([p + 2] — [plq)? B([p + 2]q — [plo)*([p + 1lq — [Plg)
< Nf(e), (23)

+

+

+
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with € = |z| < 1. Furthermore,

: Al ([plg)*(p + g + [p + 2]q — 2[plg) (4 — )
N®) = SRA o+ 3l — Pl (o + g — el + 2y — )
1717 ([p]g)? [2¢2(4 — ¢2) — 22 (4 — ¢2) — 4c(4 — ?)e]

4EA([p + 3]q - [p]q)([]’ + 1]q - [p]q)
([Pl)? 7’ (4 = c?)
B2([p + 24 — [plg)?([p + 1]q — [plq)
([plg)? 7] [2¢2(4 = ¢*) + 2e(4 — c2)?]
4B*([p + 2]4 — [plq)?

By elementary calculations, we can show that N’ (e) > 0 for € > 0, which implies
that N is an increasing function and thus the upper bound for corresponds to
e=1& c=0, we have (T4).

Theorem 2 Let F'(z) € Sy(c,p, ), then

+

+ (24)

2ply 7]
el < B3 1], — )

] 2lalrl L APl
el < gt S U )
and

e < Al

B([p + 24 — [plg)
{1; 2[plq7 [1 B(lp + 2] — [plq) H}

N H
(P+1s=[pla) L AP+ 1] — [Plo)
where p € R, A = [etpls o1 q B = [ctPla

[e+p+1], [c+p+2y
Proof. Since if F(z) € Sy(c,p,7), then ap1 and apqo are given by by

Lemma 1, we obtain

1+

(27)

o = [ B Aplylrl
g A(lp+1g = [plg) | — Allp + g = [ply)
Therefore,
lapra| = ‘ [plq™ (ca — i + (1 +2[plq7) c2)
8 B(lp +2]q — [plq) 2+ 1y —[ly)  2(lp+ g —[p)g) "
= ’ [Ply7 (ca — vei)
B([p+2]q_ [p]q) ah
where
_ _[p]qT
([p+1]g— [p]q).

Our result now follows by an application of Lemma 3.
Then, we have
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— a2 _ [plqT c [plgTet _ ([plg)*73ct
2 TR = o ) 2 T Bt e - ) AR + 1y~ [l
_ [p]qT ey — C% (1+ 2[p}q7') 2
= B2, W) 2 At W) 2t il )
([ply)*72
THR(p+ 1, — ) (28)
Therefore,
2 _ [plqT — el
|a;0+2 - :UJa;D-‘r1| - ‘B([p I 2]q — [p]q) {62 1} ) (29)
where
_ [p]qT E([p + 2](1 - [p]q) _
~ Wty [A2<[p+ 1, ~ bl)” 1] ' (30)

Our result now follows by an application of Lemma 3.
This completes the proof of Theorem 2.
Remark 1 Letting ¢ — 1~ in Theorems 1, 2, we obtain new results for the class

S(e,p, 7).

Remark 2 Taking p = 1 in Theorems 1, 2, we obtain new results for the class
S,(e, 7).

Remark 3 Letting ¢ — 1~ and taking p = 1 in Theorems 1, 2, we obtain new
results for the class S(c, 7).
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