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ON APPROXIMATE SOLUTION OF HIGH-ORDER LINEAR

FREDHOLM INTEGRO-DIFFERENTIAL-DIFFERENCE

EQUATIONS WITH VARIABLE COEFFICIENTS USING

LEGENDRE COLLOCATION METHOD

A. O. ADESANYA, J. A. OSILAGUN, O. O. ADUROJA AND S. ADAMU

Abstract. In this paper, we applied method based on Legendre polynomial
collocation method to obtain numerical solutions to linear differential differ-
ence equations with mixed conditions. The given problem is converted to

a system of algebraic equations, which is then solved using matrix inversion
method. Numerical examples are presented to test the efficiency and accuracy
of the method.

1. Introduction

Differential difference equations are differential equations in which the derivatives
of the unknown function at a certain time is given in terms of the values of the
function at a previous time [2]. It can also be described as an equations containing
shifts of the unknown function and its derivatives [11]. Integro-differential-difference
equations have applications in elasticity, heat and mass transfer, biomechanics,
games theory, queuing thoery and other fields as highlighted [10, 18, 19, 20, 21, 22].
The solution of integro-differential equations based on polynomial methods such as
Taylor-polynomial approach [4], Hybrid Euler-Taylor matrix method [3], Legendre
polynomials[6, 7, 12, 13] are all operational matrix approach. Also, a semi-analytic
method based on differential transform method as elucidated in [17] gives a reliable
approximate solution of integro-differential difference equations.

In this study, we modified and extended the new collocation method developed in
[1, 8] for the solution of linear integro-differential equations with initial conditions
to linear Fredholm integro-differential-difference equations with mixed condition in
the form

K∑
k=0

Pk (t)u
(k) (t) =

R∑
r=0

Rr (t)u
(r) (t− τ) + g (t) +

∫ b

a

k (t, s)u (s− τ) ds (1)
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with the mixed condition
K−1∑
k=0

[
αiku

(k) (a) + ρiku
(k) (b) + θiku

(k) (c)
]
= λi (2)

where Pk (t) , Rr (t) ,and g (t) are analytic function defined on a ≤ x ≤ b. k (t, s) ,
the kernel of integrations defined on a ≤ t, s ≤ b is continuous. The coefficients
αik, ρik, θik, ξr, τr and λi are real, R ≤ P , u (t) is the solution to (1) and (2) to be
determined
The aim of the study is to solve (1) and (2) using approximate solution in the form

uN (t) =

N∑
n=0

Ln (t)βn, N ∈ R+ (3)

Ln is the Legendre interpolating polynomial defined within the interval [−1, 1] given
as

Ln (t) =
M∑

m=0

K (n,m) tn−2m (4)

where K (n,m) =
(−1)

m
(2n− 2m)!

2nm! (n−m)! (n− 2m)!
The recursive formula is given as

Ln+1 (t) =
(2n+ 1) tLn (t)− nLn−1 (t)

n+ 1
, n = 1, 2, · · · , N (5)

L0 (t) = 1, L1 (t) = t, and βn are constants to be determined.

2. Method of Solution

In this section, we discuss the algorithms involved in development of the new col-
location method. The solution to difference equation can be expressed in the form

uN (t− τ) =

N∑
n=0

Ln (t− τ)βn, (6)

therefore

uN (t− τ) =
N∑

n=0

M∑
m=0

K (n,m) (t− τ)
n−2m

βn, (7)

Using Binomial theorem, we have

uN (t− τ) =

N∑
n=0

M∑
m=0

n−2m∑
i=0

K (n,m)
(n− 2m)!

i! (n− 2m− 1)!
tn−2m−iτ iβn. (8)

Substituting (4) and (8) into (1) , we obtain

N∑
n=0

K∑
k=0

M∑
m=0

Pk (t)K (n,m)
dk

dtk
tn−2mβn =

N∑
n=0

M∑
m=0

n−2m∑
i=0

R∑
r=0

Rr (t)
Z (n,m)

i!

dr

dtr
tn−2m−iτ iβn (9)

+g (t) +
N∑

n=0

M∑
m=0

n−2m∑
i=0

Z (n,m)

i!
τ i

∫ b

a

k (t, s) sn−2m−1dsβn,

where Z (n,m) =
K (n,m) (n− 2m)!

(n− 2m− 1)!
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Using dk

dtk
tn−2m =

(n− 2m)!

(n− 2m− k)!
tn−2m−k and dr

dtr t
n−2m−i =

(n− 2m− i)!

(n− 2m− i− r)!
tn−2m−i−r,

in (9) and collocating at tf = − cos
(
πi
N

)
, we obtained

N∑
n=0

Wn (tf )βn = g (tf ) , (10)

where

Wn (tf ) =
K∑

k=0

M∑
m=0

Pk (t)Z (n,m) tn−2m−k
f −

R∑
r=0

M∑
m=0

n−2m∑
i=0

Rr (t)B (n,m, i) tn−2m−r−1
f

−
M∑

m=0

n−2n∑
i=0

C (n,m, i)

∫ b

a

k (t, s) sn−2m−ids

, B (n,m, i) =
K (n,m) (n− 2m)!

(n− 2m− r − 1)!i!
τ i, C (n,m, i) =

K (n,m) (n− 2m)!

(n− 2m− i)!i!
τ i

C (n,m, i) =
K (n,m) (n− 2m)!

(n− 2m− i)!i!
τ i

Wn (tf ) is of [(N + 1)× (N + 1)] , g (tf ) is [(N + 1)× 1], and βn is [(N + 1)× 1]
dimensions respectively.

On substituting (4) into (2) , we obtained

Z (n,m, j)βn = λi, (11)

where

Z (n,m, j) =
K−1∑
k=0

N∑
n=0

M∑
m=0

k∑
j=0

A (n,m, j)
[
αi,ka

n−2m−j + ρi,jb
n−2m−j + θi,jc

n−2m−j
]

Z (n,m, j) is of [1× (N + 1)] , λi is [1× (N + 1)] dimesnsion.
We replace the rows in (10) by (11) , and then solve for the unknowns βn.

3. Numerical Example

In this section, numerical examples are used to illustrate the new concept, ef-
ficiency, accuracy and simplicity of the new method. Let UN (t) and U (t) be the
approximate and numerical solution respectively, then abs− eN = |UN (t)− U (t)|
is the absolute error of N. All numerical solution are given in a tablular form except
where the absolute error=0. All computations in this section are done with the aid
of program written using MATLAB (2015a) and implemented using a PC.

Example 1 We consider linear third order Fredholm integro-differential differ-
ence equation with variable coefficient

u′′′ (t)− tu′ (t) + u′′ (t− 1)− tu (t− 1) = − (t+ 1) (sin (t− 1) + cos t) (12)

− cos (2) + 1 +

∫ 1

−1

u (y − 1) dy

with the condition
u (0) = 0, u′ (0) = 1, u′′ (0) = 0,
comparing equation (12) with (1) then, we have
P3 (t) = 1, R2 (t) = 1, P1 (t) = −t, R0 (t) = −t, g (t) = − (t+ 1) (sin (t− 1) + cos (t))−
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cos (2) + 1, a = −1, b = 1, k (t, y) = 1.
We solve this problem using N = 6, 7, 8 and 9, the numerical solutions give

u6 (t) = −
(
9. 937 7× 10−4

)
t6 +

(
7. 962 1× 10−3

)
t5 +

(
1. 509 1× 10−2

)
t4 − 0.184 46t3

+
(
3. 210 2× 10−4

)
t2 + 0.997 91t+ 1. 446 9× 10−3

u7 (t) = −
(
1. 489 8× 10−4

)
t7 −

(
1. 554 6× 10−4

)
t6 +

(
8. 234 9× 10−3

)
t5

+
(
2. 285× 10−3

)
t4 − 0.169 49t3 + 4. 675 8× 10−8t2 + t+ 1. 653× 10−7

u8 (t) =
(
1. 562 1× 10−6

)
t8 −

(
1. 406 0× 10−4

)
t7 −

(
1. 915 3× 10−4

)
t6

+
(
8. 216 4× 10−3

)
t5 +

(
2. 734 6× 10−3

)
t4 − 0.170 04t3

−4. 290 2× 10−8t2 + t− 1. 047 9× 10−7

The numerical solutions and the exact solution are given in Table 1, we compare
the absolute error of the new method with operational matrix method using Taylor
and Legendre collocation respectively, the numerical solution clearly shows that the
proposed method is accurate with good stability.

Table 1
Numerical Results for (12)

exact present method
ti sin (ti) N = 6 N = 7 N = 8
−1 −0.84147098480 −0.80554831119 −0.83646306330 −0.83549471873
−0.6 −0.56464247339 −0.55604956476 −0.56373595111 −0.56356174242
−0.2 −0.19866933079 −0.19662476781 −0.19864254633 −0.19863809867
0.2 0.198669330795 0.199592347971 0.198650172931 0.198646612021
0.6 0.564642473395 0.562993309139 0.564314093477 0.564252502366
1.0 0.841470984807 0.837278684053 0.840722665699 0.840583781683

Table 2
Comparison of absolute error for (12)

Taylor [7] Legendre [11] Fibonacci [9] Present method
ti abs-e6 abs-e7 abs-e6 abs-e7 abs-e8 abs-e6 abs-e7
−1 8.58e-02 6.03e-02 3.83e-02 5.05e-03 2.72e-01 3.5923e-02 5.0079e-03
−0.6 1.50e-02 6.63e-03 7.00e-03 9.14e-04 6.90e-02 8.5929e-03 9.0652e-04
−0.2 4.85e-04 6.90e-05 2.04e-04 2.65e-05 2.82e-03 2.0446e-03 2.6784e-05
0.2 4.59e-04 5.30e-05 1.48e-04 1.91e-05 2.98e-03 9.2302e-04 1.9158e-05
0.6 1.28e-02 3.82e-03 2.55e-03 3.30e-04 8.30e-02 1.6492e-03 3.2838e-04
1.0 6.57e-02 2.73e-02 5.76e-03 7.53e-04 3.39e-01 4.1923e-03 7.4832e-04

Example 2, [14, 5] We consider third order mixed linear integro-differential
difference equation

u′′′ (t) = u′ (t)− 2t (cos (1)− sin (1))− 2 cos t+

∫ 1

−1

tyu (y) dy (13)

with the initial condition
u (0) = 0, u′ (0) = 1, u′′ (0)− 2u′ (0) = −2.
Comparing equation (13) with (1), then, we have
P3 (t) = 1, P1 (t) = 1, k (t, y) = ty, g (t) = 2t (cos (1)− sin (1))− 2 cos t.
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We solve this problem using N=6, and 7, the approximate solution are

U6 (t) =
(
641 1× 10−7

)
t6 +

(
7. 637 2× 10−3

)
t5 +

(
2. 143 8× 10−5

)
t4 − 0.165 70t3

+
(
1. 065 0× 10−4

)
t2 + 1. 000 1t

U7 (t) = −
(
1. 884 6× 10−4

)
t7 +

(
8. 320 1× 10−3

)
t5 +

(
4. 080 4× 10−8

)
t4 − 0.166 66t3

−
(
7. 865 6× 10−9

)
t2 + t+ 1. 058 8× 10−22

Comparison of the exact solutions and absolute error of the new method with the
operational matrix using Chebyshev and Boubaker collocation methods respectively
are given. Numerical solution shows that the new method has the best accuracy
and stability as shown in Table 3

Table 3
Comparison of exact solution with numerical solution for (13)

exact Chebyshev Boubakar present method
[14] [5]

ti sin (ti) abs-e8 abs-e6 abs-e7 N = 6 abs-e6 N = 7 abs-e7
-0.2 -0.198669330 1.00e-8 0.00e-0 1.00e-6 -0.19869386 2.453e-5 -0.19866939 5.597e-8
-0.4 -0.389418342 2.00e-6 1.00e-6 1.00e-6 -0.38949852 8.017e-5 -0.38941871 3.683e-7
-0.6 -0.564642473 1.54e-5 1.00e-6 2.00e-6 -0.56482577 1.833e-4 -0.56464334 8.725e-7
-0.8 -0.717356090 4.96e-5 1.00e-6 3.00e-6 -0.71767307 3.169e-4 -0.71735738 1.294e-6
-1.0 -0.841470984 1.09e-4 2.00e-6 1.40e-5 -0.84191668 4.457e-4 -0.84147260 1.619e-6

Example 3, [9, 5] We consider the third order linear Fredholm integro-differential
difference equation

u′′′ (t)− (t− 1)u′′ (t) + (t− 1)u′ (t) + u′ (t− 1) = e(t−1) + t

(
et− 1

e
t− 2

1

e

)
(14)

+

∫ 1

−1

(
ty − t2

)
u (y) dy

with the initial condition
u (0) = u′ (0) = u′′ (0) = 1.
Comparing equation (14) with (1) then, we have
P3 (t) = 1, P2 (t) = − (t− 1) , P1 (t) = (t− 1) , P0 (t) = −1, R1 (t) = 1, g (t) =
e(t−1) + t

(
et− 1

e t− 2 1
e

)
, k (t, y) =

(
ty − t2

)
, a = −1, b = 1.

We solve this problem using N=6, 8, 9, and 10, the numerical solutions are given
as

u6 (t) =
(
1. 335 7× 10−3

)
t6 +

(
9. 154 7× 10−3

)
t5 +

(
4. 197 7× 10−2

)
t4 + 0.165 62t3

+0.500 49t2 + 1. 000 2t+ 1. 001 3

u9 (t) =
(
2. 585 6× 10−6

)
t9 +

(
2. 618 3× 10−5

)
t8 +

(
1. 989 9× 10−4

)
t7 +

(
1. 386 4× 10−3

)
t6

+
(
8. 333 1× 10−3

)
t5 +

(
4. 166 8× 10−2

)
t4 + 0.166 67t3 + 0.5t2 + t+ 1

u10 (t) =
(
2. 574 7× 10−7

)
t10 +

(
2. 891 3× 10−6

)
t9 +

(
2. 486 2× 10−5

)
t8

+
(
1. 981 4× 10−4

)
t7 +

(
1. 388 9× 10−3

)
t6 +

(
8. 333 5× 10−3

)
t5

+
(
4. 166 7× 10−2

)
t4 + 0.166 67t3 + 0.5t2 + t+ 1
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Table 4 shows the comparison of the exact solution, numerical solution and absolute
errors of the new method and the methods developed by Fibonacci collocation
method [[6]] using operational matrix method. Results show that the new method
has a better accuracy

Table 4
Comparison of exact solution, numerical solution and erors for (14)

Fibonacci present method
exact [9]

ti exp (ti) abs-e9 N=6 abs-e6 N=9 abs-e9 N=10 abs-e10
-0.2 0.818730753 7.845e-9 0.819980 1.249e-3 0.8187307 2.321e-9 0.8187307 1.768e-10
-0.4 0.670320046 8.495e-8 0.671654 1.337e-3 0.6703200 3.986e-8 0.6703200 5.273e-10
-0.6 0.548811636 3.612e-7 0.550350 1.539e-3 0.5488117 1.469e-7 0.5488116 7.146e-09
-0.8 0.449328964 4.540e-7 0.451185 1.856e-3 0.4493292 2.732e-7 0.4493289 2.016e-08
-1.0 0.367879441 9.388e-7 0.370119 2.240e-3 0.3678797 2.696e-7 0.3678794 1.952e-08

Example 4, [2] We consider the linear second order Fredholm integro-differential
equation with variable coefficient

2u′′ (t) + 2u′ (t)− 4u (t) + u′′ (t− 1)+ u′ (t− 1)− 2u (t− 1) = −6t2 +10t+8 (15)

with the initial condition
u (0) = 1, u′ (0) = 2.
comparing equation(15) with (1) then, we have
P2 (t) = 2, P1 (t) = 2, R2 (t) = 1, R1 (t) = 1, R0 (t) = −2, g (t) = −6t2 + 10t+ 8,
we solve this problem using N=6, and 8. The approximate solutions are

u6 (t) =
(
2. 820 4× 10−3

)
t6 +

(
1. 806 2× 10−2

)
t5 +

(
8. 467 6× 10−2

)
t4

+0.327 92t3 + 2. 003 4t2 + 1. 998 8t+ 1. 001 2

u8 (t) =
(
3. 891 7× 10−5

)
t8 +

(
4. 370 3× 10−4

)
t7 +

(
2. 828 4× 10−3

)
t6

+
(
1. 652 2× 10−2

)
t5 +

(
8. 321 6× 10−2

)
t4 + 0.333 77t3 + 1. 999 8t2 + 2t+ 1

Table 5
Comparison of exact solution, numerical solutions and absolute errors for (15)

exact Boubakar [2] present method
ti 2et + t2 − 1 abs-e6 abs-e8 N=6 abs-e6 N=8 abs-e8
-0.2 0.6774615 6.11e-04 2.94e-05 0.6790868 1.625e-03 0.6774517 9.752e-06
-0.4 0.5006400 2.48e-03 1.11e-04 0.5032382 2.598e-03 0.5005848 5.526e-05
-0.6 0.4576232 5.76e-03 2.16e-04 0.4620240 4.400e-03 0.4574673 1.559e-04
-0.8 0.5386579 1.04e-02 2.98e-04 0.5459578 7.300e-03 0.5383330 3.248e-04
-1.0 0.7357588 1.64e-02 3.12e-04 0.7473305 1.157e-02 0.7351917 5.671e-04

Comparison of the exact solution, numerical solution and absolute errors of the
new method with operational matrix method using Boubakar collocation method,
results show that the new method gives a better accuracy as shown in Table 5.

4. Conclusion

We have developed and presented a new numerical method for the solution of
linear Fredholm integro differential difference equation with mixed condition in
this paper. The method adopted in this study has a lesser computational burden
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and faster time of convergence when compared with existing methods. Numerical
solutions show that as N increases, the accuracy increases. Moreover, the results
has good stability as shown in the tables.
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