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PROPERTIES OF THE DIRICHLET KERNEL

JOSEFINA ALVAREZ AND MARTHA GUZMAN-PARTIDA

ABSTRACT. We prove several statements concerning the Dirichlet kernel which,
as far as we know, are not proved in the literature. In particular, we show
that the Dirichlet kernel does not satisfy the third condition in Stein’s and
Shakarchi’s definition of good kernel.

1. INTRODUCTION

Let us consider a family of integral operators of the form

fo | Ka@-bfa (1)
where the function IC,, : R — R, called the kernel of the operator, is 27-periodic
and continuous for each n = 1,2, ..., and the function f : R — R is 27-periodic and
Riemann integrable on [—, 7].

Elias M. Stein and Rami Shakarchi formulated in [7] three integral conditions on
K., that, jointly, imply the existence of

™
lim Kn(x—1t)f@t)dt = f(2)
n—oo [
at each point z where f is continuous. A function /C,, is called a good kernel if it
satisfies those three conditions.

When K, is the Dirichlet kernel D,, the operator returns the nth partial
sum S, (z) of the Fourier series for f. It is known that D, is not a good kernel
since, as it is proved in the literature, it does not satisfy the second of Stein’s and
Shakarchi’s conditions. The first condition is a normalization requirement which
D,, satisfies, while D,, does not satisfy the third condition, a fact rarely mentioned
in the literature, and always without a proof as far as we know. This article is
dedicated, in part, to give such a proof which, although uses basic tools, turns out
to be rather subtle. We also state and prove sharp lower and upper bounds for D,,
and we show directly that D,, does not satisfy a pointwise estimate due to Antoni
Zygmund [§].

1991 Mathematics Subject Classification. 40A05, 42A16, 42A20.

Key words and phrases. Good kernels, Shakarchi’s and Stein’s conditions, Dirichlet kernel,
Zygmund’s uniform poinwise condition.

Submitted March 24, 2022.

96



EJMAA-2023/11(1) DIRICHLET KERNEL 97

The organization of our article is as follows. In Section 2 we briefly discuss
historic background material. To be sure, the history of how to represent periodic
functions using trigonometric series is long and laborious, so we look only at those
parts that are relevant to our purposes. Section 3 is dedicated to Stein’s and
Shakarchi’s work on good kernels. In Section 4 we develop a formula for the Dirichlet
kernel D,, and we show that it is not a good kernel. Finally, in Section 5 we go
over our main result, namely that D, does not satisfy the third of Stein’s and
Shakarchi’s conditions. Also in this last section, we state and prove sharp lower
and upper bounds for D,, as well as we show that the kernel D,, does not satisfy
Zygmund’s pointwise estimate.

2. WHERE FOURIER MEETS CAUCHY

Before Joseph Fourier, the nature of heat was not well understood. For instance,
in 1736, the French Academy called for essays on the topic “The nature and the
propagation of ‘fire’””, where the word ‘fire’ was meant to signify ‘heat’. All the
submissions, including Euler’s, missed the point and attempted to explain how
fires develop ([M], p. 5).

Nevertheless, according to Umberto Bottazzini ([I], p. 59), by the end of the
eighteenth century, heat was starting to be perceived as a form of energy that could
aid in production. However, “if it is the practical interests that are best expressed
in the English textile mills, it is the theoretical aspects that particularly engaged
the French scientists.” ([I], p. 59).

Under the title The Analytical Theory of Heat, Fourier published in 1822 two
pieces, written in 1807 and 1811. In a radical departure from the work of others,
Fourier developed a mathematical model for the propagation of heat, a differential
equation known as heat equation. In the 1811 piece, he appropriately included a
quotation attributed to Plato: “Also heat is governed by numbers.” ([4], p. 6).

To solve the heat equation, Fourier used certain series, now called Fourier series.
At the time, the heat equation was viewed as Fourier’s crowning achievement, while
the series “were considered a disgrace.” ([], p. 6).

The topic of Fourier series basically rests upon the formulas

f(x)=ao+ Z (ay, cosnz + by, sinnzx) , (2)
n>1

1 s

ao:g/_ﬁf(x)dx, (3)
1 s

ap = — f(z)cosnx dr,n=1,2,.., (4)
T™J)_x
1 [7 .

by, = = f(x)sinnz dr,n=1,2,.... (5)
T

—Tr

Fourier shows in several cases that the series converges to the function f, meaning
that the series converges pointwise to f (z), for each z, in the sense of Augustin-
Louis Cauchy’s definition. Then, he proceeds to state that “all the series converge”.
Later on, he says “we must remark that our demonstration applies to an entirely
arbitrary function.” ([], p. 12).

In spite of, or perhaps because of, these rather exuberant statements, the topic
of representing a function as has been the catalyst for many developments in
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analysis, such as the Riemann integral and the Lebesgue integral, and it was the
inspiration for Georg Cantor’s theory of the transfinite.

Now, given a function f, let us calculate a,, and b,,, if the integrals exist in some
sense, and then let us form the series appearing on the right-hand side of . Of
particular interest in our context, is the following question: Does the series converge
to f (z) for all 7 According to Fourier, the answer is always yes. However, after
several mathematicians of the time, including Cauchy, produced more or less faulty
proofs, Peter Gustav Lejeune Dirichlet showed pointwise convergence under rather
general conditions. The work was published in 1829 in J. reine und angew. Math.
(Journal de Crelle). Here is Dirichlet’s result:

Theorem 1. (Dirichlet) Let f : R — R be a 2w-periodic function that is continuous
and has a bounded continuous derivative, except, possibly, at a finite number of
points. Then, the equality (@ holds at every x € R where f is continuous.

In Jean-Pierre Kahane’s words ([4], p. 31), “The article of Dirichlet on Fourier
series is a turning point in the theory and also in the way mathematical analysis is
approached and written. Its intention is simply to give a correct statement and a
correct proof of the convergence of Fourier series. The result is a paradigm of what
is correctness in analysis.”

Kahane reproduces the full article in pp. 36-46 of [4].

After Dirichlet’s result, it was natural to wonder about the necessity of its as-
sumptions. A counterexample produced by Paul du Bois-Reymond in 1873, showed
that the hypotheses on f could not be relaxed indefinitely. Indeed,

Theorem 2. (du-Bois Reymond) (for a proof see, for instance, [0], p. 67, Theorem
18.1) There is a function g : R — R, 2m-periodic and continuous, for which
limsup Sy, (0) = oo,

where Sy, (0) denotes the partial sum of the Fourier series for g, evaluated at x = 0.

The realization that Theorem [I]is not generally true when f is only continuous,
closed the door forever on Fourier’s paradise.

The example by du-Bois Reymond seemed, for a long time, to open the possi-
bility of finding a continuous function whose Fourier series diverges at every point.
However, Lennart Carleson, in the 1960s, proved the impossibility of such a func-
tion, when he showed the following:

Theorem 3. Let f: R — R be a 2w-periodic and continuous function. Then, there
is a set E C R of Lebesgue measure zero so that

ap + Z (an cosnz + b, sinnz) = f (x)
n>1

for x € R\E.

Actually, Carleson proved, among other things, that the conclusion of Theorem
holds for a 2w-periodic function that is just square integrable on [—7,x], in the
sense of Lebesgue [2]. In the Mathematical Reviews, MR199631, Kahane refers to
the results in Carleson’s article as “spectacular” and catalogs the proofs as “very
difficult” and “very delicate”. We mention Carleson’s convergence result, just for
the sake of completeness. Its proof is, indeed, of a great complexity, well beyond
the scope of our exposition.
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The proof of Theorem [1]is, for instance, in ([6], p. 56, Section 15) for everywhere
continuous functions and in ([6], p. 59, Section 16) for the general case.

Let us point out that, for our purposes, it will suffice to work with Riemann
integrable functions.

3. THE IMPORTANCE OF BEING A GOOD KERNEL

We begin with the following definition.

Definition 1. ([7], p. 48) Given an integral operator of the form

f— WICn(x—t)f(t)dt,

—T

the kernel IC,, is called a good kernel if it satisfies the following conditions:

(1)
/ Kn(t)dt =1

for allm > 1.
(2) There is C > 0 so that

/ﬂ Ko (1)) dt < C

—T

for all n > 1.
(3) For each 0 < 0 < fized, there is

lim 1K,y (8)] dt = 0.

e Js<|t <
The significance of this definition is shown in the result that follows.

Theorem 4. ([7], p. 49, Theorem 4.1) Let f : R — R be a 2w-periodic function,
that is Riemann integrable on [—m,w|. Then,
a): if IC,, is a good kernel, there is
lim Kn(z—1t)f@t)dt=f(z)

n—oo
—T

at each x € R where the function f is continuous, and
b): the limit is uniform on x € R, when f is continuous everywhere.

Proof. Since

Kb fWd = f/ziﬂlcn(s)f(xfs)ds

o t—s=x—1 .

-/ K () T w— )ds,

—T

the 27-periodicity of IC,, and f implies that the above is equal to

s

Kn (s) f(x—s)ds. (6)

—T
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Therefore,

[ Kae-nr0a- @

T ™

Kn(s) f(x—s)ds— f(x) K (8)ds

—T —T

(@

9

- ’ j Ko () (f (x = 5) = [ () ds

where we have used, in (i), condition 1).
If the function f is continuous at z, given ¢ > 0, there is 6 = § (x,¢€) > 0, which
we can choose smaller than 7, so that

[f@—s)—fla)l <e
for |s| < 4.
Then, we can write

us

Kn (s) (f (x —s) = f(x))ds

—T

< E/ Ky, (s)|ds
|s]<éd

2 sup £ (0) /5 o Vol

[t|<m
< Ce+ 2B/ I, ()] ds,
(i) s<|t|<m
where B = supj; <, | f (t)| and we have used, in the first term of (i7), condition 2).
Finally, condition 3) tells us that there is N = N (g) > 1 so that

/ I, (8)]|ds < e
s<|t|<n
for n > N.

This completes the proof of a).

As for b), we only need to observe that when f is continuous everywhere, it is
uniformly continuous on [—, 7], and also on R because f is periodic. Then, § can
be chosen independently of x and, therefore,

/Tr Kn () (f(x—3s)— f(z))ds| < (C+2B)e.

—T

sup
z€R

So, we have proved b).
This completes the proof of the theorem. O

Remark 1. The proof of Theorem appears in ([7], pp. 49-50). We have included
it here to illustrate how the conditions in Definition[1] are used to prove convergence
results.

4. THE DIRICHLET KERNEL IS NOT A GOOD KERNEL, PART [

To prove Dirichlet’s result on pointwise convergence, the function z — S, (z) is
written as an integral operator of the form
s
Dy (w— ) f (t) dt
where D,, : R — R is called the Dirichlet kernel. As we will see, the impossibility
of having pointwise convergence everywhere of the sequence {S, ()}, for every
2m-periodic and continuous function f, rests upon the nature of D,,.
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In the lemma that follows we calculate a formula for D,,. We assume that the
function f: R — R is 27-periodic, and Riemann integrable on [—, 7].

Lemma 5. The nth partial sum S, can be written as

T

Sp (x) = D, (x —t) f(t)dt,

where the function Dy, (t), called the Dirichlet kernel, is
1 51n(n+ )t

N A o

23“ if t=0

Proof. Let us write

n

Sp (x) = Z (aj cosjz + b; sin jx),
j=0
where we agree that by = 0. For convenience, we will use complex exponentials,

although “they were not used in Fourier series until well into the twentieth century”
([, p. 2). The identities

et 4 =iz

cosjxr = 3 ,
] ) e’ij;c _ e—ijw
SN j)xr = T
give
"1 bi\ . "1 b y
Sy (z) = 3 (aj + ;) ey 3 <aj - Z) e ", (8)
§j=0 §j=0
where
1 b; 1 [ —ijt
N i+ =) =— E t)dit
2(aj+l) 277\/;71.6 f()
1 b; 1 (™ it
N i— =] =— E t)di
2 (a] i ) o . € f( )
for j > 1.
Therefore,
™ 1 n B
S () = [W > j;n eii(@—t) I,
while
N 1 — ¢i@n+1)(z—1)
ij(z—t) _ 7zn z—t) ij(z— t) _ —in(z—t)
Z € Ze 6 1 — eilz—t)
Jj=—-n
_ efzn(x t) — etn+1)(z—t) B sin (n + %) (l‘ _ t)
T eila—t)/2 [efi(xft)/Q _ ei(mft)/2] B sin (x;t) )

for x # t, where we have used in (i) the formula for the sum of the 2n first terms
of a geometric progression.

So, we arrive at for t # 0. An application of L’Hoépital’s rule when ¢ — 0,
gives the value of the kernel at ¢ = 0.

This completes the proof of the lemma. O
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Let us observe that, technically speaking, we should refer to D, as the nth
Dirichlet kernel.

Remark 2. The function D, : R — R is 2w-periodic, even, and it is continuous
with continuous derivatives of all orders. Moreover, it satisfies condition 1) in
Definition [1] since

™ 1 ™ n B 1 ™
_ 15t - —
_ﬂDn(t)dt o /—ijne dt =~ /_ﬂdt 1.

Proposition 6. The kernel D,, is not a good kernel.

Proof. First, we go over a quick roundabout way of showing that D,, is not a good
kernel: du-Bois Reymond’s counterexample tells us that the conclusion of Theorem
|§| cannot hold generally when IC,, = D,,. Therefore, D,, cannot be a good kernel.

Next, we show directly that D,, is not a good kernel, by proving that it does not
satisfy condition 2) in Definition [1| ([7], p. 66, Problem 2).

T T . . l
[ awa= [ o w- [(1bnes i,
- _,.r271' 0

sin (n+ %)t
— 2

sin§ T Sin5
T . 1 n4+i)w .
> g/ ‘sm (n—|— §)t’dt _ 2 /( +2) |Sms|ds
T Jo t t—s=(n+i)t T S

Zg/”“ \s1n5| Qi/(ﬁrl”smﬂ s
m™Jo ™ -0

s

(G+1)m .
2W223+1/ sin s| ds
n-1 (G+D)=

/ sin sds

ZWQZJ—FI

3% (9)

=17
If we compare the sum in @ with the integral of f(t) = % over the interval
[1,n], we conclude that
T 4
[ﬂ |D,, ()| dt > - Inn. (10)
This completes the proof of the proposition. ([l

Remark 3. Although (@) suffices for now, in the next, and last, section we will
go over a much improved version that gives sharp lower and upper bounds for the
integral.

Remark 4. If K,, is a good kernel, given 0 < § < 7 fized,

) T T
/Ovcnu)\dt:/ |fcn<zf>|dt—/(s Ko ()] dt

can be made arbitrarily close to & 5, for n large enough, where C is the constant in

condition 2) of Definition .
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This observation does not hold for the Dirichlet kernel.

Indeed,
™ 1" 1 )
/|Dn(t)\dt§ : 5/ sin<n+>t’dt§ —c,
5 wsing Js 2

sin §
for every n > 1.
Therefore, using @,

/06|Dn(t)|dt:/ow |Dn(t)|dt_/: D, (1) dt

Remark 5. If we write the arithmetic mean of Dy, D1, ..., Dy,

n

IR 1 sin (j+ %) ¢
n—i—ljZ::ODj(t)_?W(n—&—l)jz:;) sing

after a few calculations we arrive at the Fejér kernel

1 sinQ"T‘Ht . 0
fn(t)z{ o s U t#

+1 —
ntl o f p =0

This kernel is named after Leopold Fejér, who proved the summability of a Fourier
series by arithmetic means, a method due to Ernesto Cesaro. As evidence of the
heuristic principle “averaging might make for better behavior”, two improvements
over the Dirichlet kernel are readily apparent: First the Fejér kernel is non-negative,
second the presence of the factor %ﬂ assures that F,, (t) — 0 as n — oo for each
t # 0. But not only that, F,, is a good kernel (see, for instance, [7], p. 53). There-
fore, applying Theorem [{] to the operator with kernel F,, proves immediately the
convergence of the arithmetic means for any 2mw-periodic and continuous function,
in contrast with Theorem [J Much more can be said, but since our interest is in

convergence & la Cauchy and not summability, we will say no more.

5. THE DIRICHLET KERNEL IS NOT A GOOD KERNEL, PART II

As promised in Remark 3] the following result gives sharp bounds for the integral
S IDn ()] dt.
Theorem 7. For eachn > 1,
2 4 1 i 2 4
. 21n<n+2>§/ \Dn(t)|dt§1+;+pln(2n). (11)

T -

In particular,
4 4
/ Du (0)]di = 5 n+0(1),
—T
where O (1), in the “big o” notation, indicates a quantity that remains bounded as
n — oo. More specifically,

2 4
0<O0(1)<1+=+— 2.
™ ™
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Proof.

T ol 1
/ |Dn(t)|dt:l/ |Sm(7}7+tz)f|dt
™ Jo sin &

-7 2
1 ™

1 11 2 [T |sin(n+ 1)t
s D)o (g - D) 2 [l
2 sing 3 T Jo t
The function ﬁ — % is positive, and it is increasing for 0 <t < 7 as it can be

(12)
seen by manipulating its derivative. Moreover, an application of L’Hopital’s rule
shows that the function is continuous on [0, g] if we assign the value zero at t = 0.

Therefore,
T | 1
sin <n-|- ;) t) dt + 2/ wdt.
0

1 2 T
192 (-3
0 ) Jo 0 t

First, we consider

1 2\ (" 1 2 2\ (i)
(1—)/ sin (n—i—) t’dt = (1—)/ |sin s| ds
™ 7w ) Jo 2 s=(n+1)t 2n+1)m 7] Jo

9 9 nm 9 2) (n+l)7r
=—[(1-= / |sins|ds + ———— 1——/ i |sin s| ds

2n+1)7 7] Jo 2n+1)7 A

2 2 T 2 2\ [*
== (1-= insds+ ——— (1- = insd
o (2n+1)7r< 7r>n/0 sin s as + (2n+1)7r< W)/o sin s as
I TR AV SN R AW TN
C @2n+ )7 )" 2n+1)7 ) 7w T )’

where (i) holds because the function |sin s| is m-periodic.

Next,
T | ot 1 2n+1)Z% | -
g/ |sin (n + §)t|dt _ 2/( +1)3 |sms|ds
™ Jo t s=(nt+1)t T Jo s
_ 2/’5 sinsd8+ 25”:/(1'-%1)’5 |sin8\d8
™ Jo S m = 7% S
2n s s 2n
1 (Uth3 4 : 1
<1l+4- 27/ lsins|ds = 1+ — / sin s ds Zf_
Jg Jiz (i7) ™ 0 =7

4 ndt 4 4
<1l4+—={1 — ) =14 —+ —=1In(2
< +7T2<+/1 t) +7T2+7T2n(n),

where the equality (ii) holds because |sin s| is m-periodic and the graph is locally
symmetric with respect to each of the lines s = m, s = 2w, s = 3, etc.

Finally,
4 2 2 4 4
/ D, ()| dt < = <1—) +1+ <+ —5In2n
s ™ ™ m

—T

2 4
:1+—+—21n(2n).
T o7
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As for the lower bound, according to (12)),

T 2 [T |si +1)¢ 9 [@nDE |
/ |Dn(t)|dt27/ [sin(n+3)el, 7/ sins] .
— ™ Jo t S:(nJr%)tﬂ- 0 s

2/5 Sinsdergi/(jH)’% Mds.
T Jo s ™2 i S
j=1772

By L'Hopital’s rule, 25 — 1 as s — 0. Therefore, the function

{ sins  for 0<s< 3

S

fls) = 1 for s=0

is continuous and positive on [0, g] So,

o glslgng f(s)>0.
Comparing the graphs of f (s) and %s on [O, g], we conclude that, for 0 < s < 7,
T 2
7r
which is usually called Jordan’s inequality, for the mathematician Marie Ennemond
Camille Jordan.
Hence,

Next, we consider

2n i us . 2n i s
2 U+1)5% 9 2 1 U+1)3
—= E / Mdsz = E ] |sin s| ds

Tialis 5 Tia Tt
us 2n

2 1

== sin sds 1
0 Pty

14 I+l gt 41 +1
- > — —=—=In{n+-].
w2 = § 7 72 J, t w2 2

Therefore, we can write

4 2 4 1

—T

This completes the proof of the theorem. ([

In page 14 of [5], Yitzhak Katznelson states, without proof, that the Dirichlet
kernel does not satisfy the following equivalent version of condition 3) in Definition
(B, p. 9):

For each 0 < § < 7, there is

2mw—4
lim K, ()| dt = 0. (13)
n—oo 5

We do not know of any reference where this claim is proved. Likewise, we do not
know of any reference where a similar claim concerning condition 3) in Definition
is stated and proved. Therefore, we present below our own proof of the statement.
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Theorem 8. For each 0 < § < 7, the expression

/ D, (1) dt
s<|t|<r

does not go to zero as n — 00.
Proof. Let us fix 0 <6 < 5. Then,

T

/ |Dy, (2)] dt = 2/ |D,, (t)| dt > 2/ |D,, (t)] dt
s<t|<n 5 z
_ L [E e e g,
0 +

s=t—35 T

. S
sin
Now,
. +1 (+7r>_. +1 +1 T +1 . +1
sin{n+3)(s+5)=sin|ntg)scos{ntg|otcos(ntg)ssin(nty
. 1 0 1 . s
= sin n+§ scos(2n+ 1) — + cos n+§ ssm(2n+1)1.

4

For n = 4k, with k =1,2,3, ...,

T T T
2 1) - = 1)—=2 —
(2n + )4 (8k + )4 k7r—|-4,
so
2
cos(2n+1)%:cos(2k‘7r+%>:cosgzg,
2
sin(2n—|—1)%:sm(2kﬂ+g):sm%:%.
Furthermore, ingsgg,thenogggg,so
T _s+35
4 - 2 T2

and we can write

IN
2.
=]

IN

)
S
)
o |+
[SE
N »

AN
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Hence,

1/3 |sin (4% + %) (s + g)’ds - Q 2 |sin (4k + &) s + cos (4k + 3) s|d8
T Jo sin ﬁ 27 Jy s+
:£ 2 |sin (8k +1) 5 +cos(8k+1)§|d8
2 0 2 + %
B \/i/l [sin (8k + 1) ¢ + cos (8k+ 1) ¢] .,
= m Jo t+ 7
> V2 - /458?35 [sin (8k + 1)t + cos (8k + 1)1 .
I t+ 7
j=1Y 2BrFD)
8k RCE2YLN
2 1 1(8k+1)
SV2ys 1 Isin (8k + 1) ¢ + cos (8k + 1) ¢|dt
T <4 G+D)m 4+ i
J=1 4(8k+1) FYCIESY)
8k G+
2 1 1(8k+1)
2£ TSI (sin (8k + 1)t + cos (8k + 1) t) dt|.
e (]+1)7T + im
j=1 1(8k+1) IERTD
Now,
% (j+ 1) ]
. J JT
sin (8k + 1) tdt = — {COS [8k—|—1 } — cos [(8/€+1) }}
4(8111) + (8](3 ) 4 (8l€ + 1)
1
5]
] [COS J+ cosy4
L (cos — cos T sinjZsinZ — cos ‘Z)
o\ Jgsing —cosiy
= L < cos + sin ) 1 cos
2(8k+1) ]4 I3) TRk 34
while
DG 1 (G +1) j
’ . J 77 . JjmT
cos (8k + 1) tdt = sin [(8k+1) —~———| —sin |(8k+1) ————
S - ( ) 8k+1{ {( )4(8k+1)} {( )4(8k+1)}}
. T, T
= goyq (G + D Fsini7)
! ( zcosz—&—cos Esmz—sm W)
T 8k+1 Y TPy Ty
= i (sin al + cos 'E) — L sin X
T ok + 1) UMY I4) T sk+1™M
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Then,
8k G+
1(8k+1)
e Z Gt / ~ (sin(8k+ 1)t +cos(8k+1)t)dt
T A aeRy T 1 1Y i
P S et | (e
- (j+D)m 7( cosj— +sinj— )-i—cosg—
m (8k+1)3 1 4(JSk+1)+Z 2 4 4 4

2
+ g (sinj% —|—cosj%) —sinj%

\/§ 1 1
T (8k+1)z PRV ’ISIDJ4+COij—sln]

4 4‘
j=1 18k+1) T 4

\/§8k' 1
- Ve , 2 1) ‘
F G TR e (Y2 )i resi]

Let us observe that

(\@fl)sm(jJrSl) + cos (j + 81) (\/571) sinquLcosjﬁ

4

4>\>1

for any [ =0,1,2,....

(1)

On the other hand, here are the values of f (j) = (\/5 — 1) sinj% + cosj7, for

71=12,...,8:
G rG) 141 70) ]
1 1 5] —1
21v2—-1l6|l1-v21|
31—-V2|7|v2-1
41 -1 8 1

Therefore, the values of f (j) for j = 9,10,11, ..., 16, are the values for j = 1,2, 3, ..

respectively, and so on. As a consequence of thls observation,

‘(ﬁ—l)sinj%—i—cosj%‘ >V2 -1

for every j.
Then,
V2 ! . LT K
7rjz_;(j‘Fl)Z—FZ(Sk—&—l)‘(\/5_1)31n34+cos34‘
V2 8k
27(\@ 1>jzl G+DF+5Bk+1)
v2 2 8k 9
B -3 )
Hence,

/ |Day, (t)| dt
<t <

bl 87
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does not converge to zero as k — oo and, as a consequence,

[ puwla
s<|tl<n

does not converge to zero as n — 0.
This completes the proof of the theorem. ([l

In page 86 of [§], Zygmund introduces the following uniform pointwise version
of condition 3) in Definition
For each 0 < § < 7, there is

lim sup |K, (¢)]=0. (14)

n—oo 6§|t|§7'r

Zygmund observes that the Dirichlet kernel does not satisfy and the claim is
repeated in page 370 of [3]. To be sure, D,, cannot satisfy , otherwise it would
satisfy condition 3). However, since we do not know of any source where the claim
is proved directly, we conclude by giving our own proof.

Proposition 9. For each 0 < § < 7, the expression

sup |Dy, (1)
s<|ti<n

does not go to zero as n — o0.
Proof. Let us fix 0 < 0 < 5. Then,

sup |D, (t)| > sup |D, (¢¥)|.
s<t|<n 2 <[t <n

Therefore, it is sufficient to assume that 6 = 7.

1 sin(n+ 1)t 1 sin(2n+1)s

sup 1D, (0] = o sup BRI L @l

%SMSW ™ Z<t<nm sm§ s=z 2w Z<s<E S S
1 .
> _— sup [sin(2n+1)s].
2w T gL T
155%73
When % <s< g, we have
T T
Z(2n+1)§(2n+1)s§§(2n+1)
or

%(Qn—kl)§(2n+l)5§2%(2n+1).

That is to say, the argument of the function |sin (2n + 1) s| takes values in the

interval
T T T T
G2 ()]

Ifn=2kfork=0,1,2, ...,

s T o7 T o7
ot — 2 gk = =
4+ n4 4+ k4 4+k7r,
while if n =2k 4+ 1 for k=0,1,2, ...,
T s s s 3
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Therefore, by periodicity and symmetry,

1 1 T V2
— in (2 1)s| > —sin— = —.
5 %21;2%|51n( n+1)s| > 5 Sy = o~
This completes the proof of the proposition. ([

Remark 6. With minor adjustments, can replace condition 3) in the proof of
Theorem . We refer to (|5, p. 10, Lemma) for the details.

(1]

(8]
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