Electronic Journal of Mathematical Analysis and Applications,
Vol. 3(2) July 2015, pp. 272-282.

ISSN: 2090-729(online)
http://fcag-egypt.com/Journals/EJMAA /

SOLVABILITY FOR NONLOCAL PROBLEM OF
SECOND-ORDER DIFFERENTIAL EQUATION

EMAN M. A. HAMD-ALLAH

ABSTRACT. Here, we study the existence of a positive nondecreasing solution
for the nonlocal problem of the differential equation

&' (t) = ft,z(t), te(0,1) 1)

with the nonlocal condition

n—2 m—2
2(0) = ap x(ri), '(0) = > b; 2’ (n;) (2)
k=1 j=1
where:
Te,mj € (0,1), 0 <11 <72 < .o <Tph—2<1l and 0<n < M2 < e <
Nm—2 < 1.

As an application, we prove that the existence of the maximal and minimal
positive solutions for the nonlocal problem of the differential equation (1)with
the nonlocal condition

z(0) = a z(b), 2'(0) = B 2'(c). (3)
where b € [r1, Th—2], ¢ € [N1, Mm—2], a = 22;12 ar and = Z;":_lz bj.

1. INTRODUCTION

The study of initial value problems with nonlocal conditions is of significance,
since they have applications in problems in physics and other areas of applied math-
ematics ([18],[19]).

Problems with non-local conditions have been extensively studied by several authors
in the last two decades. The reader is referred examples, to ([1]-[5]), ([8]-[13])and
([27]-[30]) and references therein.

2. INTEGRAL EQUATION REPRESENTATION

Consider the nonlocal problem (1) and (2). Assume the following assumptions
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(i) f:[0,1] x R™ — IR™ is measurable in ¢ € [0,1] for all z € Rt and
continuous in x € IRt for almost all ¢ € [0,1] .

(ii) There exists an integrable function m € L'[0,1] such that f(¢,z) < m(t) .
(iii) fo Yds <M .

m—2
(iv) Zk:lak<17 > by <L
Lemma 1. The solution of the nonlocal problem (1)-(2) can be expressed by the

integral equation
n—2 m—2 j
B ( Z aka> Z b; /77 f(s,z(s))ds
k=1 j=1 0
n—2 Th
A — d
+ ( z_:ak/o (i — ) f(s,2(5)) 8)

+ (ijofsx)))

+ /0 (t— 5)f (s 2(s))ds,

a(t)

where A = (1 - Z;fak>_1 and B = (1 — Zmﬂbj)_l.

j=1

Proof. Integrating equation (1), we obtain

P(t) = (0) + / f(s,x(s))ds. (4)

Let t =n; in (4), we get

z'(n;) = 2'(0) + ; f(s,z(s))ds,
m—2 m—2 m—2 n;
S ) = 20X b+ b [ ss s
Jj=1 j=1 j=1 0
and
m—2 m—2 nj
2'(0) = 2/(0) b + bj/ f(s,z(s))ds,
j=1 j=1 0
m—2 m—2 J
(1 — bj> 2 (0) = bj /77 f(s,2(s))ds,
j=1 j=1 70
m—2 n;j
2/(0) = B bj/ f(s,z(s))ds, (5)
j=1 70
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Integrating equation (4), we obtain

z(t) = z(0) + 2/(0) t + /O(t—s)f(s,a:(s))ds. (6)

Let t =74 in (6), we get

£(m) = #(0) +2(0) 7 + / " (e — 8) (5. 2(s))ds,

n—2 n—2 n—2 n—2 T
Z ar (1) = x(0) Zak +2'(0) Z ar Tk + Z ak/ (1 — 8) f(s,2(s))ds,
k=1 k=1 k=1 k=1 70

and

n—2 n—2 n—2 T
2(0) = 2O ar +2 0> ar e + 3 ax / (71 — ) (5, 2(s))ds,
k=1 k=1 k=1 0

<1 _ Zk> w0) = SO aen + Yoo [ ()7 n(s)ds,
k=1 k=1 0

k=1
z(0) = Az'(0) iak T + A iak /Tk(ﬁ€ —8)f(s,x(s))ds (7
k=1 k=1 0

where A = (1 - Zz;fak)_l

Substitute from (5) into (7), we deduce that

.Z‘(O) = AB < z_: aka> ( z_: bj /77.7‘ f(s’x(s))ds)
k=1 j=1 0
+ A < 2_: ag /Tk (1i — s)f(s,x(s))ds) . (8)
k=1 0

Substitute from (5) and (8) into (6), we get
AB ( Zak7k> ( 2 b; /nj f($,$(5))ds)
k=1 j=1 0
n—2 T
A ( ;::1 ak/o (1% — s)f(s,x(s))ds)
m—2 M
+ Bt ( Z bj/ f(s,x(s))ds)

j=1 70

x(t)

+

" / (t - 5)f(s,2(5))ds, (9)

which proves that the solution of the nonlocal problem (1)-(2) can be expressed by
the integral equation (9).
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3. EXISTENCE OF SOLUTION

Now, we study the existence of a solution of the nonlocal problem (1)-(2).

Theorem 1. Let the assumptions (i)-(iv) be satisfied. Then the nonlocal problem
(1)-(2) has at least one solution x € C[0,1] .

proof. Define the subset @, C C[0,1] by Q, = {x € R:|z(t)|<r }.
Clearly the set @, , is nonempty, closed and convex.
Let H be an operator defined by

n—2 m—2 n;
B ( kz_laka> ( ;::1 bj/o f(s,;v(s))ds)
n—2 T
A ( Zak/o (1% — s)f(s,x(s))ds)

+ (Zb] | f(s,x(s))d )
+ /O(t—s)f(s,x(s))ds.

(Hz)(t)

_|_

Now, let = € @, then

(Hz)(t)] < AB < i%m) Z bj / z(s))|ds
k=1
¥ A(iak | Tk(rk—snf(s,x(smds) st o [ 1Ga)ls
k=1 0 j=1 0

T / (t — )| (5. 2(5))|ds.

B ( iaka> ( i; bj/o m(s)ds) + A < Z_:ak/o m(s)ds)

IN

+ B (%_ij/olm(s)ds) + /Olm(s)ds

=1

n—2 m—2 n—2 m—2
< <Zak>( bj)M—i—A(Zak)M—i—B( bj)M+M
k=1 Jj=1 k=1 j=1

= T,

<

where r = (ABCD + AC +BD + 1)M, C = Y —Jap and D = Y7 %b; .
Then {Hz(t)} is uniformly bounded in @, .



276 EMAN M. A. HAMD-ALLAH EJMAA-2015/3(2)

Also, for t1,t5 € [0,1] such that t; <ty , we have

(Hz)(t2) — (Hz)(t1) = B(tz —t1) ij : fsx s))ds

+ /0 (ts — 5) (s, 2(s))ds — /0 (t1 — 5)f(5,2(s))ds,
m—2 nj
= Bty —t1) 2 bj/o f(s,z(s))ds

+ / (2 — t2) (s, 2(s))ds + / (2 — ) (s,2(s))ds.

ty

Then

m—2 1
|(H)(t2) — (He)(t)] < Blta—ti] [ Y b, / m(s)ds
j=1 0
+ \tg—t1|/0 m(s)ds + /tz(tg—s)m(s)ds

ta
BD|152 — t1|M + |t2 — tl‘M + / (tg — s)m(s)ds

t1

Therefore {Hz(t)} is equi-continuous. By Arzela-Ascolis Theorem {Hz(t)} is
relatively compact.

Since all conditions of Schauder fixed point theorem are hold, then H has a fixed
point in @, which proves that the existence of at least one solution x € C|0, 1]
of the integral equation (9).

To complete the proof, we prove that the integral equation (9) satisfies the nonlocal
problem (1)-(2).

Differentiating (9), we get

m—2 n; t
'(t) = B ij/o f(s,z(s))ds | + /0 f(s,2(s))ds (10)

and

2 = f(ta(t)).
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Let t =74 in (9), we get

n—2 m—2 n;
z(r,) = AB < Zam) ( > bj/ f(s,x(s))ds)
k=1 j=1 0

Z_:ak. z(ry) = AB i%) <Z_:am> ( Z_j b /Onj f(s,w(s))ds>
k=1 =

k=1 k=1 j=1
n—2 n—2 Th
+ A (Z ak> (Zak/ (Tk — 8)f(s x(s))ds)
k=1 k=1 0
n—2 m—2 ;
+ B <k=1 aka> (j_l bJ/O f(s a:(s))ds)
+ 3 ag (1 — 8)f(s,2(s))ds
k=1 0
Zak (7 = AB< ;1 aka> ( Jzz_; b, /O"J' (s m(s))ds) <kz;1 a + A)
n—2 Th n—2 1
+ A ( 2 ak/o (16 — s)f(s,x(s))ds> (; ar + A) ,

but (Spfax+%) = 1. Then

n—2 n—2 m—2 n;
Zak z(t,) = AB < Zakm> ( Z bj/ f(s,m(s))ds)
k=1 k=1 j=1 0
n—2 Th
+ A ( ; ak/o (1) — s)f(s,x(s))ds)

= x(0).
Let t =n; in (10), we obtain

( Z b; f s,2(s))d ) + 0773' f(s,x(s))ds
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m—2 n
Souen) = B\ Xu) | X[ s

= 2/(0).
This completes the proof.

EJMAA-2015/3(2)

Corollary 1. The solution z(¢) of the nonlocal problem (1)-(2) is positive and

nondecreasing.

As a particular case of Theorem 1, we have the following corollary.

Corollary 2. The nonlocal problem

"

z (t) = f(t,z(t)), t € (0,1)
with the nonlocal condition
2(0) = ax(b) . 2 (0) = Bz (¢)
has at least one positive nondecreasing solution in the form

afBb

(11)

(12)

b
z(t) = —/ f(s,z(s))ds + (1%«0[)/ (b—5)f(s,x(s))ds

(1—-a)(1

ﬂt — S S, (S S
- | ftsatsns + / (t - 5)f(s, 2(5))ds.

+

4. MAXIMAL AND MINIMAL SOLUTIONS

Definition.

(13)

let ¢(t) be a solution of (13). Then ¢ is said to be a maximal solution of (13) if

every solution z(t) of (13) satisfies the inequality =(t) < q(¢) .

A minimal solution s(t) can be defined by similar way by reversing the above in-

equality i.e. x(t) > s(t) .

The following lemma will be used later.
Lemma 2.
Let x,y are continuous functions on [0, 1], satisfying

@ o ’
o) < B / F(s.2(s))ds 1 (1_a)/0 (b 5)F (s, 2(s))ds

1-a)1-p)

Bt

s [ ratnas+ / (t = )1 (s.2(s))ds,
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@] 8] b
e > o0 / Flsulods + 2 / (b— 5)f (s y(s))ds

(1-a)(1

ﬁ t
+ f(87y(8))d8+ (t—s)f(s,y(s))ds
(1=58)Jo 0
and one of them is strict. If f(¢,2) is monotonic nondecreasing in x , then

x(t) <y(t), t>0 (14)

proof. Let the conclusion (14) be false, then there exists #; such that
:L’(tl) = y(tl), t1 >0

and
xz(t) <y(t), 0<t<t.

From the monotonicity of f in x , we get

@ @ ’
s < et [ iatnis + s [ 0= 9rGatenas
+ Btl / f(s,z( d8+/ (t1 —5)f(s,2(s))ds
b
< (1—iﬂb/ f(s,y(s))ds + ﬁ/ (b—s)f(s,y(s))ds
Bt "
+ —5)/0 f(s,y(s))ds+/0 (t1 —s)f(s,y(s))ds
< y(t),

which contradicts the fact that x(t1) = y(¢1) , then z(t) < y(t) .

For the existence of the maximal and minimal solutions we have the following
theorem,

Theorem 2.

Let the assumptions of Theorem 1 be satisfied. If f is a nondecreasing in x on
[0,1]. Then there exist maximal and minimal solutions of the integral equation (13).

proof. Firstly we shall prove the existence of the maximal solution of (13). Let
€ > 0 be given and consider the integral equation

= a—/Bb S, Te S L ’ — S S, TelS S
r(t) = /fe (s + o [ =) filsa(s)d

(1—a

+ (s,2c(s))ds + /o (t —s)fe(s,ze(s))ds, t €[0,1] (15)

where fc(t,2:(t)) = f(t,zc(t)) + €.
Clearly the function f(¢,z.(t)) satisfies assumptions (i)-(ii) of Theorem 1 and
therefore equation (15) has at least a positive solution z.(t) € C[0,1] .
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let € and €y be such that 0 < ey <€ <e. Then

ralt) = o [ fatraeds + s [ (b= 5) a0 (9
b [ et [ o) fuloralo)is
= el e r s + s [0 el + s
b [ s+ [ 7o) + e (16)
ra) = B [t +ets + s [0 9o s
b 2 [ s+ [ 7o) + s
Te, (1) > %/@C(ﬂs,mq(s))ﬂﬂds + ufa)/Ob(b—s)(f(s,xsl(s))+62)ds
b2 [ e [ ' )(F(5 0y (5)) + ea)ds, an

Applying Lemma 2 on (16) and (17), we have

Zey (1) < e, (t) for t €[0,1].

As shown before the family of functions z.(¢) is equi-continuous and uniformly
bounded. Hence by Arzela-Ascolis Theorem, there exists a decreasing sequence ¢,
such that €, -0 as n — oo, and lim, o x, (t) exists uniformly in [0,1].
Denote this limit by ¢ , then from the continuity of the function fc(¢,z.) in the
second argument, we get

c b
at) = Jim ze,(t) = u_‘;ﬁf_m / fsalsDds + =5 / (b~ 5)f (s 4(s))ds
Bt [ f
v gty | eatis+ [0t (19)

which implies that ¢ is a solution of (13).
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Finally, we shall show that ¢ is the maximal solution of (13). To do that, let
x. be any solution of (13). Then

n(t) = <1—Z>ﬁ<f—m / o e(s)ds + s / (b 5) (5, ()
b [ tsedonas s [ st
- u_zé)ﬂ(lb_ﬂ)/oc(f(s,xe(s))—ke)ds - ui‘“a)/ob(b—s)(f(s,xe(s))ﬂ)ds
b G2 [ Gtsrn +ads s [ -9l + s
st [ + s [0 G adonas

+ (16—tﬂ) /00 f(s,ze(s))ds + /Ot(t — 8)f(s,zc(8))ds. (19)
And for any solution () of (13), we have

_o_aBb Vs
z(t) = (1_(1)(1_6)/01‘(, (s))ds +

Bt € ¢
+ @/0 f(S,m(S))ds+/0 (t — ) f(s,x(s))ds. (20)

Applying Lemma 2,we get

b
(I-a) /0 (b= 5)f(s,2(s))ds

z(t) < z(t) for t €[0,1],

from the uniqueness of the maximal solution, it is clear that x.(t) tends to ¢(t)
uniformly in ¢ € [0,1] as €, = 0.

By similar way as done above we can prove the existence of the minimal solution
of (13).
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