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ON CERTAIN SUBCLASS OF p—VALENT FUNCTIONS DEFINED
BY THE JUNG-KIM-SRIVASTAVA INTEGRAL OPERATOR

T. M. SEOUDY

ABSTRACT. The purpose of the present paper is to introduce certain subclass
of p-valent functions by using the Jung-Kim-Srivastava integral operator in
the open unit disc and to obtain the sufficient conditions for this subclass.

1. INTRODUCTION

Let A, denote the class of functions of the form:

=2P 4+ Z arz® (peN=1{1,2,.1), (1)
k=p+1
which are analytic and p—valent in the open unit disc U = {z : |z| < 1}. We write
A=A
A function f € A, is said to be in the class S} (1)) of p—valent starlike functions
of order 7, if it satisfies the following inequality:

zf (2)
Re > 0<n<pzel). 2
( e ) ( ) &)
Motivated essentially by Jung et al. [3], Shams et al. [5] introduced the integral
operator I} : A, — A, as follows (see also Aouf et al. [1]):
p + 1 a—1
@pl) f@)ydt  (a>0;peN),
IJf(z) = fO ( ) (3)
f(Z) (a=0;peN).
For f € A, given by (1), then from (3), we deduce that
a ptl n
I f(z —z”+z<n+1) apin2?™" (> 0;p EN). (4)

Using the above relation, it is easy to verify the identity:
(I f(2) =+ D)L f(2) - I f(2). ()
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We note that the one-parameter family of integral operator If* = I* was defined
by Jung et al. [3].
Definition 1. A function f € A, is said to be in the class S;(a,n) if it satisfies

Re{w}>n(0<n<p;p€N;a>O;zeU). (6)
A OV N h

Putting p = 1 in (6), then the class S5 («,n) reduces to the class S*(a, 1), which
is defined by:

1°f(2)
In the present paper, our aim is to determine sufficient conditions for a function
f € Ap to be a member of the class S;(a,n).

2. MAIN RESULTS INVOLVING THE OPERATOR Ig

We begin by recalling the following result (Jack’s Lemma), which we shall apply
in proving our results below.
Lemma 1 ([2] and see also [4]). Suppose w (z) be a not constant analytic function
in U with w(0) = 0. If |w(2)| attains its mazimum value at a point zg € U on the
circle |z| = r < 1, then zow' (20) = Cw () , where ¢ > 1 is some real number.
Theorem 1. If f e A, satisfies the following condition:

3
< Mp(@ﬂ?:& ’Y) (Z € U)7 (7)

~

12 £(2) 1871 £(2)

S KRSV | N e RS AR

I f(2) I3 f(2)

for some real numbers n, 6 and v such that 0 <n<p,d+~v>0,a>1and p EN,
then f € Sy (a,n), where

0% 5
n n 1 p
(1) (1-p+mm)  (=n<)

M,(a,n,6,7) = . s (8)
(-3 () (b<n<s).

Proof. Case (i) Let 0 <n < g Define a function w (z) as

21
I;'f(z) ) 1+ <1p> w(z)
T f(2) 1 —w(z)

(w(z) £ 152 € U). (9)

Then w is analytic in U, w(0) = 0 in U. Differentiating (9) logarithmically with
respect to z and multiplying the resulting equation by z, we have

2n /
ey unpey ()0 IR
«a a+1 - —w(z)’

p
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By using (5), we obtain

a—1 2 afly 2 1 Zw/(z)
)L ey B ()

ey 2(1 — Nw(2) 2(1—n)w()
Iof(2) =1+ 1_2() +(p+1)[1+<1%>w()}[(1w()]

Thus, we have

194(2) _1’” 121 £ (2) _1‘6
IS f(2) I f(z)
ol el oo
- 1—w(z) 1—w(z) +(p+1)[1+<1—2;7>w( )][(1—w<>]
B 1—w(z) +(p+1)[1+<12;7>w(z)}w(@ .
Suppose that there exists a point 2 € U such that max [w(z)| = |w(z0)| = 1

Then by using Lemma 1, we have w(zp) = € (0 < 6 < 27) and zow' (20) = Cw(z),
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¢ > 1. Therefore

Lpi) 5T Go)
187 f(20) I f(20)
- 1 —w(z0) i (p+1) [1 + (1 - 2;7) w(Zo)] w (20)
- <1 ) n>5+v 5
B |176i9|§+7 1+(p+1) {1+El£) ”]
§
5+
> (12) 1+2(p+1)c<1—z>
4
o+
> (1_2) 1+2(p+1)1<1—z>

- (- (L)

which contradicts (7) for 0 < 7 < g Therefore, we must have |w (z)| < 1 for all
z € U and hence f € S;(a,n).
Case (ii) When 123 < n < p. Let w(z) be defined by
n
I8 f(2) P

TG v <1 - Z) w(z)

(zeU),

where w (2) # in U. Then w (z) is analytic in U and w(0) = 0. Proceeding as

in Case (i) and using (5), we have

']7 /
AIS() A (2) <1‘p>z‘“(z)

BIE BT T (D)

p
-
I O s
PV e PR T T Ty

p p
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L) p N (- ') 7
I3 f(2) 1 (1 _ Z) wz)  (p+1) [” —(- Z)w(z)}
G (1-5) L0 )
BIO (e ey [0 Dee)]
and
O (1 - Z) v
() T (1= wie)
Then we have ! ( p>
Ipfiz) TG '
e I F(2)
(-Dut || (1-2)wia Dy |

T (=D u)] 2= (1-D)ut 4 |- - D)

p

<1( Z) ;(2) W ( Zw/;Z)( ) )
n_ (1.7 w(z) p+1)w(z
p p

Suppose that there exists a point zg € U such that IIIIEILXI lw(z)| = |w(z0)| = 1,
z|<|z0

then by using Lemma 1, we obtain w(zy) = € and zow/(zo) = Cw(z0), ¢ > 1.
Therefore

I3 f(20) K

Ig+ f(z0)

Cw(20)

n b axd
Ig—lf(zo) L 3 B (1 — p> w(zo)
I f(20) B

\%

v
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—
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T3
N————

2
+
>
7N
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+
i}
+ |~
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>

(p+1)w(zo)
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which contradicts (7) for g < n < p. Therefore, we must have |w(z)| < 1 for all

z € U and hence f € S;(a,n). This completes the proof of Theorem 1.

O
Putting p = 1 in Theorem 1, we obtain the following corollary.
Corollary 1. If the function f € A satisfies
s
1°f(2) T (2)
— -1 K ) U 12
g e Y SMene) BeO

for some real numbers n, § and v such that 0 <n<1,0+~>0 and o > 1, then
f e S*(a,n), where K(ay,n,6,7) is given by

1
(L= (1-n+1) (037732),
K(a.n.6.7) = ) (13)
oyt (3 1<
ol (e
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