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PERIODIC SOLUTIONS FOR NONLINEAR NEUTRAL
DIFFERENCE EQUATIONS WITH VARIABLE DELAY

ABDELOUAHEB ARDJOUNI, AHCENE DJOUDI

ABSTRACT. The nonlinear neutral difference equation with variable delay
z(n+1)=am)z(n)+Agn,z(n—71))+f(n,z@0),z(n—-7(n))),
is considered in this work. By using Krasnoselskii’s fixed point theorem and

the contraction mapping principle, we establish some criteria for the existence
and uniqueness of periodic solutions to the neutral difference equation.

1. INTRODUCTION

Due to their importance in numerous applications, for example, physics, popula-
tion dynamics, industrial robotics, and other areas, many authors are studying the
existence, uniqueness of solutions for delay difference equations, see the references
in this article and references therein.

In this paper, we are interested in the analysis of qualitative theory of periodic
solutions of delay difference equations. Motivated by the papers [1], [2], [4], [5] and
the references therein, we concentrate on the existence and uniqueness of periodic
solutions for the nonlinear neutral difference equation with variable delay

z(n+1)=a()z(n)+Agn,z(n—70))+f(nz0),zn-7{)), (1)

where

g:ZxR—-R, f:ZxRxR—R,
with Z is the set of integers and R is the set of real numbers. Throughout this
paper A denotes the forward difference operator Az (n) =z (n + 1) —x (n) for any
sequence {x (n), n € Z}. Also, we define the operator F by Ex (n) = z(n+ 1).
For more on the calculus of difference equations, we refer the reader to [3].

The purpose of this paper is to use Krasnoselskii’s fixed point theorem to show
the existence of periodic solutions for equation . To apply Krasnoselaskii’s fixed
point theorem we need to construct two mappings, one is a contraction and the other
is completely continuous. We also use the contraction mapping principle to show the
existence of a unique periodic solution of . It is important to note that, in our
consideration, the neutral term Ag(n,z (n — 7 (n))) of produces nonlinearity
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in the neutral term Az (n — 7 (n)). While, the neutral term Az (n — 7 (n)) in [4]
enters linearly. As a consequence, we have performed an appropriate analysis which
is different from that used in [4] to construct the mappings in order to employ fixed
point theorems.

The organization of this paper is as follows. In Section 2, we present the inversion
of difference equation and Krasnoselskii’s fixed point theorem. For details on
Krasnoselskii’s theorem we refer the reader to [6]. In Section 3, we present our
main results on existence and uniqueness of periodic solutions of .

2. PRELIMINARIES

Let T be an integer such that T > 1. Define Pr = {p € C(Z,R) : o (n+T) =
¢ (n)} where C (Z,R) is the space of all real valued functions. Then (Pr, ||.||) is a
Banach space with the maximum norm

T = ma. xrn)|.
ol = _max e (m)

Since we are searching for the existence of periodic solutions for equation , it is
natural to assume that

a(n+T)=a(n), 7(n+T)=1(n), (2)
with 7 being scalar sequence and 7 (n) > 7* > 0. Also, we assume

n—1

als) # 1. (3)

s=n—T

Throughout this paper we assume a (n) # 0 for all n € [0,T — 1] N Z. Since we are
searching for periodic solutions, it is natural to ask that the functions g (n,z) and
f (n,z,y) are periodic in n with period T" and Lipschitz continuous in = and in x
and y, respectively. That is

gn+Tx)=gn,z), f(n+T,z,y)=f(nzy), (4)
and there are positive constants Ly, Lo, L3 such that
g (n,x) — g (n,y)| < Ly |lz -y, (5)
and
|f (nyz,y) = f (n, 2,w)| < Lo ||lo — 2] + Ls [ly — w]|. (6)

The following lemma is fundamental to our results.

Lemma 2.1. Suppose (@7 hold. If x € Pr, then x is a solution of equation
if and only if

z(n) =g(n,z(n—7(n))

n—1 -1
+<1_ 10 a<s>> S 1f (e () (a— 7 (@)

s=n—T =n—-T
n—1

+(a(u) = 1) g (uz(u—7@) [T als). (7)

s=u+1
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Proof. We consider two cases, n > 1 and n < 0. Let x € Pr be a solution of .
For n > 1 equation is equivalent to

A [x (n) 1:[ a? (s)}

=[Ag(n,z(n—70) + f (n,x(n), 2 (n—7 )] [[a™" (). (8)

s=0
By summing from n — T to n — 1, we obtain
u—1
5 olew e o]
u=n— s=0

n—1 u

= [Ag (u,@ (u—7 () + f (wa (), (w—7@)] [Ta™ (s).

u=n—T s=0

As a consequence, we arrive at

— n—T-1
H -7) [ a7 (s
s=0 s=0
i: [Ag (uyz (=7 () + f (w2 (u) 2 (u—7 @) [[a™" (s).
u=n— s=0

Since z (n —T') = z (n), we obtain

n—1 n—T-1

W et @ I o'

s=
1

=]
»
I
=]

n—

Rewrite
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Performing a summation by parts on the on the above equation, we get

CY gl (u—r @) —a) [[a () (10)

n—1 n+T1T-—1
Dividing both sides of the above equation by [[ a=*(s)— ] a~!(s), we obtain
5=

0 s=0
([@-
Now for n < 0, equation (1)) is equivalent to

0
A [x (n) H a™? (s)]
0
=[8g(n.a(n—70)+ f (n,z (). 2 (n—7m)] [T o« ().

s=n-+1

Summing the above expression from n — T to n — 1, we obtain by a similar
argument. This completes the proof. (I
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Using (7)) we define the mapping H : Pr — Pr by

(He) (n) =g (n,¢ (n—7(n)))

+<1_ 11 a<s>> " ) a7 (W)

T a ()~ g (mep—7 @) [ als). ()
s=u+1

Lastly in this section, we state Krasnoselskii’s fixed point theorem which enables
us to prove the existence of positive periodic solutions to . For its proof we refer
the reader to [6].

Theorem 2.2 (Krasnoselskii). Let D be a closed convex nonempty subset of a
Banach space (B, ||.||) . Suppose that A and B map D into B such that

(1) z,y € D, implies Ax + By € D,

(i7) A is completely continuous,

(#i) B is a contraction mapping.
Then there exists z € D with z = Az + Bz.

3. EXISTENCE OF PERIODIC SOLUTIONS

To apply Theorem we need to construct two mappings, one is a contraction
and the other is compact. Therefore, we express equation as

(Hep) (n) = (Bp) (n) + (Ag) (n) , (12)
where A, B : Pp — Pr are defined by
(Be) (n) = g(n,o(n—7(n))), (13)

and

(Aso)(n)<1 11 a<s>> S 1 () (u— 7 ()
s T

T a(u)— 1) g (up(u—r@)] ] o). (14)
s=u+1

To simplify notations, we introduce the following constants.

n—1 -1
= 1-— = -1
" ne[()r%?fxl]mz ( _IZI_TG(S)> P ue[or,I%Fa}l]mzla(u) "
n—1

= ma, als).
K uE[n—T,'ri(—l]ﬁZ H ( )

s=u+1

Lemma 3.1. Suppose that the conditions @f@ hold. Then A : Pr — Pr is
completely continuous.

Proof. We first show that (Ayp) (n +T) = (Ayp) (n).
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Let ¢ € Pr. Then using we arrive at

Let j =u —T, then

(Ap) (n+T)
n+T—1 -1,
=<1— 11 a(s)) fG+Top(G+T),e(G+T—7(+T))
s=n j=n—-T
n+T-—1
+@(G+T) -D)gG+To((+T—7G+D))] J[ als)
s=j+T+1
n+T—1 -1 aa
= (1— II a(s)) Yo Ul eli—73()
s=n j=n=-T
n+T-—1
+@()=DgUeG-—rN [ a).
s=j+T+1

Now let kK = s — T, then

k=n— =n—-T
+@@) -DgleG-7GN I ak)
k=j+1

To see that A is continuous, we let ¢, € Pr. Given € > 0, take 6 = ¢/M with
M =nyT (Ls + L3 + pL1), where L1, Lo and L3 are given by and @
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Now, for || — || < §, we obtain
[(Ap) (n) — (AY) (n)]

n—1

+

—
S

—~

s=u+1

n—1
<n > [Lallg =9l +Ls e — ¥l + pLa [0 — ]y
u=n—T

<y (L2 + Ls + pLa) [lo — ¢
— Mgyl < Ms=e.
Then || Ap — Ayl < e. This proves A is continuous.

u) = 1) (9 (w0 (u =7 () =g (w9 (u—7(W)))] [] a(s)
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Next, we show that A maps bounded subsets into compact sets. Let J be given,
S={pePr:l|pl <J}and Q = {Ap: p € S}, then S is a subset of RT which is
closed and bounded thus compact. As A is continuous it maps compact sets into
compact sets. Then @ = A(S) is compact. Therefore A is completely continuous.

This completes the proof.
Lemma 3.2. Suppose that (@) holds. If B is given by with
L <1,

then B : Pr — Pr is a contraction.

O

(15)

Proof. Let B be defined by (13)). Obviously, (By) (n +T) = (Byg) (n). So, for any

p,% € Pp, we have

[(Be) (n) = (BY) (n)] < lg (n,p (n = 7(n))) = g (n, ¢ (n — 7 (n)))]

<Lyl =l

Then ||By — Bi|| < L1 ||¢ — ¢||. Thus B: Pr — Pr is a contraction by (15).

Observe that in view of and @ we have

< Lyflz)l + o,
and
|f (n,z,y)| = |f (n,2,y) — f (n,0,0) + f (n,0,0)]
<|f (n,z,y) = f (n,0,0)[ +[f (n,0,0)]|
< Lo |lz) + L [lyll + 8,
where

= d = .
@ ne[org"a;)(l]nz |g (n7 0)‘ o ﬁ ne[OI,r%a—Xl]ﬂZ |f (n7 0, O)|

O
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Theorem 3.3. Suppose (@—@ and (@ hold. Let J be a positive constant satis-
fying the inequality

LiJ +a+ T [(Ly+ L3) J + B4 p(LiJ +a)] < J.

LetD = {p € Pr:|p|| <J}. Then equation has a T-periodic solution x in the
subset D.

Proof. By Lemma the operator A : D — Pr is completely continuous. Also,
from Lemma [3.2] the operator B : D — Pr is a contraction. Moreover, if ¢, € D,
we see that

(BY) (n) + (Ag) (n)]
_ g(n,w<n7<n>>>+<1 I a<s>>
s=n—T

n—1 n—1
xS 1 (g () o (u— 7 (@) + a () — g (o (u— 7 ()))] ] als)
u=n—T s=u-+1
<Ll +atm S [(La+ La) gl + 6+ p (L lloll + o)

u=n—T

< LyJ+a+mT[(La+ Ls) J+ B+ p(LrJ +a)] < J.

Then ||By + Apl|| < J. This shows that By + Ap € D. Clearly, all the hypotheses
of the Krasnoselskii theorem are satisfied. Thus there exists a fixed point z € D
such that z = Bz + Az. By Lemma this fixed point is a solution of and the
proof is complete. O

Remark 3.4. The constant J of Theorem serves as a priori bound on all possible
T-periodic solutions of equation .

Theorem 3.5. Suppose (@f@ and hold. If
Ly +myT (Ly + L3+ pLy) <v <1,
then equation has a unique T-periodic solution.

Proof. Let the mapping H be given by . For ¢,v¢ € Pr, in view of , we
have
[He — Hy|| = [|By + Ap — By — AJ|
< 1By = By|| + [|Ap — Ay
< Lille = ol +mT (L2 lle — ¥l + Ls llo — ¥l + pL1 lo — 1)
<Ly +mT (L2 + Lz + pL1)] [l — 9|
<vie—-vl.

This completes the proof by invoking the contraction mapping principle. (I

REFERENCES

[1] A. Ardjouni and A. Djoudi, Periodic solutions in totally nonlinear difference equations with
functional delay, Stud. Univ. Babes-Bolyai Math. 56(2011), No. 3, 7-17.



EJMAA-2013/1(2) NONLINEAR NEUTRAL DIFFERENCE EQUATIONS 293

[2] Y. M. Dib, M.R. Maroun and Y.N. Raffoul, Periodicity and stability in neutral nonlinear
differential equations with functional delay, Flectronic Journal of Differential Equations,
Vol. 2005(2005), No. 142, pp. 1-11.

[3] W. G. Kelly and A. C. Peterson, Difference Equations : An Introduction with Applications,
Academic Press, 2001.

[4] M. R. Maroun and Y. N. Raffoul, Periodic solutions in nonlinear neutral difference equations
with functional delay, J. Korean Math. Soc. 42 (2005), No. 2, pp. 255-268.

[5] Y. N. Raffoul and E. Yankson, Positive periodic solutions in neutral delay difference equations,
Advances in Dynamical Systems and Applications, Vol. 5, Nu. 1, pp. 123-130 (2010).

[6] D. S. Smart, Fixed point theorems; Cambridge Tracts in Mathematics, No. 66. Cambridge
University Press, London-New York, 1974.

ABDELOUAHEB ARDJOUNI
DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCES, UNIVERSITY OF ANNABA, P.O. Box 12
ANNABA, ALGERIA

E-mail address: abd-ardjouni@yahoo.fr

AHCENE DJjouDpI
DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCES, UNIVERSITY OF ANNABA, P.O. Box 12
ANNABA, ALGERIA

E-mail address: adjoudi@yahoo.com



	1. Introduction
	2. Preliminaries
	3. Existence of periodic solutions
	References

