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SUBCLASSES OF CLOSE-TO-CONVEX AND QUASI-CONVEX
FUNCTIONS WITH RESPECT TO OTHER POINTS

HUO TANG, GUAN-TIE DENG

ABSTRACT. In this paper, we introduce new subclasses of close-to-convex and
quasi-convex functions with respect to symmetric and conjugate points. The
coefficient estimates for functions belonging to these classes are obtained.

1. INTRODUCTION

Let U be the class of functions which are analytic and univalent in the open unit
disk E = {z : |z| < 1} given by

w(z) = chzk (1.1)
k=1

and satisfying the conditions w(0) =0, |w(z)| <1, z € E.
Let S denote the class of functions f which are analytic and univalent in E of
the form

fz) =2+ i anz", z € E. (1.2)
n=2

Let S¥ be the subclass of functions f(z) € S and satisfying the condition

e (228
f(z) = f(=2)
These functions are called starlike with respect to symmetric points and were in-
troduced by Sakaguchi [11].
Also, let S¥ be the subclass of functions f(z) € S and satisfying the condition

e (zf’(z)) >0, z€ E.
f) + f(Z)

These functions are called starlike with respect to conjugate points and were in-
troduced by El-Ashwah and Thomas [3]. Further results on starlike functions with
respect to symmetric points or conjugate points can be found in [13-15].
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Then, Das and Singh [2] introduced another class Cs, namely convex functions
with respect to symmetric points and satisfying the condition

CLO) .
re (s ) > # € 5

Suppose that f and g are two analytic functions in E. Then, we say that the
function ¢ is subordinate to the function f, and we write g(z) < f(z), z € E,
if there exists a Schwarz function w(z) with @ (0) = 0 and |w(z)| < 1 such that
9(2) = f(@(2)), z € E.

In view of subordination definition, Goel and Mehrok [4] introduced a subclass
of S* denoted by S*(A, B).

Let S¥(A, B) be the class of functions of the form (1.2) and satisfying the con-
dition

2zf'(2) 1+ Az
f(z) = f(==2) 1 + Bz’

Following them, many authors introduced the analogue definitions by extension

as follows (see [1,7]).
Definition 1.1. (i) Let S} (A, B) be the subclass of S consisting of functions given
by (1.2) satisfying the condition
/
22f'(2) - 1+ Az

J)+7G)  1+Be

(ii) Let Cs(A, B) be the subclass of S consisting of functions given by (1.2) satisfying
the condition

—-1<B<AX<1, z€E.

—-1<B<AX<1, z€E.

2(zf'(2)) ~ 1+ Az
(f(z) = f(=2))" 1+ Bz
(iii) Let C.(A, B) be the subclass of S consisting of functions given by (1.2) satis-
fying the condition
2(zf'(2)) - 1+ Az
(f)+fE)y 1+ B2
Motivated by the pervious classes, Tang and Deng [5] recently introduced the fol-
lowing classes of functions with respect to symmetric and conjugate points.
Definition 1.2. (i) Let M,(a, p1, A, B) be the subclass of S consisting of functions
given by (1.2) satisfying the condition
2023 f"(2) + 22 + o — )22 f(2) + 22 f'(2) - 1+ Az
apz?(f(z) = f(=2))" + (@ = wz(f(2) = f(=2)) + A —a+u)(f(2) = f(=2)) 1+ Bz’
where -1 < B<A<1,0<pu<a<l,and z € FE.

(ii) Let M.(«, 1, A, B) be the subclass of S consisting of functions given by (1.2)
satisfying the condition

20u23 f"(2) + 2(2ap + o — p)22 " (2) + 2z f/(2) 1+ Az

—-1<B<A<I1, z€FE.

~1<B<A<1, z€E.

= )
ap?(f(2) + f(2))" + (@ = wz(f(2) + f(2)) + X —a+p)(f(2) + f(2) 1+ Bz
where -1 < B<A<1,0<u<a<l,and z € E.
As a special case, when 1 = 0, we obtain

My(e,0,A, B) = Ms(a, A, B) and M.(a,0,A, B) = M.(«, A, B),
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introduced and studied by Selvaraj and Vasanthi [12].
In this paper, we introduce the class K} («,u, A, B; C, D) consisting of analytic
functions f of the form (1.2) and satisfying

2023 f"(2) + 2(2ap + o — p) 22 f(2) + 2z f/(2) 1+Cz

apz?(g(z) — g(=2))" + (= p)z(g(2) — 9(=2)) + (1 —a + p)(9(2) —g(=2)) 14Dz’
where g(z) = 24+ > 2, bp2™ € My(a, 1, A,B), -1 < D<B<A<C<1,0<
p<a<l and z € F.
Also, we introduce the class K¥(a, p, A, B; C, D) consisting of analytic functions f
of the form (1.2) and satisfying

2023 f"(2) + 22 + . — )22 f(2) + 22/ (2) 1+Cz
auz?(g(z) + 9(2))" + (@ = w)=(9(2) + 9(2))' + (1 = a+ p)(g(z) + 9(2)) 1+ Dz’
where g(z) = 24+ > >~ o bp2™ € M(a, i, A,B), -1 < D<B<A<C<1,0<
p<a<l and z € E.
We note that
(i) for p = 0, K*(a,0, A, B;C, D) = K*(a, A, B; C, D)
and K} (a,0,A,B;C, D) = K¥(a, A, B;C, D) (see Tang and Deng [6])
(ii) for « = p =0, K*(0,0, A,B; C,D) = Ks;(A, B;C, D) (see Mehrok et al.[10])
and K*(0,0, A, B;C, D) = K.(A, B;C, D)
(iif) for a = =0, C =1 and D = —1, K*(()OAB,L 1) = K,(A, B)
(see Janteng and Halim [8]) and K}(0,0, 4, B;1,—1) = K.(A, B)
(iv) for o = p =0, A:CzlandB:D:—l K*(0,0,1,-1;1,—-1) = K, and
K*(0,0,1,—1;1,-1) = K.
(v)fora =1land p =0, K¥(1,0,A,B;C,D) = K(A,B;C,D)and K*(1,0, A, B;C, D) =

K*(4, B;C, D)
(vi) fora =1, p=0,C =1and D= —1, K*(1,0, A, B; 1, 1) = K*(A, B)
(see Janteng and Halim [9]) and K}(1,0,A4, B;1,—1) = K}(A, B)

(vii) fora =1, pu=0,A=C=1and B=D = —1, K*( ,0,1,-1;1,-1) = K*
and K*(1,0,1,-1;1,-1) = K.
By the definition of subordination, it follows that f € K*(«, u, A, B;C, D) if and
only if
2ap2° [ (2) + 2(2ap + o — p) 22 [ (2) + 22f'(2)
apz?(g(z) = g(=2))" + (@ = n)2(g(2) — 9(=2))" + (1 — a + p)(9(2) — 9(=2))
14 Cuw(z)
1+ Dw(z)
and that f € K¥(«,u, A, B;C, D) if and only if
2ap2° [ (2) + 2(2ap + o — p) 22 f"(2) + 22f'(2)
apz?(g(z) +9(2))" + (o — p)z(g(z) + 9(2)) + (1 — a+ p)(g(2) + 9(2))

= P(2), w(z) €U, (1.3)

14+ Cuw(z)
~ T3 Du() P(z), w(z) €U, (1.4)
where -
(2) =1+ pn2" (1.5)
n=1

In the next section, we discuss the coefficient estimates for functions belonging to
the classes K*(a, u, A, B;C, D) and K («, u, A, B;C, D).
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2. SOME PRELIMINARY LEMMAS

We shall require the following lemmas for proving our main results.
Lemma 2.1 (see [4]). If P(z) is given by (1.3), (1.4) and (1.5), then for —1 <
D<C<1,
|pn| < (C_D)? n=12---.
Lemma 2.2 (see [5]). Let g(z) = z 4+ > o0 b2 € My(o, 1, A, B). Then for
n>1,0< u<a<ll,

(A- B) 7
(A-—B+2
|b2n| < 27 - nl[l 4+ (2n — 1)(a — p + 2nap)] 1;[ + 2j),
(A - B) .
byl < (A — B+ 2j).
|2+1|72n_n[[1+2n(a_u—|—(2n+1)0l,u 1;[ + ])

Lemma 2.3 (see [5]). Let g(z) = 24+ > oo o bp2" € M(, 1, A, B). Then for
n>1,0<pu<a<l,

(A—B) 2n—2 .
[b2n] < 2n— D1+ 2n — 1)(a — p+ 2nap)] E (4=B+j),

(A—B) 2n—1 .
[b2nia] = (2n)![1 + 2n(a — p + (2n + 1)ap)] E (A=B+]).

3. MAIN RESULTS

Unless otherwise mentioned, we shall assume in the reminder of this paper that
-1<D<B<A<L<C<l,0<pu<a<l,and z€E.
Theorem 3.1. Let f € KX(a,u, A, B;C, D), then for n > 1,

(C-D) 7
[a2n] < 2n i1+ (2n — 1)(a — p + 2nap)) 1;[ (A= B+2)), (3:1)
1
[a2n1] < 2n+ 1)1+ 2n(a—p+ (2n+ 1)au)]
x< |(C—=D)+ (A;nB) = (ln 7 lj (A—B+2j)| - (3.2)

Proof. Since g(2) =2+ Y .2, bn2" € My(a, u, A, B), it follows that
202" (2) + 2(2ap + @ — p)22g" () +22'(2)

= [ap2?(g(2) = 9(=2))" + (@ = w)2(g(2) — g(=2))" + (1 — a+ u)(g(2) — g(~2))| K (2)
for z € B, with Re(K(2)) > 0, where K(2) =1+ dyz + dg2? +d3z® + -+ )
On equating the coefficients of like powers of z in (3.3), we get

21+ (o — p) 4 2au)by = d1, 2[1 4+ 2(a — ) + 6aplbs = da,

41+ 3(a — p) + 12apu)bs = d3 + [1 + 2(av — p) + 6au]bsdy, (3.4)

41+ 4(a — p) + 20ap)bs = da + [1 + 2(a — p) + 6ap]bzds,



EJMAA-2013/1(2) SUBCLASSES OF CLOSE-TO-CONVEX FUNCTIONS 277

and continuing in this way, we obtain

2n[l+ (2n — 1)(a — p) + 2n(2n — V)aplbey, = dap—1 + [1 + 2(a — p) + 6au)bsda, 3

+--F+[1+2(n—1)(a—pn)+2(2n — oaplba,—1ds, (3.6)
2n[1 + 2n(a — p) +2n(2n + 1)aplbani1 = doy + [1 4 2(a — p) + 6ap]bzda,—2
+o [T+ 2(n = 1(a = p) +202n — Daplbzp—1ds. (3.7)

From (1.3) and (1.5), we have
[z + 2a92% + 3a32> + dasz* + 5asz® + - + 2nag, 2 + - -}+(2au+a—u) [2a222—|—6agz3+12a4z4
+20a52° 4+ -+ + (2n — 1)2na2,2*" + - - -] + au[bazz® + 24a42* + 60asz® + - - -
+(2n—1)2n(2n+1)agn 122" -] = {(1+a—u) [24b323 4b5 274 - 4boy 1 2% gy 22"
+ ] (=) [ +3b323 +5b5 2%+ - -+ (2n—1)bay 1 2%+ (204 1) by 1 22T -]
+au[6b323+20b5z5+~ 202041 by 22T ]} X [1—|—p1z—|—p222+p323—|—p4z4+p5z5
o pan 12T A Pt ]
On equating the coefficients, we obtain
2[1+ (a—p)+2apulaz = p1, 3[1+2(a—p)+6au]as = pa+[142(a—pu)+6au]bs, (3.8)
41+ 3(o — p) + 12ap]as = p3 + [1 + 2(a — p) + 6apu]bspr, (3.9)
5[1+4(a—p)+20ap)as = pa+[1+2(a—p)+6apu]bzpe+[1+4(a—pu)+200ulbs, (3.10)
and so
2n[l1 4+ (2n — 1)(a — p) + 2n(2n — 1)aplag, = pon—1 +
+oo+[14+2n—1)(a—p)+2(2n -1
(2n 4+ 1)1+ 2n(a — p) + 2n(2n + 1)aplasnt1 = pan +
+ -4 14+2(n—1)(a—p)+2(2n—1)aplben—1p2+[1+2n

1+ 2(a — p) + 6apu]bzpan—3
a,u]bgn_lpl, (311)
L+ 2(a — p) + 6] bzpan—2

a—p)+2n(2n+1)ap]bapi1.
(3.12)

—_— 1 "~ —

By using Lemma 2.1 and (3.8), we have
C—-D A-B)+2(C-D
la] < ( ) las| < ( ) +2( )
2-1-[14+ (a—p) + 2ay] 3-2-[1+2(a— p) + 6ay]
Again, by applying Lemma 2.1 and using (3.4) and (3.5), we obtain from (3.9) and
(3.10)

a4 < (C—-D)(A-B+2) (A—B+2)[(A—B)+4(C — D)]
U2 1T 3(a— ) + 12apu 5-8-[1+4(a—p) +20ap]
It follows that (3.1) and (3.2) hold for n = 1,2. We now prove (3.1) and (3.2) by

induction.
Equations (3.11) and (3.12), together with Lemma 2.1, yield

]7 ‘a5| é

(C— D) n—1
921 < G G T —7) + on(@ T 1+/;[1+2k(aw)+2(2k+1)au]lbzk+1| :

(3.13)
1

2n+ 1)1+ 2n(a — p) + 2n(2n + 1)ay] x{(C’D)

lagn+1| < (
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L+ Z[l + 2k(a — p) +2(2k + L)ap]|bog+1]

+[14+2n(a—p)+2n(2n+1)ap]|ban 1] }
k=1

(3.14)

Again, using Lemma 2.1 in (3.7), we have

(A-B)
14 2n(a— p) +2n(2n + 1)ay]

1+ nz:[l +2k(a — p) +2(2k + 1)au]b2k+1|] .

b <
‘ 2n+1| >~ 2%[
k=1

(3.15)
Using (3.15) in (3.14), we obtain
1
n+ 1)1+ 2n(a — p) + 2n(2n + 1)ay]

x{[(C—D)—&-(AQ_ﬁ} X

laont1] < (

1+ i:[l + 2k(a — p) + 2(2k + 1)au]|b2k+1|‘| }

k=1

(3.16)

We suppose that (3.1) and (3.2) hold for k = 3,4,--- ,(n —1).

Using Lemma 2.2 in (3.13) and (3.16), we get
n— k—1
(C - D) < (A-B) .
1 A—B+2

a2l S S AT B e = 1 2n@n = Dol |1 T ;;1 2 &l j:l( +2j)
(3.17)

1
2n+ 1)1+ 2n(a — p) + 2n(2n + 1)ay]

X{[«;D) o).,

In order to prove (3.1), it is sufficient to show that

laon 1| < (

ZA BHA B +2j)

=1

} (3.18)
kfl

2m[l+ (2m —1)(o — )+2m(2m—1 o] [1+; ok . ol jl;[lA_B+2J)

(C—D) m—1
= (A—B+2j) 4, ... .
Qvn.m![l+(2m—1)( )—|—2m 2m—1 Oz,u ]1;[1 +27) = 3,4, ,m)

(3.19)
Thus, (3.19) is valid for m = 3.
Let us assume that (3.19) is true for all m, 3 <m < (n —1). Then from (3.17),
we have

nfl -

(C-D) 14
1+ (2n — 1) (a— u) + 2n(2n — 1)apy]

k=1 j=1

{ (C-D)
n 2(n = 1)1+ (2n — 1)(a — p) + 2n(2n — 1)apy]
k-1

x {14—2—: (;4,:5) f[(A B+2J)]}

I
X
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(C - D) (A—B) n-?

T2+ @n - (a—p) +2n(2n - Dap] 21 (n— 1) 1;[ (A= B+2j)

(n—1) (C—-D)

T X2”—1-(n—1)[1+(2n—1)(a ,u)—|—2n(2n—1auHA B +2j)

€~ D) 4-5 HA B +2j)

+2n[1 + (2n — 1) (a — u) + 2n(2n — 1)apy) X et (n—1)!

_ (C-D)

2n e pl[1+ (2n — 1) (a — p) 4+ 2n(2n — 1)ay]
(C-D)

:2”~n![1+(2n—1)(a7u)+2n(2n—1 1;[ (A=B+2j).

Thus, (3.19) holds for m = n, and, hence (3.1) follows. Next, we prove (3.2).
From (3 19) we have

f[A B+2j)(A—B+2(n—1))

;—l)—‘

n—1

=
. 1 _
1+Z ok . I IIA_B+2J):mH(A_B+2J)' (3.20)
J

j=1

By using (3.20) in (3.18), we obtain
1
2n+1)[1 +2n(a — p) +2n(2n + 1)ay]

X { {(CD) T (A%B)} — (1n_ o E(ABH]')] }

which proves (3.2).
Theorem 3.2. Let f € K} («, u, A, B; C, D), then for n > 1,

1

lazn+1] < (

laanl = 50 [1+ (2n — 1)(a — p) + 2n(2n — 1)ay]
x{[(C—D)+ (124”—_1?)] (2n1_2)! 1:[ (A= B+3) } (3.21)
1 "~ _
[@2n1] < 2n+ 1)1+ 2n(a— ,u_) +2n(2n + 1)au] )
2n—1
x{[(C—D)+(A2:lB)] (2n1—1' H A—B+7) } (3.22)

Proof. Since g(2) =2+ Y .- o, by,2" € M, (a w, A, B), it follows that
2ap2’g" (2) + 2(2ap + o — p)22g" (2) + 224/ ()
= lanz*(g(2)+9(2))" +(a—p)2(g(2) +9(2)) + (1 —a+p)(9(2) +9(2))1K (2), (3.23)

where K(z) = 1+ dyz + dgz? +d3z® + -+ - .
On equating the coefficients of like powers of z in (3.23), we get

1+ (a—p)+2au)by = dy, (3.24)
2[1+2(a—p) +6au)bs = do+[14 (v — p) + 2] bady, (3.25)
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3[14+3(a—p)+12apuby = ds+[14+(a—p)+2ap]bado+[1+2(a—p)+6au]bsdy, (3.26)
414 4(a — p) +20ap)bs = dy + [1 4 (@ — ) + 2au)bads + [1 4+ 2( — p) + 6ap]bsds
+[1 4+ 3(a — p) + 12ap]bads, (3.27)

and continuing in this way, we obtain

Cn—1)1+2n—1)(a—p)+2n(2n—1)aplbe, = don—1+[14+ (@ —p) +2ap]bada,—2

+oo o4+ 14+ 2n—2)(a—p)+2n2n — 1)aplben—1ds, (3.28)
2n[1 4+ 2n(a — p) 4+ 2n(2n + Vaplbopy1 = dop + [1 + (@ — 1) + 2ap]bodan—1
+-+ 1+ 2n—1)(a—p) +2n2n — 1)aulba,d;. (3.29)

From (1.4) and (1.5), we have
[z+2a222+3a323+4a4z4+5a5z5+~ 4 2nag, 22" - ~]+(20¢u+0¢—,u)[2a222+6a323+12a4z4
+20a52° 4 - + (2n — 1)2n0a2,2*" + - - -] + au[6azz® + 24a,2* + 60as2® + - - -
+(2n—1)2n(2n4+1) a2, 122" T 4 ] = | (1+a—p) [z4bo 2z +bs 234y 2+ b5 254 - by 22"+ - -]
(e — )]z + 2bo2? + 3b32% 4+ 4by2? + Bbs2® + - 4 2nbg, 2" £ - -]
Fai[2b2% 4 6b32% + 12b42% 4 200525 + - - + (20 — 1)2nbo, 2°™ + - - -]
X[L+prz+po2® +p3z® + paz +ps2® o pop1 2T 4]
On equating the coefficients, we obtain
21+ (& — ) + 2z = p1 +[1+ (@ — ) + 201, (3.30)

3[1+2(a—p)+6au]as = pa+[1+(a—p)+20p]bepr +[1+2(cr— ) +6apbs, (3.31)
41+ 3(a — p) + 12aplas = ps + [1 + (o — ) + 2ap]baps + [1 + 2(a — i) + 6] bspr

1+ 3(a — p) + 12ap1)bs, (3.32)
5[144(a — p) +20ap]as = pa + [L+ (o — p) + 2apulbops + [1 + 2(e — 1) + 6] bsps
+[1+3(a — p) + 12apulbapr + [1 + 4(a — 1) + 20apu]bs, (3.33)

and so
2n[l + (2n — 1)(a — p) + 2n(2n — Daplag, = pan—1 + [1 + (o — 1) + 2ap]bapan—o
+[1+2(a — p) + 6ap)bspan—s + -+ [L+ (2n — 2)(a — p) + 2n(2n — )ap)ben,—101
+[1+ (2n—1)(a— p) +2n(2n — 1)au]bey, (3.34)
(2n +1)[1 4+ 2n(a — p) + 2n(2n + Daplaznr1 = pon + [1 + (o — @) + 2ap]bapan—1
+[1 4+ 2(a — p) + 6aplbspan—2 4+ -+ [1 4+ (2n — 1) (o — u) + 2n(2n + 1)ap)ba,pr
+[1+2n(a — p) + 2n(2n + 1)ap]bapt1. (3.35)
By using Lemma 2.1, (3.24), (3.25), (3.30), and (3.31), we have
0] < (C—-D)+ (A-B) las| < (A= B+1)[(A- B)+2(C - D)
211+ (a—p)+2au]’ - 3.2 (14 2(a — ) + 6arp]
Again, by applying Lemma 2.1 and using (3.24)-(3.27), we obtain from (3.32) and
(3.33)

(A-—B+1)(A-B+2)[(A-B)+3(C—D)]
4-6-[1+3(a—p)+ 12au] ’
(A-B+1)(A-B+2)(A-—B+3)[(A—B)+4(C — D)]
5:24 - [14 4(a — p) + 200y '
It follows that (3.21) and (3.22) hold for n = 1,2. We now prove (3.21) by induction.

|as] <

las| <
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Equation (3.34), together with Lemma 2.1, yields
1
2n[l1+ (2n —1)(a — p) + 2n(2n — 1)ay]

‘a2n|

n—1

x{(C — D) [1 + Z[l + (2k — 1)(a — p) + 2E(2k — 1) apu)|bag]
k=1
n—1

+ Z[1+2k(a—u)+2k(2k+l)au] |b2k+1|] +[1+(2n—1)(a—u)+2n(2n—1)au]|b2n|}.
k=1

(3.36)
Again, by using Lemma 2.1 in (3.28), we have
b < (A-B)
=20 =D+ 2n— 1)(a — p) + 2n(2n — ay]
n—1
X [1 + Z[l + (2k — 1) (o — p) + 2k(2k — 1) )| b |
k=1
Z (14 2k(c — p) + 2Kk(2k + 1)ap] |bary 1] | - (3.37)
k=

Using (3.37) in (3.36), we obtain

1
20 < 2n[1 + (2n — 1)(a — p) + 2n(2n — 1)ay]

{[e-m+ = }{er (2 = 1)@ = 1) + 2K(2k — Do oo

+ Z 14 2k(a — p) + 2k(2k + 1)au}|b2k+1|] } (3.38)

We suppose that (3.21) holds for k =3,4,--- ,(n—1).
Using Lemma 2.3 in (3.38), we get
1 X
[l + (2n — 1) (a— pu) + 2n(2n — 1)ay]

[C—D)+(

‘a2n| S

2k—2

(
{1+Z |HA B+)) +Z hA B+]):|}. (3.39)

i=
In order to prove (3.21), it is sufficient to show that

1 (A- B)
2m[l 4+ (2m — 1)(a — i) + 2m(2m — 1)ap) x { {(C —D)+ 2m —1 }
m—1 2k—2 m—1 2k—1
[1+ > B)' ]1_[1 (A—B+j)+ 2 %2;)?) 11 (A B+j)]}

1
2m[l + (2m — 1)(a — p) + 2m(2m — 1)ay]




282 HUO TANG, GUAN-TIE DENG EJMAA-2013/1(2)

fcoeacm R

(3.40)
Thus, (3.40) is valid for m = 3.
Let us assume that (3.40) is true for all m, 3 <m < (n —1). Then from (3.39),

1 2m—2
(2m — 2)! [[ -8B+
P

we have
1 (A-B)
2n[l1+ (2n — 1)(a — u)+2n(2n—1)au]x{{(c_D)+ 2n—1}
2k— 2 2k—1
[1+Z;€ lf, )1—[1A—B+j)]}
_(n-1 1 _ (A-B)
_( n )X{Z(n—l)[ 1+ (2n— D)(a— ,u)—&—?n(Qn—l)ozu} [(C D)+ zn_J
n—2 2k—2 )21971
[1+Z 'HA B+7) +Z HA—B+j)]}
k=1 7j=1
1 (A-B)
onl + (2n — 1){a )+2n(2n—1)au]x[(CD)+ 2n—1]
( 2n—4 2n—3

1
) 2(n—1)[1+ (2n — 1)(«a

+

X
B n—1
o n

X

—u)+2n(2n—1)au}x{(c_ )+ 2n —1

2n—4

A—B . A—B
[<2<n—1>—)1'H “”(2(( —1)'H ‘B“)}
X
1

1
2n—1)—2) ]Hl (A- B+=7)] ol F (2n = D)(a — ) + 2n(2n — Day]

X [(C—D)—F(AB)}

2n—1 | | (2(n—1)—=1)! H (A=B+j)+ [[A-B+j)

-y 1
_ e, A-B)
2n[1+ (2n — 1)(a — p) +2n(2n — 1)ay] {(O D)+ 2n—1 ]

2n—4 2n—3
X[(Q(nll)l ' JHl (A=B+j)(A—B+(2n— 3))+(2(é_?)))! jl;[l(A—Bﬂ')]

(A—B) 2n—4 (A— B) 2n—3 ]

1

1
T 21+ (2n— 1)(a—p) + 2n(2n — Day]

2n—3 ‘ A—_B 2n—3
[(anl'H (2(( )'H A=B+])

(A-DB)]
2n —1 |

X [(C—D)—F

(A—B)]
2n —1 |

_ 1
T 21+ 2n— D)(a — p) + 2n(2n — L)ag] | {(

C-D)+

2n—3

’ [@(nl—l»' H(A—B+J'><A—B+<2n—2>>}
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B 1 (A—B)
C2n[1+ (2n — 1)(a — p) + 2n(2n — 1V)ay] % {(C_D)—'_ 2n —1
(2n1—2)! ﬁ(A_BH)

Thus, (3.40) holds for m = n, and, hence (3.21) follows. Similarly, we can prove
(3.22).

Remark 3.1. By taking ¢ = 0 in Theorems 3.1 and 3.2, we obtain the results
obtained by Tang and Deng [6, Theorems 6 and 11, respectively].
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