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COEFFICIENT INEQUALITIES FOR STARLIKE AND CONVEX
FUNCTIONS OF RECIPROCAL ORDER «

JUNICHI NISHIWAKI, SHIGEYOSHI OWA

ABSTRACT. For analytic functions f(z) in the open unit disk U, two classes
S«(a) and K«(a) of starlike functions of reciprocal order a and of convex
functions of reciprocal order «, respectively, are considered. In the present
paper, some interesting coefficient inequalities for f(z) in the classes S« ()
and K«(a) are discussed.

1. INTRODUCTION

Let A be the class of functions f(z) of the form

(1.1) f(z) =z+2anz"
n=2

which are analytic in the open unit disk U = {z € C: |2| < 1}. Let S.(«) denote
the subclass of A consisting of functions f(z) satisfying

(1.2) Re (;}Ef;) > o (z € 1)

for some real number a with Oae < 1. A function f(z) € S.(«) is said to be starlike
of reciprocal order v in U. Alse, we define the subclass K. (a) of A consisting of
functions f(z) which satisfy

1
I+ 50

for some real number o with 0o < 1. A function f(z) € K.(«) is also said to be
convex of reciprocal order o in U. We say that S.(0) = S. and K, (0) = K. We
also note that f(z) € K, («) if and only if zf/(2) € Si(«).

In the present paper, we consider some coefficient inequalities for f(z) in the classes

Si(a) and Ky (a).
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Remark 1.1. Let $*(a) be the subclass of A consisting of functions f(z) which
satisfy

Zf%2)>

1.4 Re < >« z € U).

(14) e (zeD)

Furthermore, the class K(«a) is defined as the set of f(z) which satisfy zf’(z)
S*(a). A function f(z) € S*(«) is said to be starlike of order o in U and f(2)
K(«) is called to be convex of order « in U. For the class $*(«), Silverman [4] h
considered the condition

S
S

as

2f'(2) ‘
1.5 -1l|<l—-«a z e U).
(15) e (=€)
: " . 2f'(2) . . . . :
This condition shows us that the image of U by e is inside of the circle with

the center at 1 and the radius 1 — «. This circle is very small. If we consider the
condition

) 1[_ 1
f(z) 20| 2a
for 0 < a < 1 by Nunokawa, Owa, Nishiwaki, Kuroki and Hayami [2], the condition

(1.6) shows that
f(z)
Re<zf’(z) > (z € U),
which means that f(z) € Si(«). This condition (1.6) gives us that the image of U

! 1 1
by 2f'z) is inside of the circle with the center at — and the radius —. Thus if
f(2) 20 2a

1
0< ag the condition (1.6) is better than (1.5). This is the motivation to discuss
of the classes S, (a) and K. (a).

(1.6)

(z € )

Remark 1.2. Let us consider the function f(z) = ze!=®)*. Then, we have that

2f'(2)

1.7 =2-« z € U).

(17) e (zeU)
This shows us that

Zf”(2)>

1.8 Re >0 2eU

(18) (75 ev)
which gives that f(z) is starlike in U and f(z) € S« <21> for O < 1. If we take

-«

1 .
« = =, then the function f(z) = zez maps U onto the following domain which ia

starlike with respect to the origin.
Furthermore, the function

1 1
f(z) = 17(6(1*0‘)2 —1) (0 < 1) belongs to the class K, <2
-«

—a
2f!(2) = ze(l=)* € S, (1>

2—«

> because

Remark 1.3. Argument estimates for f(z) in the class S, (a)) will be found in the
paper by Ravichandran and Kumar [3].
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2. COEFFICIENT INEQUALITIES

In order to consider some coefficient inequalities for f(z), we have to recall here
the following definition. Let p(z) be analytic in U with

(2.1) p(z) =1+ciz+cpz® 4.
If p(z) given by (2.1) satisfies
(2.2) Rep(z) >0 (z €,

then p(z) is said to be Carathéodory function in U. We denote by P the class of
Carathéodory functions p(z) in U. It is well known that

(2.3) len|2 (n=1,2,3,--+)
and the equality holds true for
1
(2.4) p(z) = 2 (see Carathéodory [1]).

C1-z
Using the coefficient inequality (2.3), we derive

Theorem 2.1. If f(z) € S.(c), then
n—2

n—1
k=2

with |as]2(1 — «) and |as|(1 — a)(1 + 2|as]).

Proof. If we define the function p(z) by

e
_ 2f'(2)

(2.6) p(z) = T 1_a
for f(z) € Si(a), then p(z) € P. It follows from (2.6) that

(2.7) f(z) = 2f'(2) (@ + (1 — a)p(2)),
that is, that

(2.8) z—l—Zanz” = (z+Znanz”)(1+ (1 —a)chz”).
n=2 n=2 n=1

This gives us that

=1+4+caz+c22+- -

11—«

(2.9) an = T (cn—1 + 2a2¢n—2 + 3agcp—3+ -+ (n— Day_1c1).
Noting that |¢,|2 (n =1,2,3,---), we obtain that

2(1 —«
(2.10) |an|%1)(1 + 2|ag| + 3lag| + -+ - + (n — 1)|an—1]).
This implies that
(2.11) laz]2(1 — @)
and
(2.12) laz|(1 — a)(1 + 2|as]).
For n = 4, we also see that

2(1 — «

(2.13) 100/ 22— (4 4 90y ] + 3las])

3
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2(1 — )
3
_ 201 — o)1 +2[as)
3

which proves that (2.5) holds true for n = 4. We suppose that the coefficient
inequality (2.5) holds true for n = j. Then, (2.10) shows that

2(1 - «)

(14 2]az| + 3(1 — a@)(1 + 2|az]))

(4 - 3a),

(2.14)  aj (1 +2ag| + 3las| + 4laa| + - + (7 = Dla;-1] + jlas])

2(1;0‘) {1 +2laz] + 3(1 — ) (1 + 2laz|) + 4M(1 T 2laal)(1 4 3(1— )

2(1 — - Q)1+ k)
+--~+T (1 + 2|az)) 1;[( k)}

201 — o) (1 + 2las|) ¢ 2(1 — a)(1 + k)
s, mospn)

k=2
Thus, (2.5) holds true for n = j + 1. Therefore, applying the mathematical induc-
tion, we prove the coefficient inequality for n = 4,5,6,---. (|

Remark 2.1. If we take |az| = 2(1 — «), then (2.5) becomes

n—2

—1
k=2
with |as| = 2(1 — @) and |az|(1 — «@)(5 — 4a).
Corollary 2.1. If f(z) € S,, then

n—2
(2.16) a2 202D T <3k+2> (n=4,56,--")

n—1 Pt k

with |az2|2 and |az|1l + 2|az].

For f(z) € K.(«), we have
Theorem 2.2. If f(z) € K.«(«), then

(2.17) \an\z(l a)(1 + 2az|) 17 H <1+2(1a]z(1+k)> (n=4,5,6,---)

n(n—1) Pt

(1 = a)(1 + 2[as))
3 .
Proof. We note that f(z) € K.(«) if and only if zf'(2) € S.(«). This shows that

(2.18) S ﬁ( 1‘“,2““”)

with |as|l — a and |as]

forn =4,5,6,---, |az|l — «, and 3|as|(1 — a)(1 + 2|az|). This completes the proof
of the theorem. d
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Remark 2.2. If |as| = 1 — «, then (2.17) becomes

(219)  |a, 2L= 2B = 20) ]:[ <1+ 2(1_0‘)(1+k)> (n=14,5,6,---)

n(n—1) P k
with |as| =1 — « and |a3|w.
Corollary 2.2. If f(z) € K, then
(2.20) |an|2(;(23‘1‘§)7§<3k;2> (n=14,56,)
with |az|1 and |a3|1+T2‘a2‘.
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