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DENSITY PROBLEMS IN Lf(T,R) SPACE

A. BENAISSA CHERIF, A. HAMMOUDI, F. Z. LADRANI

ABSTRACT. In this paper, we present a generalization of the density C,.4(T,R)
in LZ(T,R), where T is a limited time scale. We use the notions of equi-
integrability L% ([a,b], R) and convergence in measure.

1. INTRODUCTION

The study dynamic on time scales, which has been created in order to unify
differential and difference equations, is an area of mathematics that has been subject
of interest. Moreover, a lot of results in this area have been deeply studied in
the PhD thesis of Hilger [4] and the monographs the Bohner and Peterson, [1, 2]
Lakshmikantham et al [5] and the references therein.

Recently, the Lebesgue A-integral has been introduced by Bohner and Gu-
seinov in ([2], Chapter 5). For the fundamental relationship between Riemann
and Lebesgue A-integrals see A. Cabada, D. Vivero [3]. The goal of this paper is
to investigate the density propriety between a space of rd-continuous function and
Lebesgue A-integral. This is the first step in this direction. In the sequel could be
interesting to deepen this study in Morrey spaces LP*; (see e. g.[6] ).

2. PRELIMINARIES

We will briefly recall some basic definitions and facts from time scale calculus
that we will use in the sequel.

Let T be a closed subset of R. It follows that the jump operators o,p : T — T
defined by

o(t):=inf{se€T:s>t} and p(t) :=sup{s e T:s <t}

(supplemented by inf() := supT and sup@ := inf T) are well defined. The point
t € T is left-dense, left-scattered, right-dense, right-scattered if p(t) = ¢, p(t) <
t, o(t) =t, o(t) > t, respectively. If T has a right-scattered minimum m, define
Ty := T —{m}; otherwise, set T}, = T. If T has a left-scattered maximum M, define
Tk := T — {M}; otherwise, set T* = T.
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Lemma 2.1. The set of all right-scattered points of T is at most countable, that
is, there are J C N and {t;};e; C T such that

Ri={teT,o(t) >t} ={t;}ec,.

Definition 2.2. The function ¢ : T — R will be called rd-continuous provided it
is continuous at each right-dense point and has a left-sided limit at each point, we
write p € Crq(T) = Crg(T,R).

Definition 2.3. Assume ¢ : T — R is a function and let t € T*. Then we define
f2 to be the number (provided it exists) with the property that given any € > 0,
there is a neighbourhood U of t (i.e.,U = (t—6,t+0)NT) for some § > 0 such that

o(a(t) = d(s) — 92 (B)[o(t) — 5| <elo(t) —s|, for all s € U.
We call f~ the delta (or Hilger) derivative of f at t.

C(la, b]T,R) is the Banach space of all continuous functions from [a, b]T into R
where [a, bt = [a,b] N'T with the norm

[€]loo := sup [z(t)].
t€(a,b]r

Remark 2.4. It is known that if ¢ is continuous, then it is rd—continuous. More-
over, if ¢ is delta differentiable at t, then it is continuous there.
Definition 2.5. The function F' is an antiderivative of f : T — R provided

FA(t) = f(t) for eacht € T*.
Definition 2.6. The function p: T — R is said to be regressive if

14 u(t)p(t) #0  for allt € TF,

where u(t) := o(t) —t is called the graininess function. The set of all regressive and
rd-continuous functions f : T — R. We denote by:

R(T) = R(T,R).

In this section, bearing in mind the criterion for 1-measurability of sets, we
compare Lebesgue A-measurable functions with Lebesgue measurable functions.
In order to do this, given a function ¢ : T —R, we need an auxiliary function
which extends ¢ to the interval [a, b] defined as

| o), ifteT,
Pt) = { o(t;), ifte(tj,oft;)), forall j e (1)
Let E C T, we define
Jg={jeJ:tje ENR},
and _
E=Bu | (o). (2)
Jj€JE
Proposition 2.7. ([3]) Let A C T. Then A is a A—measurable if and only if, A
is Lebesgue measurable.
In this case the following properties hold for every A—measurable set A :
1. Ifb¢ A, then
pa (A) = pr (A)+ Y ulty).
Jj€Ja
2. pua (A) = pr (A) if and only if b ¢ A and A has no right-scattered point.
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Definition 2.8. ([3]) We say that ¢ : T — R = [—o00, +-00| is A—measurable if
for every a € R, the set

¢ ([~o0,a)) ={teT:p(t) <a}
is A—measurable.
Theorem 2.9. ([3]) Let E C T be a A—measurable such that b ¢ E, let E be the
set defined in (2), let ¢ : T —R be a A—measurable function and @ : [a,b] — R
be the extension of ¢ to [a,b]. Then, ¢ is Lebesque A—integrable on E if and only
if ¢ is Lebesgue integrable on E and we have

ar= [ Fwa= [ ewdt Y nit) o). 3)
/E@ /Ew /Eso j;JEM ¢

Definition 2.10. Let p € [1,+00) and ¢ : T —R be a A—measurable function.
We said that ¢ belongs to LY (T,R) provided that

/ lp(s)|PAs < +o0.
la,b)NT

Let us define a second type of extension for a function ¢ on [a, b]. We introduce
the following function

o(t), ift e,

o(t) == o(o (t;)()t_) e(t)) (t—t;)+p(t;), ifte(tj,ot;)), forall jeJ (4)

3. MAIN RESULTS

We will need the following auxiliary result in order to prove our main density
theorem.

Proposition 3.1. Let p € [1,+00), L (T,R) is a Banach space equipped with the

norm
1
p
lllee (rgy == / o(t)PAL) .
la,b)NT

Proof. 1t is clear that L% (T,R) is a normed space. Now we show that L\ (T, R)
is a Banach space. Let (¢n), oy be a Cauchy sequence in L\ (T,R), then for all
e > 0, there exists ng(e) € N, such that, for all n,m > ng, we have

lon = emlle (r ) <€

By (3) we obtain that (&), cy is a Cauchy sequence in LX ([a,b] ,R). It follows
that, since L% is a Banach space, then there exists ¢ € L% ([a,b],R) such that

Pn — ¥ as n — o0o.
Since
o(ty)
/ 1B (1) — G (D < / Bn () — G ()P, forall jeJ,  (5)
tj [aab[
and

o(t;)
[ B0 = 0 de = (1) o0 (6) = o ()7 forall jE T (0
tj
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for every j € J, (n (t))), ey 18 @ Cauchy sequence in R, then there exists z; € R,
such that

on(t;) = x; as n — oo.
We show that ¢ = x; on (¢;,0 (t;)), for all j € J. Also

o(t;)
/ 1B () — 0 ()7 dt < / B () — 0 (O dt, forall jeJ,  (7)
t [a»b[

and

alty) .

[ 1800~ il de =t o (1)~ " forall j € . ®)

tj

Thus
On — Y asn — o0 and z; € LY ((t;,0 (t;)),R),
this implies that
P(t) =x;, foreachte (t;,0(t;)).

Let
(W), ifteT\R,
p(t) = { z;,  ift=t;, forall j € J. ©)
Hence
[ W), ifteT\R,
o(t) = { w;, it t e[ty o (L)), forall j € J. (10)

From (10), ¢ =1 X a.e on [a,b], then (¢y), oy converges to ¢ in L (T, R). O

Set
U(t) = (t—e,t+e)NT, foralle >0, t € T.
The following remarks will be useful in the sequel.

e All the right-dense or left-dense points are accumulation points.
e For all ¢ right-dense or left-dense point, we have

sh—n>lt0 (s) =t. (11)
Let
I={jeJ:p(t;)=1t;}.
For all i € I,
a; = 1nf{); : [Ai, t;] C T}
Let

F:=T\ U [, ;] UR,
icl

I ZZ{’L'EIZOZI‘#I‘,I‘},

IQ ZZ{iEIZCMi:ti}.

Theorem 3.2. Let p € [1,00), then Cyq (T,R) is dense in L (T, R).

Proof. Let ¢ € LY (T,R), then ¢ € L&([a,b],R). Since C*([a,b],R) is dense in
L% ([a, b],R), then there exists a sequence (¢, )nen € C*([a, b], R) that converges to
@ in LY ([a,b],R), i.e.

lim W (t) — B(t)[Pdt = 0. (12)

n—oo [a,b)
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We define (uj,),

on (tl — Oél'), for all i € Il.
Then, for all ¢ € I, we have

ul, € (i, t;), for all n € N.

Set
A=, funtil, nEN,

= ST ([ud, 1)) < b;na. (13)

i€l

then

Firstly, we show that (xa,%¥n),cy converges to 0 in L% ([a,b] ,R). It is enough
to show that (xa,%n),cy converges in measure to 0 and {xa,vn,n € N} is equi-
integrable in L% ([a,b],R). For all ¢ > 0 we have

A{t € a8, [(xan ) D] > €}) = A({t € A, [10n (8)] > €})
< A4yl

Hence (¢n)nen converges in LA ([a,b],R), this implies that {¢,,n € N} is equi-
integrable in L% ([a,b],R).
Then there exists d, such that for all A in the Borel o-field B ([a, b]), with A (4) < 4,
we obtain

su};/ U (8)[° dt<s:>sup/ [(xa,tn) @) dt <e.

ne
This implies

lim [t (t)|" dt = 0.

n—-+o0o A

Since the intervals { [u;, tz]} are disjointed, then

i€l

: :D —

dm S [ =
i€l [ug,ti]

From Rolle’s Theorem, there exists 07, € (u t; ) for all + € I;, n € N, such that

mn?

L e @ra = () @)
(b = 07) [ (6) [

v

Therefore
lim (ti — 0L) |n (62)] = 0. (14)

n—-+oo
i€l

Using the fact that {(¢;,c (tj))}jeJ are disjointed intervals, then

Z/ i (8 @Wﬁfl/ i () — G (1) P dt
jeg” (t,0(t;)) U (tj,0(t;))

JjEJ

< [ wo-par
[a,b]

A
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By Rolle’s Theorem, there exists (t}) _. € (0 (t;)), for all j € J, such that

/(t ) Wn (8) — o (6) P dt = 1 (t5) [¥n (") — (tj)|p,

Hence

dim 2 (t) [ (£7) = 0 (1)]" = 0. (15)

jeJ

Let (©n),cn be a sequence defined by

U (87, if t =t;, for all j € J,
n (0 n (01 _ .

on (1) = : (Zt?_(;/i( )(t*t)+wn(t?)7 if 0, <t <t; forallicl,
¥ (), " 1ft€]:U[ozl, )

i€l
(16)
First we show that (), ¢y is rd-continuous. It is clear that (@), oy is continuous

on |J (ay,t;]. Set
i€l

W, (t)

k, := sup , forall neN.

t€la,b]
If t € FU{w,i € I}, by (11), we have for all € > 0, there exists o > 0, such that

lo(s) —t] < =, for all s € U, (t).

3k
Set

5, :—;inf<a,];>, n € N.

For all s € U5, (t), we have

e Forse F |J [a;, 0], that
el

[thn () = @n ()] = [tn (t) — ¥ (8)| < K [t — 5 <e.
e For s € [0},t;], with i € Iy, hence

| tn‘<3k7|' tn|<3kaand |57t2|§ﬁ

Therefore

[Yn () = ¥ (67)]

[Wn (8) = @n ()] < [0n (8) —n (1) + — |s — ti
< k|t —tP +k |t$—9;|| il
= n i n tl—H;L S i
< b [t — 7] A+ Fo |5 — ti] 4 e |1 — 1] < e

e For s =t;, with j € J, then |t7 t”| < hence

3,
[ () = o ()] = [ (8) = P (£) | < Bn [t = £7] <.
This implies that for all t € FU{«;,i € I}.
slint¢n (8) = ().
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Now we show that (), oy converges to ¢ in LR (T,R). It is enough to show that
(¢n)nen converges to ¢ in L (T,R). We have

/m —elPdt = / | \wn(t)—w(t)l”dw/ pn (8) — o (B dt
U 1681 F U [asbil
i€ly i€l
< / | \son<t>—so<t>|pdt+/ i () — 3 (1) P dt
U [9—7,}7“] [a7b[
=
< o / o (D7 dt + 271 / o (1)P dt
U [0%7“] U [giwtt]
i€l i€l

s -gora,
la.b]
where the following inequality has been used
(z +y)P < 271 (aP 4 yP), true Va;y € [0; +oo[; Vp € [1; +o0l.

For all n € N, we defined B, := |J [05,], we show that (xp, $),cy converges to

i€l
h—
0 in L% ([a,b] ,R). Since B,, C A, by (13) we obtain that X (B,) < 27”@- Hence
for all € > 0, we have
~ b—a
M€ [0.8], s, B (0] > ) <A(B,) < 0
Since
IxB,?| < |@|, for all n € N.
Then {xp, ¢,n € N} is equi-integrable in L% ([a,b],R), thus
lim lo ()P dt = 0. (17)

n——+4oo B

Then
on (B)]7 dt = / lon (D dt.
/U [07,t:] Z d

1 [6:1,1“]
i1y i€l

Also we obtain

t; t; N t" N 14
[ enra < 2 | (W e (”)|> (ts = )7 + [ ()7

2p71 W}n (t?) - wn (9;) |p (ti - 9;) + 2p71 W)n (t?)|p (ti - 0:},)
22 [ (B3] (85 = 0) + 2 b (E1) P (1 = 61,).
It is enough to prove that the second term converges to 0.

Do ln Pt —=0,) < D [ ()P (= upy)

1€l i€l

72” W)n tn‘

i€l

N

INIA

IN
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thus
lim lon (8)|P dt = 0. (18)
SERGRa VAU
i€l
Then, by (12), (17), and (18) we have
)P
Jim [ lea 0 - g de=0. (19)

Thus, by (3), (15), and (19) we get that

i . o (1) — ¢ (1)]” At = 0.
([
The following results are consequence of Theorem 3.2.
Corollary 3.3. Let p € (1,00), then L} (T,R) is dense in L) (T, R).
Proof. Let ¢ € LY (T,R), then by (3) we have
||80||LP (T,R) = ||5||L§([a,b],R) : (20)

Let g € (1,400), such that % + E = 1, according to Hélder’s inequality, we obtain

_ 1
12N 2t (fa b m) < (0= @) 19| L2 ((a,0.m) - (21)
By (20) and (21), we have

||<P||L1 (T,R) = <(b- a)q ||90||LP (T,R) *
Then
IX(T,R) = L} (T,R).
Since
Cra(T,R) C LA (T,R) C LA(T,R),
then LX (T,R) is dense in L} (T, R). O

Proposition 3.4. C},(T,R) is dense in C(T,R).

Proof. Let ¢ € C(T,R), then $ € C([a,b],R). Using the density of C'([a,b],R)
in C([a,b],R), there exists a sequence (¥n)nen € C([a,b],R) converging to @ in
C([a,b],R).

Let @, : T — R, t — @, (t) = ¥, (¢), for all n € N, thus ¢, is A—differentiable
on T, and % is given by:

’

U, (1) if t € T \R
A _ t:)) — t
#n () Un (0D = n () sy g e Tk forall j € J.
p(t;)
Now, we show that ¢4 is rd-continuous, for all n € N. Let t € T* a left-dense or a
right-dense point and prove that

lirrigpﬁ(s) = 4, (1), for all n € N,
5—

Since 1, € C([a,b],R), then for all £ > 0, there exists §; > 0, such that
[ (t) — . (s)| <&, forall s € (t—61,t+dy). (22)
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We define ¥,, on (¢ — d1,¢ + 1) by:

W, (5) = o () — W0, (8) (5 — 1),
By (22) we have

‘\I/;L (s)’ <e, forall s € (t—d1,t+d1).
Then ¥, is an e-lipschitz function on (¢ — d1,¢ + d1), so we get

1/); (t) _ ¢n (7—7)_ : ';/)n (8)

By (11), there exists d, > 0, such that
|o(s) —t| < 1, for all s € U, (t).
Put 0 :=inf (41, d2), for all s € Us (t) . We consider the following two cases

<eg, forall 7,8 € (t—d1,t+01), and 7 # s.

o If 5 is right-dense, then
[ (8) = 62 (5)] = [ (1) = 01, )] < .
o If s is right-scattered, one has o (s),s € Us, (t), then

W;«L (t) — on (S)| = q/,'n (t) — Un (0(5) — ¥n (s)

o(s)—s

<e.

Finally we obtain that ¢ is a continuous function at right-dense points in T, and
its left-sided limits exist at left dense points in T.
Using the inequality

llon = eller) < 1¥n = Plloo
we prove that (¢,),cy converges to ¢ in C' (T, R).
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