Electronic Journal of Mathematical Analysis and Applications
Vol. 1(2) July 2013, pp. 212-229.

ISSN: 2090-792X (online)

http://ejmaa.3owl.com/

ON A NONLOCAL PROBLEM FOR PARTIAL STOCHASTIC
FUNCTIONAL INTEGRO-DIFFERENTIAL EQUATIONS IN
HILBERT SPACES

ZUOMAO YAN, HONGWU ZHANG

ABSTRACT. This paper is concerned with the existence of mild solutions for a
class of stochastic functional integro-differential equations with nonlocal con-
ditions in the a-norm. The linear part of the equations is assumed to generate
an analytic resolvent operator, and the nonlinear part satisfies some Lipschitz
conditions with respect to the a-norm. By using Schaefer’s fixed point theo-
rem, we establish a existence result, which generalizes the recent conclusions
on this issue. In the end, an example is given to illustrate the theory.

1. INTRODUCTION

In this paper, we shall consider the existence of mild solutions for the following
stochastic functional integro-differential equations with nonlocal conditions

dz(t) = A {;z:(t) + /Ot Ft— s)z(s)ds] dt
+F(t,x(01(t)),...,a:(an(t)),/oth(t,s,x(anJrl(s)))ds)w(t), ted (1)

2(0) + g(x) = o, 2)
where J = [0, b], the state x(-) takes values in a separable real Hilbert space H with
inner product (-,-) and norm || - ||, A is the infinitesimal generator of a compact,

analytic resolvent operator R(t),t > 0 on H, and f(¢),t € J is a bounded linear
operator. Let K be another separable Hilbert space with inner product (-, )k and
norm || - ||k . Suppose {w(t) : ¢ > 0} is a given K-valued Brownian motion or
Wiener process with a finite trace nuclear covariance operator @ > 0 defined on
a complete probability space (2, F, P) equipped with a normal filtration {F;}+>0,
which is generated by the Wiener process w. We are also employing the same
notation || - || for the norm L(K;H), where L(K;H) denotes the space of all
bounded linear operators from K into H. The functions F, h,g,0;(i = 1,...,n+1),
are continuous functions and will be specified later.
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Stochastic differential equations are playing an increasingly important role in
applications to finance, numerical analysis, physics, and biology. This is due to
the fact that most problems in a real life situation to which mathematical models
are applicable are basically stochastic rather than deterministic. Recently, much
attention has been paid to existence, uniqueness and stability for stochastic dif-
ferential and integro-differential equations in the infinite dimensions case, see the
monographs [10],[16],[23], the papers [4],][22],[26],[27],[31] and the references therein.
Some classes of stochastic evolution equations have been considered by Taniguchi
et al. [28], El-Borai et al. [13], Bao and Zhou [5], Govindan [15], Ren and Chen
[25], Chang et al. [9] and the references therein.

The study of abstract nonlocal semilinear initial value problems was initiated
by Byszewski [6],[8]. Subsequently, many authors are devoted to the study of
nonlocal Cauchy problems because it is demonstrated that the nonlocal problems
have better effects in applications than the classical Cauchy problems, we refer
the reader to [1],[7],[11],[14],[20],[21],[24],[30] and the references contained therein.
Very recently, several papers have appeared on the nonlocal problem of existence
of solutions for semilinear stochastic differential equations and integro-differential
equations in Hilbert spaces. For example, Balasubramaniam and Ntouyas [2] in-
vestigated global existence of solutions for a semilinear stochastic delay evolution
equation with nonlocal conditions. Keck and McKibben [19] showed the global
existence and convergence properties of mild solutions to a class of abstract semi-
linear functional stochastic integro-differential equations. In paper [3], the authors
discussed the existence of mild and strong solutions of semilinear neutral functional
differential evolution equations with nonlocal conditions by using fractional power
of operators and Sadovskii fixed point theorem. The purpose of this paper is that we
continue the study of these authors. We get the existence results for mild solutions
of problem (1)-(2) with -norm as in [14] when the nonlocal item g is only depends
upon the continuous properties. Our results are based on the Banach contraction
principle and Schaefer’s fixed point theorem combined with theories of analytic re-
solvent operators. The nonlocal Cauchy problems for nonlinear integro-differential
equations with resolvent operators considered here serve as an abstract formulation
of partial integro-differential equations which arise in various applications such as
viscoelasticity, heat equations and many other physical phenomena [17],[18],[21].

This paper will be organized as follows. In Section 2, we will briefly recall some
basic definitions and preliminary facts to be used in the following sections. Section
3 is devoted to the existence of mild solutions of problem (1)-(2). Finally, a concrete
example is presented in Section 4 to show the application of our main results.

2. PRELIMINARIES

Let (,F,P;F)(F = {F:}+>0) be a complete filtered probability space satis-
fying that Fy contains all P-null sets of F. An H-valued random variable is an
F-measurable function z(t) : € — H and the collection of random variables
S = {z(t,w) : Q@ — H|t € J} is called a stochastic process. Generally, we just
write x(t) instead of x(t,w) and x(t) : J — H in the space of S. Let {e;}32, be
a complete orthonormal basis of K. Suppose that {w(t) : ¢ > 0} is a cylindrical
K-valued Wiener process with a finite trace nuclear covariance operator Q) > 0,
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denote Tr(Q) = Y ;o A = XA < oo, which satisfies that Qe; = M;e;. So, actu-
ally, w(t) = >0, VAiw;(t)e;, where {w;(t)}52, are mutually independent one-
dimensional standard Wiener processes. We assume that 7, = o{w(s) : 0 < s < t}
is the o-algebra generated by w and F, = F.

Let L(K; H) denote the space of all bounded linear operators from K into H.
For hi,hy € L(K; H), we define (hq,h2) =Tr(h1Qh%) where h} is the adjoint of
the operator hy and @ is the nuclear operator associated with the Wiener process,
where @ € L?(K), the space of positive nuclear operator in K. For ¢ € L(K; H)
we define

|4 [IG= Tr(¥Qy™) Z I v/ Anten |% -
n=1

If || ¥ |[o< oo, then ¢ is called a @Q-Hilbert-Schmidt operator. Let Lg(K;H)
denote the space of all @Q-Hilbert-Schmidt operators 1. The completion Lg(K; H)
of L(K’; H) with respect to the topology induced by the norm || - |l where || ¢ [|3,=
(1,1) is a Hilbert space with the above norm topology. For more details, we refer
the reader to Da Prato and Zabczyk [10].

Now, we give knowledge on the resolvent operator which appeared in Grimmer
and Pritchard [18].
Definition 2.1. A family of bounded linear operator R(t) € L(H) for t € J is
called a resolvent operator for

d”;it) = A[x(t) + /O tf(t— s)x(S)dS} )
if

(a) R(0) = I, the identity operator on H.

(b) For each x € H, R(t)x is continuous for ¢ € J.

(¢) R(t) € L(Y),t € J, where Y is the Banach space formed from D(S) endowed
with the graph norm. For y € Y, R(-)y € C*(J,H) N C(J,Y) and

ZRU [ y+/f —s) yds}:R(t)Ay-i-/OtR(t—s)Af(s)yds,teJ.

Let 0 € p(A), then it is possible to define the fractional power A%, for 0 < a < 1, as
a closed linear operator on its domain D(A®). Furthermore, the subspace D(A®)
is dense in H and the expression || z ||o=| A%z ||, « € D(A®), defines a norm on
D(A%) which will be denoted by H,.

Lemma 2.1([18]). Under the above conditions, we have:

(1) A*: H, — H, then H, is a Banach space for 0 < o < 1.

(2) If the resolvent operator of A is compact then H, — Hpg is continuous and
compact for 0 < 8 < a.

(3) For every 0 < o < 1, there exists a constant M, > 0 such that

M,
| A“R(t) ||< ?aa 0<t<b.

Let Lo(€Q, 7y m) denote the Hilbert space of all F;-measurable square integrable
random variables with values in H. Let L (J, H) be the Hilbert space of all square
integrable and F;-measurable processes with values in H. Let C(J) be the Banach
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space C(J, H,) and C denote the Banach space C(J, Ly(2, F, H)) the family of all
Fi-measurable, C(J)-valued random variables = with the norm

1
|z lle= sup (E | =(t) [|2)>.
0<t<b

Let L3(Q, C)denote the family of all Fy-measurable, C-valued random variables z(0).
Definition 2.2. A stochastic process x € C is called a mild solution of (1)-(2) if
(1) o, g(x) € LY(Q,C);

(ii) o + g(x) = xo;

(iii) z(t) € H has cadlag paths on ¢ € J a.s., and it satisfies the following integral
equation:

2(t) = R(D)[zo — g /Rt—s
XF(S,(E(O’l(S)), o x(on(s)), -/05 h(s,, {E(Un+1(7')))d7') dw(s), t € J.(4)

Lemma 2.2 ( Schaefer’s fixed point theorem [12]). Let X be a normed linear space.
Let @ : X — X be a completely continuous operator, so that , it is continuous and
the image of any bounded set is contained in a compact set and let

C(Q)={z € X :2=MQux for some 0 < XA < 1}

that ((Q) is unbounded or @ has a fixed point.

For some a € (0,1), we assume the following hypotheses:

(H1) A is the infinitesimal generator of a compact, analytic resolvent operator
R(t),t > 0 in the Hilbert space H and there exists constant M such that

| R(t) |P< M, t e J.

(H2) The function F : Jx H?™ — L(K; H) is continuous and there exist constants
lg) > 0,11 > 0, such that for all z;,y; € Hy,i =1,...,n+ 1, we have

n+1
|| F(t,$1,$27...,$n+1) _F(t7y1ay27" yn-i-l H2<l |:Z H Ti —Yi ||0‘:|’

and
— 2
ll—r?eajc | F(¢,0,...,0) ||*.

(H3) The function F' : Jx H**! — L(K; H,) is continuous and there exist constants
lg) > 0,1y > 0, such that for all z;,y; € Hy,i=1,...,n+ 1, we have

n+1
| E(twr, @2, s nst) = F(t g1, gore oy yms) 2 12 [Z | i — v ||i],

and
Iy = max || F(t,0,...,0) |2 .
teJ

(H4) There exists a positive number 8 with o < 8 < 1 such that F : J x H**1 —
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L(K; Hp) is continuous and there exist constants lg’) > 0,13 > 0, such that for all
i,y € Hy,i=1,...,n 41, we have

n+1
|| F(ta$17w27"'>xn+1)_F(t’ylay27"'7yn+1 H,B<l |:Z|| Ty —Yi H :|

and
I3 = F(t,0,...,0) 3.
3 I?Ea}(” (7 ) 7)”6

(H5) The function h : J x J x H, — H, is continuous and there exist constants
Ih > 0,1'" > 0, such that for all 2,y € H,,

H h(t,s,.’L‘) - h(t78vy) ||2 < lh || r—y ||i7

and

1M = max | A(t,s,0) [

h 0< 9
(H6) 0; : J — J,i=1,...,n+ 1, are continuous functions such that o;(t) < t,i =
1,....,n+1.

(H7) The function g(-) : C — H, is continuous and there exists a § € (0,b) such

that g(¢) = g(v) for any ¢, € C with ¢ =1 on [, D).
(H8) There is a constant ¢ > 0 such that

E | 9(¢)

0 < limsup I <ec ¢ eC.

l¢llc—o0 ” o} HC

3. MAIN RESULTS

Theorem 3.1. Let 2(0) € L(£,C). If the assumptions (H1), (H2) and (H5)-(HS)
hold and

16145 M2 Tr(Q) (nt4,b2)p1 —22

16Mce T-2a <1, (5)

then the nonlocal Cauchy problem (1)-(2) has a mild solution on J.
Proof. Let [y > 0 be a constant chosen such that

¢
~ 1= sup {Mglg)Tr(Q)(n + lhb2)/ e lolt=s)(t — s)_z‘)‘ds} <1,

teJ 0

and we introduce in the space C the equivalent norm defined as
_ 1
I'¢ lv:=sup(e ™ E || ¢(t) |12)=.
teJ

Then, it is easy to see that V := (C,|| - ||v) is a Banach space. Fix v € C and for
t € J, ¢ € V, we now define an operator

(Pu)t) = R0 ~go) + [ Rt
XF(s,qﬁ(ol(s)), ey O(on(8)), /05 h(S,T,¢(0n+1(T)))dT> dw(s). (6)
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Since R(-)(xg — g(v)) € C, it follows, from (H2),(H5) and (H6), that (P,¢)(t) € V
for all ¢ € V. Let ¢, ¢ € V, we have

e B | (Pug)(t) — (P)(t) |12
<eotp H / "R ) [F ( $01(6)) s (09, [ b7, 600027 )

2

= (5.0 ) tln(3). [ o b0 (i) |t

«

< M2 T(Q) / el (¢ — >E[ | ¢(o1(s)) — w(o1(s)) 12

+ot | dlon(s)) = vlon(s) 12
+ b/ I h(s,7,6(0n+1(7))) = h(s, 7, ¢(0ns1 (7)) II2 dT} ds
0

t
< MAPTH(Q) / emlol(t — 5)720 [el°01<s> supe 0 F || ¢(s) — i(s) ||
0 seJ

+ e+ elOUn(S) sup e_losE H ¢(S) - 1/1(3) ||i
seJ

—|—lth‘/Oé || ¢(Jn+1(7-)) —7/1(0n+1(7)) H(zl dT:| ds

t
<MPTQ) [ s [nl sup e~ B || ¢(s) — %(s) |
0 seJ

RO sup e | 6(5) 06) 12
seJ

t
<MPTHQ) [ g [n supe=o"B || ¢(s) — (s) |2
0 seJ

Ul sup e B | 9(5) ~ 009 ||i]ds
se

t

< M2DTHQ)(n + 1nh?) / =9t — 5)72ds || §— o |3
0

<ylo—vl|%, tel

which implies that

e TE || (Pug)(t) — (Pb)(t) I2< v o= |}, te
Thus
| Pop— Py [5<v o= I}, o0 eV

Therefore, P, is a strict contraction. By the Banach contraction principle we con-
clude that P, has a unique fixed point ¢, € V and Eq. (6) has a unique mild
solution on [0, b]. Set

(o) i te (s
®) { o(8) if te[0,0].
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From (6), we have
b5(t) = R(D)[zo — 9(9)] + / Rt - s)

xF(s, o5(01(8)), .., (bf,(an(s)),/o h(s,T, d){,(O’n_;,_l(T)))dT) ds. (7)
Consider the map ¥ : Cs = C([6,b], L2(Q, F, H)) — C5 defined by

(Wv)(t) = ¢s(t), t € [5,b]. (8)

We shall show that ¥ satisfies in all conditions of Lemma 2.2. The proof will be
given in several steps.

Step 1. The set G ={v €Cs: A€ (0,1),v = A¥(v)} is bounded.

Indeed, let A € (0,1) and let v € Cs be a possible solution of v = AV (v) for some
0 < A < 1. This implies, by (7) and (8), that for each ¢ € (0,b] we have

u(t) = Abs(t) = AR(t) o — g(3)] + A / R(t—s)

XF<S,¢§(O’1(S)),...,¢@(Un($)),/ h(S7T7 ¢ﬁ(0n+1(7)))d7-) dUJ(S) (9)
0

From conditions (H8) and (5), we conclude that there exist positive constants e and
~* such that, for all || ¢ ||c> v*,

1614 M2 Te(Q) (n+4ty, )bl =22

Eg@) 2<(c+e) [l oIz, 16M(c+e)e s <1l (10)
Let

Gi={o:l[ o<y}, Ga=A{¢:] ¢ lle>7"}
Cy = max{|| Eg(¢) ||2,¢ € G1}.
Thus,
Elg@) asCitct+ellolz. (11)
By (H2), (H5), (H6) and (11), from (9) we have for each ¢t € (0,b], || v(¢) |o<||
¢ﬁ(t) Ha and

E || 6(t) |2 < 4E | R(®)zo — g(0)] |2 +4EH JRCE

X F(S,%(Ul(S)% ~-~7¢ﬁ(0n(8))7/05 h(s,, ¢)ﬁ(0n+1(7)))d7—> dw(s)

[

< AME| 2o + g(5) |12] + 4M2HTH(Q) / (t—s)2

2

< B |[F(5.05(01(6). o dulon(o). [ s, 5(oa (e ) |

t
<I6ME[ a0 | + 1 9(5) 2]+ 16M2T5(Q) [ (= 5)7>

<[ P (5050160 5006, [ o 00nia ()

2
— F(s,0,...,0)

+ | F(s,0,...,0) |2}ds
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t
< 16MIE || 20 % +E || 9(3) 2] + 16M2Tr(Q) / (t—s)2
0

x {l%”[ sup B || 63(s) |2+ + sup B || 6ols) |2
5€(0,b] 5€(0,b]

40 [ 1] bls, 7 60(oma (1) — hss70) % + 1 s, 70 ||i]dr] n zl}ds
0
<16MIE || 2o |2 +C1 + (c+ ) || 5 |12] + 16M§Tr<Q)/ (t — 5)2
0

‘ {z;” [n sup E || ¢a(s) |2 +46%(tn sup E || a(s) |i+1£3>>] +z1}ds
s€(0,b] s€(0,b]

<M*+16M(c+e) || 72

t
+ 161§$>M§ﬂ(Q)(n+4zhb2)/ (t—s)"2 sup E || ¢5(s) |2 ds,
0 s€(0,b]

16M2Tr(Q)b" —2 (4b2

1,
1010 11y) .
=y . Using the Gron-

where M* = 16M[E || zo ||o +C1] +
wall’s inequality, we get

stl(})b]E I ¢5(t) |15 < [M* +16M(c+e) || o [|2]e”.
se(0,

16180 M2 Tr(Q) (n+4l),b%)b* —2*
1—2«

where n =
quently,

, and the previous inequality holds. Conse-

[ v][Z < [M*+16M(c+e) || 7 [|2]e”,
therefore we have
Y — -
v 00
€= 1—-16M(c+ e)en

Thus the proof of boundedness of the set G is complete.

Step 2. ¥ maps bounded sets into equicontinuous sets of Cs.

For each constant r > 0, let

v € C.(d) := {¢ €Cs: sup E || o(t) A< r}.
5<t<b

Then C,.(9) is a bounded closed convex set in Cs. Let v € C,.(6), § < t1 <ty < b,
and € > 0 be small. Note that
2

B|F (s.05ler(o).... onfoa o). [ hiourbn(anin()ir)

< || (565001061 tn(0n ). [ o7 05(00n ()7

2
— F(s,0,...,0)

| F(5,0,...,0) ||2]

< 4IS>E[ | 65 () I + -+ || d(on(s)) 2

’ H /08 h(s, 7, ¢s(ons1(7)))dr

}+4ll

63
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<4l(p”{ sup E || ¢5(s) |2 + -+ sup B | ¢3(s) |12
s€(d,b] s€[d,b]

b8 [ 11 hs,mdnfnn (7)) = hsv0) 2 + 1 h(s,7.0) i]df} 4,

<a®) [n sup B 1 60) 2+ s £ 610 1 +Z§3’1} -
s€[d,b s€[d,b

s€[4,b]

< 41V [(n + 41ub?)r + 46%1] + 41y == M.
‘We have
E || Wu(ta) — To(ty) [|2

<16E || [R(tz) — R(t1)[xo — 9(0)] |12 +16EH / Rits — ) — R(t, — 5)]

2

Y F<s,¢@<cfl<s>>,...m(on(s)), | s, sl rar s

e}

+16EH/ Rlts —5) — R(tr — )]

2

< F (50519 05(0n(0). [ 5,785 (7)) )

to
+ 16EH / R(ts — s)
t1

X F<5, o5(01(8)), .-+, (ZS{,(O'H(S)),/O h(s, T, ¢g(0n+1(7)))dT> ds
< 16E || [R(t2) — R(t1)][zo — g(@)] |12

+ 16M**Tr(Q)</o ) AR (s 5) — Rl - )] | ds

2]

[

2

e}

+ / i | A*[R(ty — s) — R(t, — s)] ||? ds +/ | A*R(ty — s) ||? d5>

t1—¢ t1

< 16E | [R(t2) — R(t1)][xo — g(®)] |12

+ 16M**Tr(Q></o B | A%[R(ta — s) — R(t; — s)] ||? ds

2
+ . _;a[(tQ _ t1)172a _ (t2 —t — 6)17204 + 617204]
: 1-2
to —t1) ).
gt )

The right-hand side of the above inequality tends to zero as to —t; — 0, with ¢ is
sufficiently small, since R(t) is strongly continuous and the compactness of R(t) for
t > 0 implies R(t),A*R(t) the continuity in the uniform operator topology. Thus
¥ maps C,(d) into an equicontinuous family of functions.

Step 3. The set W(t) = {¥(v)(t) : v € C.(6)} is relatively compact in H.
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Let § <t < s < b be fixed and ¢ a real number satisfying 0 < ¢ < t¢. For
v € Cr.(9), we define

(Wo0)(t) = R(t)[zo — 9(0)] + / R )
X }7'<s7(;51~,(01(s))7 vy G5 (00 (8)), /05 h(s, T, ¢5(0n+1(7)))d7> dw(s).

Since the compactness of R(t) for ¢ > 0, we deduce that the set U (t) = {(¥.v)(¢) :
v € Cp(0)} is relatively compact in H for every e, 0 < & < t. Also, for every
v € Cy(0), we have

E | (Fv)(t) = (Pev)(#) |2

<FE R(t—s)

’ t
t—e

< F (528590l (0). [ .75 (7)) )

2

[0

t 2 ok
M2M
§M§/ (t—s)2*M**ds < 10‘ 5 gl2e,
t — 2

—€

Therefore, letting € — 0, we can see that there are relative compact sets arbitrarily
close to the set W(t) = {(Tv) : v € C.(d)}, and W (¢) is a relatively compact in H.
It is easy to see that ¥(C,(0)) is uniformly bounded. Since we have shown ¥(C,(4))
is equicontinuous collection, by the Arzeld-Ascoli theorem it suffices to show that
U maps C,(0) into a relatively compact set in H.

Step 4. ¥ : C5 — Cs is continuous.

From (6) and (H2),(H5), we deduce that for vi, vy € Cr(6), t € [0,],

E | éon(t) — bo(8) |2
< AE || RW)lg(or) — g(o)] |2 +4EH | re-
‘ [F(¢> (01(5)), s 611 (0n(5)), / " h(s.m 60, (anmﬂ))ch)

2

= (5001 blon(9), [ 1o 0ms ()i ) e

[e3

<AMEB | gf51) —o(52) I+ METQ) [ 9
< B| 1 0(01(9) = 6, (aa(9) 2 -+ | 65, (0(5) = b (0] I
£ [ b0 0 (7)) = 7o () 1 ] ds

<AMEB | gfe1) —o(52) I+ METQ) [

x [ sup || 65, (5) — 00a () |2 + -+ sup B dns(s) — da(5) 2
s€[0,0] s€[0,b]
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108 [0 (0w (7)) — b s () I d{ ds
0
1 t
< AME || g(61) — g(52) |2 +415) M2Te(Q) / (t—s)2
0

X |:n sup E ” (bf)l(s) - ¢f12 (S) ||i +lhb2 sSup E ” (bf)l (S) - (;5{,2(8) ||3v ds
s€[0,b] s€[0,b]

<AME || g(1) — g(2) ||
t
+ AIDMTHQ) (n + 1) / (4=9)7 sup B 95, (5) = 60,9 3 s
0 te[0,b

Using again the Gronwall’s inequality, we have that, for ¢, v1,v9 as above,

41%”MgTr(Q)mth?)bl*?a

Sl[épb]E I ¢5, () — s (1) 2< AM e e E | g(01) — g(52) Ila
te|0,

for all ¢t € [0, ], which implies that

41 M2 Tr(Q) (nt1, b2)p1 —22

| Woy — Wuy [lc< 4Me e E || g(t1) - g(@2) |2

for all t € [4,b], v1,v2 € C.(d). Therefore, ¥ is continuous.

These arguments enable us to conclude that ¥ is completely continuous. We
can now apply Lemma 2.2 to conclude that ¥ has at least fixed point 0, € Cs. Let
x = ¢p,. Then, we have

x(t) = R(t)[xo — g(0.)] +/0 R(t — s)
XF(s,x(ol(s)), ...,x(an(s)),/os h(s,7,x(an+1(7)))dT> ds. (12)

Note that @ = ¢, = (P0,)(t) = s, t € [6,b]. By (H7), we obtain

This implies, combined with (12), that z(¢) is a mild solution of the problem (1)-(2)
and the proof of Theorem 3.1 is complete.

Theorem 3.2. Let 2(0) € L(,C). If the assumptions (H1), (H3) and (H5)-(HS)
hold and

16M06161(F?)MTT(Q)(n+4l}Lb2) < 17 (13)

then the nonlocal Cauchy problem (1)-(2) has a mild solution on .J.
Proof. Let [y > 0 be a constant chosen such that

t
1 = sup {MZ(F?)’IY(Q)(n—i— lth)/ e_l"(t_s)ds} <1,
teJ 0

and V, P,, ¥ as in Theorem 3.1. Therefore, P, has a unique fixed point and Eq. (6)
has a unique solution ¢, € V. Define the operator ¥ : C5 — Cs as (8). In order to
apply Lemma 2.2, we first give the set G is priori bound. In fact, by (H3), (H5)
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(H6) and (11), from (9 ) we have for each t € (0, ],
E |l ¢s(t) 2

<4 || ROl - 9(o)] 12 +45 | [ R(—s)

X F(S, $5(01(5)), -, i (om(s)), /OS h(s,, ¢17(0'n+1(7')))d7'> dw(s)

< AME]|| wo + 9(0) ||I2] + 4MTr(Q)

<[ tEHF(s,o:f,(am»,...,¢ﬁ<an<s>>, | h(s,f,¢ﬁ<an+l<r>>>df)

< 16ME|| zo ||IZ + || 9(®) [|2] + 16MTr(Q)
« /O E{ F(s,gzﬁ;,(al(s)),...,qﬁg(an(s)),/o h(s, T, ¢ﬁ(an+1(7)))df>

2
— F(s,0,...,0)

e

2
ds

e

| F(s,0,...,0) ||i]ds

«

<16MIE || zo [I2 +E || 9(2) 2]

t
c16mrmQ) [ {I2] sup Bl6u(o) 4+ s B 6nlo) I
0 s€(0,b] s€(0,b]

408 [0 1o 00(0012 (1) = 16,70 Lo+ | 1(sv7.0) (3] + 12 s
0
< 16M[E || zo |2 +C1 + (c+¢€) || ¥ ||2] + 16 MTr(Q)
t
<[ {z&? [n sup E || 65(s) |2 +46%(ln sup E || d(s) |12 +ZS>>} +zg}ds
0 s€(0,b] s€(0,b]
< M7 +16M(c+e€) || 7 [lc 1612 MTe(Q)(n + 41,b%)
t
x / sup E || d(s) |2 ds,
0

s€(0,b]
where M} = 16 M[E || zo || +C’1]+16MTr(Q)[4b21g)l§bl)+lg]. Using the Gronwall’s
inequality, we get

sup B || ¢5(t) |2 < [My +16M(c+€) || 7 ||cle™,
s€(0,b]
where n; = IGZf)MTr(Q)(n + 4l,b%). Consequently,
v lIg < [M7 +16M(c+e) || @ [lcle™.

Since 16M (¢ + €)e™ < 1, we have
Miem <
6M (c+ €)em >
Thus the proof of boundedness of the set G is complete. The proofs of the other
steps are similar to those in Theorem 3.1. Therefore we omit the details.

Theorem 3.3. Let x(0) € LY(Q,C). If the assumptions (H1), (H4) and (H5)-(HS8)
hold and

2
<
v lEs —

16 M cel6U 1A% P | MTr(Q) (n+41,b?) 1, (14)
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then the nonlocal Cauchy problem (1)-(2) has a mild solution on .J.
Proof. Let [y > 0 be a constant chosen such that

t
Yo := sup {Mﬂ;) | A8 || Te(Q)(n + lhb2)/ e_lo(t_s)ds} <1,
teJ 0

and V, P,, ¥ as in Theorem 3.1. Therefore, P, has a unique fixed point and Eq. (6)
has a unique solution ¢, € V. Just as in the proof of Theorem 3.2, we only show
that the set G is priori bound. In fact, by (H4), (H5), (H6) and (11), from (9) we
have for each ¢ € (0, b],

B ¢5(t) II2

<48 || ROl - 9] 12 +45 | [ 42t~ )

2

BF( s, ds(o1(s s ooy @500 (8)), ) 8, T, O (On+1(7)))dT |dw(s
><AF<7¢U(()) ¢>(())/Oh( ¢>(+()))d>d()
< AME[|| wo + 9(0) [la] +4 || A7 || MTx(Q)

</ g F (526510 nts(on(e). [ his 700 () )|

B
< 16ME(| 2 |2 + | 9(3) 2] + 16 | A || MTx(Q)
x / E[ F<s,¢ﬁ<a1<s>>,...,m(an(s)), / h(8,7,¢a(0n+1(7)))d7>

2
— F(s,0,...,0)

+ || F(s,0,...,0) ||%] ds
B
< 16M[E || zo |2 +E || g(@) 2]+ 16 | A*~7 || MTr(Q)

t
<[] s BUo) 124+ s Bl osto) I
0 5€(0,b] 5€(0,b]

408 [ 1170500 (7)) = s, 0) 2+ (s, 7.0) W] n zg}ds

S U6MIE || 20 |2 +C1+ (c+) [ 3 [le] +4 | A°~7 | MTx(Q)
t
< [ 0 sup Bl os(o) 12 44200 sup B ] 0n(e) 12 +7)] +1a s
0 s€(0,b] s€(0,b]
< M3 +16M(c+e) || 7 [le +1615) || A*~ || MTr(Q)(n + 41,b?)
t
< [ s B oals) |2 ds
0

s€(0,b]

where M3 = 16M[E || z¢ ||a +C1] + 16 || A°# || MTe(Q)[46*1P1{") + 13]. Using
the Gronwall’s inequality, we get

sup E || ¢5(t) |12 < [M5 +16M(c+¢€) | T [lc]e™,

s€(0,b)
where 79 = 16l§,§) | A¥=8 || MTr(Q)(n + 41;,b%). Consequently,
[ lle <My +16M(c+e) || 0 [lc]e™.
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Since 16M (¢ + €)e™ < 1, we have
M;en .
00
16M (c + €)em

Thus the proof of boundedness of the set G is complete.
Remark 3.1. (H7)-(H8) are satisfied if there exist constants by, be, such that

v lle< 1=

[9(@) lla<br+b2|dllc, oeC (15)
or there exist constants ¢y, ca, i € [0,1), such that
[9(9) la<ar+eallolle, oeC. (16)

4. APPLICATION

As an application, we consider the stochastic partial integrodifferential equation
of the following form
2

dz(t,z) = % [z(t, x) + /Ot b(t — s)z(t,x)ds] dt

™ t
+ {fl (t,mx/ z(sint,x)dx,/ fg(t,s,z(sins,x))ds)}w(t), (17)
0 0
0<t<L1,0<z <,

2(t,0) = 2(t,m7) =0, 0 <t <1, (18)

z(0,2) + Z /7r k(x, y)z%(ti,y)dy =zo(z), 0<z<m, (19)
=00

where w(t) denotes a one-dimensional standard Wiener process, and there exists a
constant Ky such that |b(t — s)|] < K; and p is a positive integer, 0 < tp < t1 <
<o <ty <1, zo(z) € L?([0,7]) is Fo -measurable and satisfies E || zp ||2< o0.

Let H = L*([0,]) with the norm || - || . Define the operator A : D(A) C H — H
given by Au = v/ with

D(A) := HZ([0,7]) = {u € X :u" € X,u(0) = u(r) = 0}.
Then A generates a strongly continuous semigroup that is analytic, and resolvent

operator R(t) can be extracted from this analytic semigroup(see [18]). Furthermore,
A has a discrete spectrum; the eigenvalues are —n?,n € N, with the corresponding

normalized eigenvectors z,(x) = \/g sin(nz). Then the following properties hold:
(i) If uw € D(A), then

Au = Z n2(u, 2p) Zn,

n=1

(ii) For each u € H,

SIS

A_ <u7 Zn>z7l

S|

[e'S)
u=>
n=1

(iii) The operator A2 is given by
o0

Azy = Z n{u, zn)zn

n=1
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(&)
on the space D(A2) = {u(-) € H, Z n(u, z,)z, € H} and || A=2 ||= 1.
Lemma 4.1([29]). If m € D(Az ) then m is absolutely continuous, m’ € H and
[ =) Abm . 1 1
Let Hy := (D(A2), | - [|1), where || - ||1:=[| A2z || for each z € D(A?2).
We assume that the following conditions hold:
(a) The function k(x,y) is measurable and

T T 1/2
n* = (/ / kZ(x,y)dacdy) < 00.
o Jo

Moreover, for each y € [0, 7] the function = — %k(x,y) is measurable, k(0,y) =

k(m,y) =0, 5
Ny = (/ / <k2 ) dxdy) / < 00,

and there is a nonnegative function © € L(0,1) such that |2 k(z,y)| < ©(t) for
all (z,y) € [0,1] x [0, 1].

(b) The function f; : [0,1] x [0,7] x R x R — R is continuous and there exists
l}? > 0 such that

1
itz x,y1,) — fult, 2,2, y2)] <UD [Jey — o] + g1 — goll,

for all t € [0,1], 25, y; € R,i = 1,2.
(¢) The function f5 : [0,1] x [0,1] x R — R is continuous and there exists l%) >0
such that

| folt, s.1) = falt s,92)] < 1D |y — e,
for all (¢,s) € [0,1] x [0,1],y; € R,i =1, 2.
Let C denote the Banach space C([0, 1], L2(Q2, F, H)) the family of all F;-measurable,
C([0,1])-valued random variables x with the norm

1
|z [le=sup (E | 2(t) 1)z
0<t<1 2

Here we choose o = % We can define respectively F : [0,1] x H% X H% —
L(K;H),h:[0,1] x [0,1] x H% %H% andg:C%H% by

F (t7 z(o(t)), /Ot h(t, s, z(a(s)))ds) (z)

=fi (tﬁr,/oTr z(sint, z)dz, /Ot fa(t, s, z(sin s,:r))ds)7

h(t, S, Z(U(S)))(i) = fQ(tv sz(Sinsvx))7

i
i=0
where K : H% — H is defined by

and

(.v\»—-

z€C,

(o)) = [ Ko)eotdn, & < Hy.
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Let o(t) = sint. Then Eq. (17)-(19) takes the abstract form (1)-(2). Moreover, for
zi, % € Hy,i=1,2and v € [0, 7], we have

|| F(t7Z1321) - F(ta22722) H2

- [(/Oﬂ 3 (t,gc,/(;r zl(sint,:zz)dx,/ot fa <t,5,zl(sins,x))ds>l
s (t,m,/oﬂ zz(sint,x)dm,/ot fg(t,s,zg(sins,:c))ds> 2dx)2r

< [z§?<</0w </07r zl(sint,z)dx/oﬂ ;Q(smt,:z:)dg;)de>é
+z§;>(/oﬂ (/Ot(zl(sins,;v) —@(sins,x))ds)zdx)é)r

<P (|| A7E | A (21— 2) || D | A2 ] A (21 — 22) )2
15 I =2 1]

This implies that F satisfies assumption (H2) and h satisfies assumption (H5).
Now, if z € C, then

i) = 2% ; [ k)2 sy, costna) ).

This shows that g take values in C in terms of properties (i) and (iii). Moreover,
by Lemma 4.1, we have

E|g@z) 13 =ElA29()0) IP=E | 9(=)'() |

p 2 p
Koz% <P’y B (Kozs (t)) () |I”
i= =0
L 1 101
Z OB || 23 (1)) 1< p? nng [ A2 || A225 (t:) |1
=0

l 1
<p HSZE 2% () 1< P51 25 IIZ,

which verifies that g satlsﬁes (HT7)-(H8) with ¢ = 0. Moreover, all the other con-
ditions stated in Theorem 3.1 are satisfied. Hence, the nonlocal Cauchy problem
(17)-(19) admits a mild solution on [0, 1].

Next we add the following assumptions:
(d) The function f; : [0,1] x [0,7] x R x R — R is continuous, fi(-,0,-,:) =
fi(,m,+,-) = 0, and it satisfies the differentiable with respect to the second argu-
ment and there exists l}?) > 0 such that

0
1t w2 ye)| <1y — @] + yn — e,

for allt € [0,1]),z;,y; € R,i=1,2.
Here we choose a = 3 = 1. We can define F : [0,1] x Hy x Hy — L(K;Hy),
and similar computation of g shows that [ is a function from [0,1] x Hy x H, into

0
%fl(t,xaﬂﬁl,yl) -
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L(K;H%). Moreover, for z;, z; € Hyi=1,2 and z € [0, 7], we have

| F(t 21, 51) = Ft, 22, 22) |1y
. K/OW %fl (t,x, /OW 21 (sint, )dz, /Ot fg(t,s,zl(sins,ac))ds)
_ é%fl (t,w,/oﬂ ZQ(Sint,x)dx,/Ot fg(t,s,ZQ(sins,x))ds> 2dx)T
™ ™ ™ 2 \3
< [z@((/o (/0 zl(sint,x)dx—/o zg(sint,w)dx) dx)
+z}?</oﬂ (/Ot(zl(sins,x) —zz(sins,x))ds>2dx)%>r

<P | A7 (| AR (21— 20) |+ | A% ]| A% (21 — 20) |2

2 1
URICEN I R

Hence F' satisfies assumption (H4). By Theorem 3.3, the nonlocal Cauchy problem
(17)-(19) admits a mild solution on [0, 1] under the above assumptions.
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