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SOME SUBCLASSES OF P-VALENT FUNCTIONS INVOLVING
THE EXTENDED MULTIPLIER TRANSFORMATIONS

R. M. EL-ASHWAH

ABSTRACT. New classes of p-valent analytic functions are introduced. Such
results as inclusion relationships, integral representations, integral-preserving
properties and convolution properties for these function classes are obtained.

1. INTRODUCTION

Let A(p) denote the class of functions f(z) of the form:

f(2) zzp—l—Zaer”szr" (peN={1,2,...}) (1.1)
n=1

which are analytic and p-valent in the open unit disk U = {z : z € C and |z| <
1}. If f(2) and g(z) are analytic in U, we say that f(z) is subordinate to g(z)
written symbolically as follows f < g in U or f(z) < g(z) (¢ € U), if there exists
a Schwarz function w(z), which (by definition) is analytic in U with w(0) = 0
and |w(z)| < 1 (z € U), such that f(z) = g(w(z)) (z € U). Indeed it is known
that f(z) < g(z) (z € U) = f(0) = ¢g(0) and f(U) C g(U). Further, if the function
g(z) is univalent in U, then we have the following equivalent (cf., e.g., [11]; see also
12, p.4])

F(2) < g(2) & £(0) = 9(0) and (V) € g(U).

Let P denote the class of functions of the form:
p(z) =1+ pn2",
n=1

which are analytic and convex in U and satisfies the following condition
Re{p(2)} >0, z€U
For functions f;(z) € A(p), given by

f](z) =zP + Z ap-‘rn,ijJrn (.7 = 17 Q)v (12)

n=1
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we define the Hadamard product (or convolution) of fi(z) and fa(2) b

(f1* fa)(z) = 2P + Z Ungp,10np22" TP = (f2 % f1)(2). (1.3)

n=1
Catas [4] extended the multiplier transformation and defined the operator
L' (A;£) on A(p) by the following infinite series

I"NOf(z) = 2P +nzl [p J; £++£An} A
(¢ > 0;A=0;peNandmeNo=NU{0}).1.4 (1)
We note that: /
I9(1,0) f(2) = f(2) and I}(1,0)f(z) = pr(z).

By specializing the parameters m, A, £ and p, we obtain the following operators
studied by various authors:
()1 (1,6) f(2) = Ip(m,£) f(2) (see Kumar et al. [10] and Srivastava et al. [18]);
(i) [ (1,0)£(2) = DI £(2) (see, [3], [9] and [15]);
(1) I, 0 f(2) = Ié"f( ) (see Cho and Kim [5] and Cho and Srivastava [6]);
(iv)I7"(1,0) f(z) = D™ f(z)(see Salagean [17]);
(V)I1 (A, 0)f(2) = DY f(2) (see Al-Oboudi [1]);
(vi)IT*(1,1) f(z) = I"™ f(2) (see Uralegaddi and Somanatha [19]);
(Vi) [;*(A, 0) f(2) = DY, f(2), (see El-Ashwah and M. K. Aouf [8]).
Also we note that

A OF(2) = (p+ OIFTHNOf(2) = [p(1 = A) + I (A 0 f(2) (A >(0)7)
1.5
and

LN OUPN O f(2)) = L2 O (A0 f(2)) = L2 (X 0 f(2),

for all integers m; and mo.
Also if f is given by (1.1), then we have

LA OF(2) = (6,30 * N)(2),

where

p+L+ An "
Gt ==+ 3 [P ]arn

n=1

o
Throughout this paper, we assume that p, k € N,m € Ny, €= exp(%z) and

(M0 2) Z P (IO f)(€] 2) = 2P + ....(f € A(p)). (1.6)

Clearly, for k=1, we have

pa (A6 2) = I (X 0) f(2).
Making use of the extended multiplier transformations IJ"(A,¢) and the above
mentioned principle of subordination between analytic functions, we now introduce

and investigate the following subclasses of the class A(p) of p-valent analytic func-
tions.
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Definition 1. A function f(2) € A(p) is said to be in the class S (A, £; ) if it
satisfies the following subordination condition:

. ,

ALRINE o) 17)
pfp,k()‘a % Z)

where ¢ € P and f}"y (A, 4;2) #0 (2 € U”) is defined by (1.6).

Remark 1. Putting p =\ =1 and m = £ =0 in the class S}, (A, ; ), we obtain

the function class Sgk)(gp) which introduced and studied by Wang et al. [20].

Definition 2. A function f € A(p) is said to be in the class K% (A, & ;) if it

satisfies the following subordination condition:

AN ) | AN 0F) ()
Pl (A6 2) Pl (A6 2)
for some a(a > 0), where p € P and f}% (A, 4; 2) is defined by (1.6) and satisfying

TP E2) £ 0 (2 € U).
Remark 2. Putting p=A=1and m =¢ =0 in the class K]Tk()\,f;a; ©), we

obtain the function class K. §’“) (a, ) of functions which are a—convex with respect

to k-symmetric points ( see Yuan and Liu [21]).
Definition 3. A function f € A(p) is said to be in the class CJ (45 ) if it
satisfies the following subordination condition :

2(I(N 0 1) (2) o
W”(z) (9 € S (N 60)), (1.9)

where p € P and g% (A, 4;2) # 0 (2 € U”) is defined by (1.6).
1
Remark 3. Taking A =k =1,m = ¢ = 0 and ¢(z) = 1: in the class
—z

C (A 6 ), we obtain the class of p-valent close-to-convex functions (see Aouf

[2]).
Definition 4. A function f € A(p) is said to be in the class G\ G ag p) if it
satisfies the following subordination condition:

OO (@) A0 )
pgy (A4 2) Pyt (A 2)

(1-«a)

(P(Z> ) (1.8)

(1-a)

@(2) (a>0;9€ 8%\ 6)),

(1.10)
where ¢ € P, g (A, 4; 2) is defined by (1.6) and g;'?,jl()\,ﬁ; z2) #0 (z € U").
Remark 4. (i) Putting p = A =1 and m = ¢ = 0 in the class G;ﬁk()\,ﬁ; a;p), we
obtain the class QCgk) (a; ) of functions which are a—quasi-convex with respect
to k-symmetric points (see Yuan and Liu [21]);

1
(ii) Taking p = A =k =a = 1,m = £ = 0 and ¢(z) = F in the class
—z

Gph (A 6 a5 ¢), we obtain the familiar class of quasi-convex functions (see Noor
14]).

In order to establish our main results, we shall use of the following lemmas.
Lemma 1 [7, 12]. Let j,v € C. Suppose also that ¢(z) is convex and univalent
in U with

©(0) =1 and Re{Bp(z) +7} >0 (z€U).
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If p(z) is analytic in U with p(0) = 1, then the following subordination:

zp (2) .
p(z) + )+ < ¢(2),

implies that
p(2) < ¢(2).
Lemma 2 [16]. Let f,v € C. Suppose that ¢(z) is convex and univalent in U
with
©(0) =1 and Re{Byp(z) +v} >0 (z€U).
Also let
9(2) < (2).

If p(z) € P and satisfies the following subordination:

p(z) + 5;(”)“ < o2),

then
q(2) < ¢(2).
Lemma 3. Let f € S (A 4;p). Then
(A 62))
PN 6 2)

Proof. In view of (1.6), we replace z by Ej (j=0,1,2,..,k—1) in g}k()\,f;z).
We thus obtain

< o(z) . (1.11)

k 1

;Y,Lk()H& Ei k Z e—np Im(/\ g)f)( n—i—j 2;)

=€’ - Ze TR (L (O ) (€ 2)

=gIP f;:L,C(A,E;z). (1.12)
Differentiating both sides of (1.6) with respect to z, we obtain
1k 1
(fm (N 6 2) Z e~ IP=1 (I (\, ) f) (€] 2). (1.13)
j =0

Therefore, from (1.12) and (1.13) we find that

2N 6 2) 1’“56 100 (I (0, 0 f) (€] 2)
pfpk()\ 4 z) k] Pl (A 4 2)
2L (A OF) (€] 2)
. 1.14
Tk JZO D pk()\ ¢ Gk 2) (1.14)
Moreover, since f € S (A, 6 ), it follows that
k200D (G 2) o(z) (G=0,1,.k—1). (1.15)

ppk(/\ﬁelC z)
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Finally, by noting that ¢(z) is convex and univalent in U, from (1.14) and (1.5),
we conclude that the assertion (1.11) of Lemma 3 holds true.
Similarly, for the class K, ()\ ¢; a; ), we can prove the following result.
Lemma 4. Let f € Km ()\ 4; ;). Then

UpO 62 | A O
pI (A6 2) pIyE (A6 2)

In the present paper, we obtain some inclusion relationships, integral represen-
tation, convolution properties and integral-preserving properties for each of the
function classes S (A, 4;0); K[ (A G a50), O (A 6 ) and G (A 6 o 0).

(1-a) < ¢(z) . (1.16)

2. A SET OF INCLUSION RELATIONSHIPS

In this section, we obtain some inclusion relationships for the function classes
;T)Lk;(Aa f, ()0)7 K;?k;()‘a E, Q; 90)7 ;T’Lk()‘a f; SD) and G;?k;()‘a 67 Q; QD)
Unless otherwise mentioned we shall assume throughout the paper that A >
0;¢ > 0;p,k € Nand m € Np.
Theorem 1. Let ¢ € P with

Re {p(p(z)+p(1_)\)\)+€} >0 (z€U),

then
ST NG 9) C S (A ).
Proof. Making use of the relationships in equations (1.5) and (1.6), we know that

(ot + S s

p+é§jeﬁp0”“96ﬁ< 9) =2 e e

Let f € Sg};l()\,ﬁ, go) and suppose that

z (fm A\, 4 z))
PIT O 2)
Then w(z) is analytic in U and w(0) = 1. It follows from (2.1) and (2.2) that
p(L=N 4+ p+ L (NEG2)

A A fp,ko‘a&'z)

Differentiating both sides of (2.3) logarithmically with respect to z and using (2.2),
we obtain

w(z) = (z€U). (2.2)

pw(z) + (2.3)

’

zw’(z) _ Z(f;nljl(/\ % Z))
O e+ B T G 24

From (2.4) and Lemma 3 (with m replaced by (m + 1)), we can see that

2w (2)
( )+ p(l )\)+E

w(z) + =< p(2). (2.5)
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Since Re {pgo(z) + p(l—)\)\)—i—ﬁ} >0 (2 €U), by Lemma 1, we have
2 ([N 6 2) ,
w(z) = W < o(z) . (2.6)
By setting
z (I (A0 z
q(z) = (Ip (.0f) ) (z € U), (2.7)

I (N 62)
we observe that ¢(z) is analytic in U and ¢(0) = 1. It follows from (1.5) and (2.7)
that

(p+10)

WD) = LoD o) - PR

Ap
Differentiating both sides of (2.8) with respect to z and using (2.7), we obtain

AOf(z). (28)

/

' p(l—N)+¢ ~ (f;f’k()\,e; z))

’

(p+€) z(I]TNOf) (2)

2 (=) + N TN w2 Bl K A VI TN O WA
(2.9)
From (2.2),(2.3) and (2.9), we can obtain
2q (2) I (I;Z’“(A,ﬁ)f)’ (2)
A T e R W A
Since
w(z) < o(2)
and
Re {pgo(z) + W} S0 (zel),
it follows from (2.9) and Lemma 2 that
a(z) < ¢(2)

that is, that f € S (A, £; ). This implies that
S G @) C S (A 4 ).

Hence the proof of Theorem 1 is completed.

Theorem 2. Let ¢ € P with

Re{pcp(z)Jer(l)\M} >0 (zel).

Then
CIEY N G9) C (M 4 9).

Proof. Suppose that f € C;’?,:rl()\, 4; ). Then we have

/

(00 ()
Pyt (N 4 2)

v(2), (2.10)
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with g € S;’)L,jl(/\, ¢; ). Furthermore, it follows from Theorem 1 that g € SJ% (A, £; ),
and Lemma 3 yields

’

2 (g7 (0 6:2))

Ve = PIp (A 6 2)

< p(z),. (2.11)

We now set

o (moon) )

9(2) = —
pgp’k()Vg? Z)

Then ¢(z) is analytic in U and ¢(0) = 1. It follows from (1.5) and (2.12) that

Q(Z)gg?k(Aag; Z) — (p)z;e)];n+1()\7€>f(z) — [‘W

Differentiating both sides of (2.13) with respect to z and using (2.1) (with f replaced
by g), we have

(z€U). (2.12)

LN O f(2). (2.13)

’
’

(a2 (gmne2) (0 +0) =(I 000 ()

2q (2) + peey q(z) = . poes
(2) A Iy (N, 6 2) (2) Ap 9 (N 6 2)
(2.14)
From (2.10),(2.11) and (2.14), we can obtain
2q (2 2 (I O01) (2)
Q(z) + [P(l—A)-‘r@]( ) = ( pm+1 A g) = gp(z) (2'15)
s T d(2) Poyr (A6 2)
Since
P(2) < 9(2),
and
1—XN)+¢
Re {pgp(z) + p()\)Jr} >0 (ze€l),
it follows from (2.15) and Lemma 2 that
q(z) < (2),

that is, that f € C’gfk(/\, 4; o). This implies that
CrEt 0 Gp) C O (N G ).
The proof of Theorem 2 is thus completed.
Theorem 3. Let ¢ € P with
1-XA)+¢
Re {pga(z) + p()\)+} >0 (z€l),

then
Gpi(\ b az; ) C G (A G ansp) (e > ar > 0).

Proof. Suppose that f € G (A, £, az; ¢). Then we have

A1 00 () 2 (I 0F) (2)
pgy (N 4 2) e pg (N £ 2) )

(1 — 042)

o(2) . (2.16)
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Since g € S, (A, £; ), it follows from (2.11) to (2.16) that

agzq/ (2) —(-a )Z (I;T)n()‘ag)f)/ (2)
p(17>\>\)+é + p(2) pg;ibk(/\, 4 2)

q(z) +

2 (IM 1, 0 f(2))

g TN 2) #e) 217
Since
¥(z) < ¢(2),
and
1Re{p<p(z)+p(1_w} >0 (zeU),
(6%} A
it follows from (2.17) and Lemma 2 that
o) = ERIN D)y .19

PN 4 2)

. oy . . . .
Moreover, since 0 < — < 1 and the function ¢(z) is convex and univalent in U,
Q2

we deduce from (2.17) and (2.18) that

’ /

(LN O f) (2) e z (PPN 0 f) (2)
gy (A, 4 2) ' pgIE (N 6 2)

(1 — Oél)

’ ’

_ oo | A0S () 2 (A0S (2) AW
= T T e T g ) #(1-5r)ae
< o(2),

which implies that f € G (A, £; @15 ). Hence the proof of Theorem 3, is completed

By applying the same method of Theorem 3, we can easily get the following
inclusion relationship.
Corollary 1. Let ¢ € P with

Re {pgo(z) +]9(1—)\)\)—|—€} >0 (z€U).

Then K% (A, 6 a2;0) C K] (N G ar;9) (a2 > ag > 0).

In view of Theorem 3, we can also easily get the following inclusion relationships.
In particular, a direct proof of Corollary 2 would require use of Lemma 4.
Corollary 2. Let «> 0 and ¢ € P. Then

Gon(Gasp) C O (A G ).

D,k

Corollary 3. Let o >0 and ¢(z) € P. Then
KN Gasp) S (A ).
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3. INTEGRAL REPRESENTATION

In this section, we obtain a number of integral representations associated with
the function class S}, ()\ 4;0).
Theorem 4. Let f E (A b p). Then

k—1

j=0 0

where f75 (A, ¢;2) is defined by (1.6), w(z) is analytic in U and satisfy w(0) = 1
and |w(z)| <1 (z€U).

(N0 2) = 2P exp

B S

Proof. Suppose that f € S (A, £;¢). Then condition (1.7) can be written as
follows:

z (I;”()\,E)f(z))
pf (A 6 2)
where w(z) is analytic in U and satisfy w(0) = 1 and |w(z)| < 1 (2 € U). Replacing
zby €, 2(j=0,1,...,k —1) in (3.2), we observe that (3.2) becomes

iy (I;,"(A,é)f)i (€] 2)
pf;fk()‘v& E{C Z)

= ¢(w(z)) (z €U), (3-2)

= p(w(€l 2)) (2 € V). (3.3)

‘We note that
f;fk(Aaév 6?@ Z) :efcp sz()‘vE’ Z) (Z € U)

Thus, by letting j = 0,1,....,k — 1 in (3.3), successively, and summing the resulting
equations, we have

2 (mnG2)

1 .
— =— o(w(ey, 2)) (ze€U). (3.4)
ph Gz ke T
From (3.4), we get
( ﬁko‘a&z)) p kot -1
—m -== —— 2+t 2 1 (zeU), (3.5)
fp’k(/\,é' 2 k =
which , upon integration, yields
TN 6 2) P Z(pwejg -1
log <ka > ) i / plw(€ ) =1 y D= Le. (3.6)
Jj=0 0

Then, the assertion (3.1) of Theorem 4 can now easily obtained from (3.6).
Theorem 5. Let f € S.(N 4;¢). Then

z

q
05 =p [ ¢ ewlO).exp | §3 / PG " Lie) ac, )
00

0 Jj=

k
,_.

where w(z) is analytic in U and satisty w(0) =1 and |w(z)| < 1 (z € U).
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Proof. Suppose that f € S (A, ¢;¢). Then, from (3.1) and (3.2), we have

pﬁ%glmhmw

(I;W,f)f(z))' - 2))

_ D 1
= p2" " p(u( - Z —d& : (3:8)
7=0

which, upon integration, leads us easily to the assertion (3.7) of Theorem 5.
Remark 5. Putting p= A =1 and £ = m = 0 in Theorem 5, we obtain the result
obtained by Wang et al. [20,Theorem 6].
Moreover, in view of Lemma 3 and Theorem 1, we can get integral representation
for the function class S} (A, €5 ¢).
Theorem 6. Let f € S (A 45 p). Then

1(6))

M0 (2) = pi? plwa(C). exp (“Mdf) g, (39)

where w;(2)(j = 1,2) are analytic in U with w;(0) =0 and |w;(z)| < 1(z € U;j =
1,2).
Proof. Suppose that f € S (A, £; ). We then find from (1.11) that

/

2 (f;?k(u; 2)
pf;’fk ()‘7 % Z)

where wq(z) is analytic in U with w(0) = 1. Thus, by similarly applying the
method of proof of Theorem 4, we find that

=p(wi(2)) (2 €U), (3.10)

TN b 2) = 2P exp <8p[<,0(w1 (;)) — 1] d§> ) (3.11)
It now follows from (3.2) and (3.11) that
/ m (N2
a0 = D )
= plun(e)) e (D =) (3.12)

where w;(2)(j = 1,2) are analytic in U with w;(0) =0 and |w;(2)| < 1(z € U;j =
1,2). Integrating both sides of (3.12), we will obtain the assertion (3.9) of Theorem
6.

4. Convolution properties

In this section, we derive some convolution properties for the class SJ% (A, £; ¢).
Theorem 7. Let f € S (X ¢ ¢). Then
z _ SD
f(2) = |PE¢P p(w(C)). exp Z‘ Lag ) ac| «

(Pt A\ e
*<n2=:o (erHM) z , (4.1)

where w(z) is analytic in U with w(0) =1 and |w(z)| <1 (z € U).
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Proof. In view of (1.4) and (3.7), we know that

k—1 j .
PoC" ™ w(C)).exp (Z P 1d§) @
=0

= (zp + Z (M) z”+p> * f(2) = gph p(2) * f(2). (4.2)

Thus, from (4.2), we can easily get the assertion (4.1) of Theorem 7.
Theorem 8. Let f € S)(A, 4 ). Then

f) = [pscp-wmz(o). exp (2 =) ac)

S P+l \" iy
_— " 4.3
*<n§)(p+z+m> =) (43)
where w;(2)(j = 1,2) are analytic in U with w;(0) =0 and |w;(z)| < 1(z € U;j =
1,2).

Proof. In view of (1.4) and (3.9), we know that

PECP L p(ws (). exp (< Wd&) dg¢

_ (mz(p”“”) +> CFE@) = ()« f). (4d)

Thus, from (4.4), we easily obtain (4.3).
Theorem 9. Let f € A(p) and ¢ € P. Then f € S (A, 4; ) if and only if

oo b B () )
o p+L+An n 152 2P
) (Zp+;< p+l ) +p>*<k;1—ew>”7éo

(z€eU; 0<0 < 2m). (4.5)

Proof. Suppose that f € S)" (A, £;¢). Since

2T (M0 f(2))
O G) P

is equivalent to

2L (00 ) (2)
p pk‘()\ l;2)

it is easy to see that the condition (4.6) can be written as follows:

#p(e”) (z€U;0<0<2m), (4.6)

1 [z (I;"()\,E)f), (2) —pf;fk()\,f;z)cp(em) #0 (2€U;0<0<2m). (4.7

z
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On the other hand, we know from (1.4) that

([P (0F) (2) = (pzp +3 <p+£“”) (n+p)z”+p> £ f(z). (48

Also, from the definition of f7 (M, 4; 2), we have

=
JoeA b 2) = LA 0) f(2) * (k; Z 1_Ze,,z>
v=0

{4+ An 1= 2P
— ( p+z (P‘;_:‘e ) z"+p> * (kz T~ z) * f(2). (4.9)

n=1 v=0

Upon substituting from (4.8) and (4.9) in (4.7), we can easily obtain the convolution
property (4.5) asserted by Theorem 9.
5. INTEGRAL-PRESERVING PROPERTIES

In this section, we prove some integral - preserving properties for the class S m ()\ 4 0).
Theorem 10. Let ¢ € P and

Re{pp(z)+pu} >0 (z€U).
If f €S (A ¢ ), then the function F(z) € A(p) defined by

P =2 et @t (u> —piz e V) (5.1)

ZH
belongs to the class S (A, ¢ ¢).

Proof. Let f € S (A £;¢). Then, from (5.1), we find that

z (I;“(A,E) F(2)) + ply (A OF (2) = (1 +p) I (A 0 f (). (5.2)
Thus, in view of (1.6) and (5.1), we have
2 (B 2)) + BE O 6 2) = (u+ ) f 0 £ 2). (5.3)
We now put

= L0 5.4

zZ) = zZ . .
PE (N, 6 2)

Then H(z) is analytic in U and H(0) = 1. It follows from (5.3) and (5.4) that

0 2)

. 5.5
Fg’fk()\,ﬂ;z) (5:5)

p+pH(z) = (1 +p)

Differentiating both sides of (5.5) logarithmically with respect to z and using

Lemma 3, we obtain

zH' (2) 2(fm (N 6 2))

H(z)+ = D, < p(z) . 5.6
) p+pH(z)  pfl(N 6 z) ) (56)

Since Re {pp(z) + p} > 0 (z € U), it follows from (5.6) and Lemma 1 that H(z) <
©(z) (z € U). Furthermore, we suppose that
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AL, OF(2))

The remainder of the proof of Theorem 10 is similar to that of Theorem 1. We,
therefore, choose to omit the analogous details involved. We thus find that

G(z) = (z € U).

G(2) <¢(2) ,
which implies that F'(2) € SJ. (A, £; ). This completes the proof of Theorem 10.
Theorem 11. Let ¢ € P and

Re{pBp(z)+pu}t >0 (z€U).
It feS)(A ), then the function R(z) € A(p) defined by

=

I\ OR(z) = {“Zf’ﬂztﬂlug%(x,@ f(t))ﬁdt} (z € V) (5.7)

belongs to the class S} (A, 4;¢).

Proof. Suppose that f € S}" (A, 4;¢). Then, by Definition 1, we have

/

z (I;,”(/\,E) ) (2)
pLM (A 0) f(2)

< p(z) . (5.8)

‘We now set
!

oz (IZ’,”()\,E) R) (2) .

D& = = i 0RG) (5.9)
From (5.7), (5.8) and (5.9), we have
MO f(2)\?
w+95D() = (n+8) (i s ) (5.10)

Using (5.7), (5.8) and (5.9), we can get

zD'(z) B Z(I;n()\,ﬂ)f)’(z)
D(z)+ 1t pBD(z) Pl 012 < p(2) . (5.11)

Since

Ref{pBp(z) +p}>0 (2€l),
it follows from (5.11) and Lemma 1 that

D(z) < »(2) ,

that is, that R(z) € S}y (A, £;¢). This completes the proof of Theorem 11.
Remark 6 (i) Putting A = 1 and ¢ = 0 in the above results, we obtain corre-
sponding results for the operator D}";

(ii) Putting £ = 0 in the above results, we obtain corresponding results for the
operator D;’fp;

(iii) Putting A = 1 in the above results, we obtain corresponding results for the
operator I,(m, ¢).



EJMAA-2013/1(2) SOME SUBCLASSES OF P-VALENT FUNCTIONS 201

REFERENCES

[1] F. M. Al-Oboudi, On univalent functions defined by a generalized Salagean operator, Inter-

nat.J. Math. Math. Sci., 27(2004), 1429-1436.

[2] M. K. Aouf, On a class of p-valent close-to-convex functions of order 5 and type «, Internat.J.

Math. Math. Sci., 11(1988), no.2, 259-266.

[3] M. K. Aouf and A. O. Mostafa, On a subclass of n-p-valent prestarlike functions, Comput.

Math. Appl., (2008), no. 55, 851-861.

[4] A. Catas, On certain classes of p-valent functions defined by multiplier transformations, in

Proc. Book of the International Symposium on Geometric Function Theory and Applications,
Istanbul, Turkey, (August 2007), 241-250.

[5] N. E. Cho and T. H. Kim, Multiplier transformations and strongly close-to-convex functions,

Bull. Korean Math. Soc., 40(2003), no. 3, 399-410.

[6] N. E. Cho and H. M. Srivastava, Argument estimates of certain analytic functions defined by

a class of multiplier transformations, Math. Comput. Modelling, 37 (1-2)(2003), 39-49.

| P. Eenigenburg, S. S. Miller, P. T. Mocanu adn M. O. Reade, On a Briot-Bouquet differential

subordination, General Inequalities 3(1983), (Birkhauser Verlag), 339-348.

[8] R. M. El-Ashwah and M. K. Aouf , Inclusion and neighborhoods properties of Some analytic

p-valent functions, General Math., 18 (2010), no. 2 , 183-194.

[9] M. Kamali and H. Orhan, On a subclass of certain starlike functions with negative coefficients,

Bull. Korean Math. Soc. 41(2004), no. 1, 53-71.

[10] S. S. Kumar, H. C. Taneja and V. Ravichandran, Classes multivalent functions defined by

Dziok-Srivastava linear operator and multiplier transformations, Kyungpook Math. J. (2006),
no. 46, 97-109.

[11] S. S. Miller and P. T. Mocanu, Second order differential inequalities in the complex plane, J.

Math. Anal. Appl., 65(1978), 289-305.

[12] S. S. Miller and P. T. Mocanu, On some classes of first order differential subordination,

Michigan Math. J. 32(1985), 185-195.

[13] S. S. Miller and P. T. Mocanu, Differential Subordinations : Theory and Applications, Series

on Monographs and Textbooks in Pure and Appl. Math. No. 225 Marcel Dekker, Inc. New
York, 2000.

[14] K. I. Noor, On quasi-convex functions and related topics, Internat. J. Math. Math. Sci.,

10(1987), 241-258 .

[15] H. Orhan and H. Kiziltunc, A generalization on subfamily of p-valent functions with negative

coefficients, Appl. Math. Comput., 155 (2004), 521-530.

[16] K. S. Padmanabhan and R. Parvathem, Some applications of differential subordination, Bull.

Austral. Math. Soc., 32 (1985), 321-330.

[17] G. S. Salagean, Subclasses of univalent functions, Lecture Notes in Math. ( Springer-Verlag

) 1013(1983), 362-372.

[18] H. M. Srivastava, K. Suchithra, B. Adolf Stephen and S. Sivasubramanian, Inclusion and

neighborhood properties of certain subclasses of multivalent functions of complex order, J.
Ineq. Pure Appl. Math., 7 (2006), no. 5, Art., 191, 1-8.

[19] B. A. Uralegaddi and C. Somanatha, Certain classes of univalent functions, In Current Topics

in Analytic Function Theory, (Edited by H. M. Srivastava and S. Owa), World Scientfic
Publishing Company, Singapore, 1992, 371-374.

[20] Z. Wang, C. Gao and M. Liao, On certain subclasses of close-to-convex and quasi-convex

functions with respect to k-symmetric points, J. Math. Anal. Appl., 322(2006), 97-106.

[21] S.-M. Yuan and Z.-M. Liu, Some properties of a-convex and a-quasi-convex functions with

respect to n-symmetric points, Appl. Math. Comput. 188(2007), 1142-1150.

R. M. EL-AsuwAH, FACULTY OF SCIENCE, DAMIETTA UNIVERSITY, NEW DAMIETTA 34517,

EcypT

E-mail address: r_elashwah@yahoo.com



