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SOME CLASSES OF ORDER a FOR SECOND-ORDER
DIFFERENTIAL INEQUALITIES

HITOSHI SHIRAISHI, KAZUO KUROKI, SHIGEYOSHI OWA

ABSTRACT. For analytic functions f(z) in the open unit disk U with f(0) =
f/(0) —1 = 0, S. S. Miller and P. T. Mocanu (Integral Transform. Spec.
Funct. 19(2008)) have considered some sufficient ploblems for starlikeness.
The object of the present paper is to discuss some sufficient problems for f(z)
to be in some classes of order a.

1. INTRODUCTION
Let A,, denote the class of functions

f(2) =2+ an12"™ Fape2" 40 (n=1,2,3,...)

that are analytic in the open unit disk U ={z € C: |z2| < 1} and A = A;. We
denote by S the subclass of A, consisting of univalent functions f(z) in U. Let
S*(a) be defined by

S*(a) = {f(z) €A, R (Z}ZS)) >a, 0<7a < 1} .
We denote by §* = §*(0). Also, let C(«) be
Cla) ={f(z) € Ay : Rf'(2) >, 0 Fa < 1}.

We also denote by C = C(0). Also, let K(«) be defined by

1
K(a) = {f(z) EA,L:%<1+ i (Z)> >a, 05 7a< 1}.
f'(2)
We denote by K = K(0). From the definitions for $*(«) and K(«), we know that
f(2) € K() if and only if zf'(z) € S*(a).
The basic tool in proving our results is the following lemma due to Jack [1] (also,
due to Miller and Mocanu [3]).
Lemma 1 Let the function w(z) defined by

w(2) = an2™ + app12" T ani22" P+ (n=1,2,3,...)
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be analytic in U with w(0) = 0. If |w(z)| attains its maximum value on the circle
|z| = r at a point zp € U, then there exists a real number k 2 n such that

zow'(20)
wiz)
and (o)
Zow (2o

2. MAIN RESULTS

Applying Lemma 1, we derive the following lemma.
Lemma 2 If f(z) € A, satisfies

1) -5 (0 - 12) [ <omr1-5 ey

for some real p > 0 and some complex 8 with R(8) < n + 1, then

f(2)

Proof. Let us define w(z) by
w(z) = () - 12 )
= Nap12" + (n+ Dapgo2" ™ 4. .. (z € U).

Then, clearly, w(z) is analytic in U and w(0) = 0. Differentiating both sides in (1),
we obtain

2f"(z) =2w'(z) +w(z) (2 €D),
and therefore,

1) -5 (10 - 2) =) + - gpute)
— ()| |22 1

<pln+1-p| (z €U).
If there exists a point zg € U such that

max |w(z)| = |w(z0)| = p,

|2]=]20]
then Lemma 1 gives us that w(z) = pe® and zow'(29) = kw(zo) (k = n). Thus we
have

cof (o) = 8 (1) = T2 = o | 220 11—
=plk+1- B
Zpln+1- 4.

This contradicts our condition in the lemma. Therefore, there is no zy € U such
that |w(zo)| = p. This means that |w(z)| < p for all z € U, that is, that

f(z)

f'(z)f7 <p (z € U).
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Also applying Lemma 1, we have
Lemma 3 If f(z) € A, satisfies

76 -5 (10 - ) <mnsr-5 cev

for some real p > 0 and some complex § with R(8) < n+ 1, then

f(z)

z

—1l<p (z € U).

Proof. Let us define the function w(z) by

f(z)
= -1
(5= 1
= an_;’_lZn + an+22n+1 —+ ... (Z S [U)

Clearly, w(z) is analytic in U and w(0) = 0. We want to prove that |w(z)| < p in
U. Since

2f"(2) = 22w (2) + 220/ (2) (z € U),

we see that

)= 5 (11 - L) = 2 + 2 - e
<pnln+1-—g| (z € U).
If there exists a point 2y € U such that

max |w(z)| = [w(z0)| = p,
EEEY

then Lemma 1 gives us that w(zg) = pe®, zow'(20) = kw(zo) (k = n) and
"
(20N s
w'(20)
Thus we have

%ﬂu@—ﬂ<f@@—f““

<0

)|= w7 o) + 2= 0200l
Zow”(20)
w(z0)

zow” (20) Lo 5‘

w'(20)

zow" (20)
2on () 2
Z pklk+1— B

> pnjn +1- ],

= [zow’(20)|

v

This contradicts the condition in the lemma. Therefore, there is no zg € U such
that |w(zp)| = p. This means that |w(z)| < p for all z € U.

From Lemma 2 and Lemma 3, we drive the following results for S*(a).
Theorem 1 If f(2) € A, satisfies

) -5 (1) - 1) <UZ2B 28 ey
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for some real 0 £ « < 1 and some complex 8 with R(5) < n + 1, then

2f'(2)

e

<l-a« (z € ),

so that f(z) € S*(«).
Proof. From Lemma 2 and Lemma 3, we have

)| _ n(l-a)

F(2) — . S B (z € ) (2)
and
’fi«Z)_l‘<n—ll—Ifa (z e ). (3)
From (2) and (3),
n(l — «) . (2)
nri-a PO
[ty
z || f(=)
 1l-a zf'(z)
>(1 n+104> f(2) 1’
_ oo z2f(e) .
=Tl al 10 1 (z € ).
So, we can get
n 2f'(2) n(l — )
n+l—al f(z) n+l-a =t

which completes the proof of the theorem.
When we put f(z) by zf'(z) in Theorem 1, we have
Corollary 1 If f(z) € A, satisfies
(1—a)njn+1- 5|

|Z2f///(z)+(2—5)zfﬂ(z)|< n+1l—-a

for some real 0 £ o < 1 and some complex 8 with R(8) < n + 1, then

’(1+ Zﬁ;?) —1‘ <l-a (zeD),

(z€)

so that f(z) € K(«).
Example 1 For some real 0 £ o < 1 and some complex 8 with R(8) < n + 1, we
consider the function f(z) given by

l-«a

Mo =zt

The function f(z) satisfies Theorem 1.

Next, we consider C(c).
Theorem 2 If f(z) € A, satisfies

l2f"(2) = B(f'(z) - DI <A =a)n—B]  (2€D)
for some real 0 £ @ < 1 and some complex 8 with R(3) < n, then
If'(z) -1 <1l-«a (z € V).
This means that f(z) € C(«).

2"t (z € ).
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Proof. Define w(z) in U by

w(z) = film) -1 (4)

11—«
(n+Dany1 , , (n+2)ani2 n+1

= .. U~
l1—« S l1—«a i + (€0)

Evidently, w(z) analytic in U and w(0) = 0. We want to prove |w(z)| < 1. Differ-
entiating (4) and simplifiying, we obtain

2f"(2) = (1 — a)zw'(2) (z €.
and, hence
l2f"(2) = B(f'(2) = DI = |(1 = a)zw'(2) = B(L — a)w(2)|
2w'(2) —ﬁ’

w(z)
<(1-a)n-p| (z €U).

If there exists a point zg € U such that

— (1 - )lu(z)]

max |w(z)| = |w(zo)| = 1,
ENEN

then Lemma 1 gives us that w(z) = e and zow'(2) = kw(zo) (k Z n). Thus we
have

[20f" (20) = B(f(20) = 1)] = (1 = ) w(z0)| J}‘ES)
=1 -a)lk-p|
> (1-a)n— 4.

_6‘

This contradicts our condition in the theorem. Therefore, there is no zg € U such
that w(zp) = 1. This means that |w(z)| < 1 for all z € U.

Example 2 For some real 0 £ @ < 1 and some complex 8 with ®(5) < n, we take
11—«
n+1

fz)=z+ 2"t (z €.

Then, f(z) satisfies Theorem 2.
We get the following lemma from Lemma 1.
Lemma 4 If f(z) € A, satisfies

2f"(5) = B - DI < pln— Bl (€ T)
for some real p > 0 and some complex 5 with ®(5) < n, then
F)-1<p (z€D).
Proof. Letting
w(z) = f(z) -1
=+ 1Dap12" + (04 2)an 02" + ... (z € 1),

we see that w(z) is analytic in U and w(0) = 0. Noting that

2f"(2) = 2w (2) (z€U),



154 HITOSHI SHIRAISHI, KAZUO KUROKI, SHIGEYOSHI OWA EJMAA-2013/1(2)

we have

21"(2) = B (2) - 1)] = [ew/(2) — Bu(2)
= () |22 ,6]
<oln—B (zeU).

If there exists a point zg € U such that

max |w(z)| = [w(z)| = p,
215120

then Lemma 1 gives us that w(zg) = pe® and zow'(29) = kw(zo) (k = n). Thus we
have

|20.f" (20) = B(f'(20) = 1)| = |w(20)] m B ﬁ’
= plk — B
= pln — B

which contradicts our condition in the lemma. Therefore, there is no zg € U such
that |w(zp)| = p. This means that |w(z)| < p for all z € U.

Using Lemma 4, we have next theorem.
Theorem 3 If f(z) € A, satisfies

|2f"(2) = B(f'(z) =D <ealn—B]  (2€0)
for some real 0 < a < % and some complex  with R(5) < n, or
l2f"(2) = B(f'(z) =D <A -a)ln =B  (2€U)

1
for some real 3 < a < 1 and some complex 8 with R(3) < n, then

1
— U
< 5 (z €U),

Foen
which implies that f(z) € C(«).
Proof. We can get
If'(z) =1 <p (z€D). (5)
for0 <a < % and p = «, or % Sa<land p=1-a from Lemma 4. Using (5),
we have

1/'(2) = 2a] < S <|f'(2)|

1 1
for0<a§gandS:l—a,or§§a<1andS:oz. Thus we get

b/ 2a |M, 2a

‘11‘”(2)
2a
= 5 1f'(2) 2l

S
<% (ZEU)
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So we obtain

1 S

ol

2
Example 3 For some real 0 < a £ = and some complex 8 with R(3) < n, we

consider the function f(z) given by
o'
fey =2+
The function f(z) satisfies Theorem 3.

P (z € U).
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