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SHEHU TRANSFORM ADOMIAN DECOMPOSITION METHOD
FOR THE SOLUTION OF SYSTEMS OF INTEGER AND
FRACTIONAL ORDER DIFFERENTIAL EQUATIONS

B. M. YISA, A. T. TIAMIYU

ABSTRACT. This paper is concerned with the solution of system of nonlinear
fractional and integer order ordinary and partial differential equations. To
achieve that aim, a method of solution is proposed which is developed from an
integral transform and the well-known Adomian decomposition method. The
Shehu transform Adomian decomposition method (STADM) proposed leverage
on the unique advantage that Shehu transform, unlike Laplace transform, is
applicable to both constant and variable coefficient problems. The nonlinearity
in all its forms is handled by developing corresponding Adomian polynomials,
while the fractional order derivatives are interpreted in Caputo sense. The
proposed method is applied to some problems from the literature and in most
cases gives the exact solutions. The results are equally presented in 3D graphs
for ease of visualization.

1. LITERATURE REVIEW

Most phenomena in nature are described by nonlinear differential equations, ma-
jority of which defy analytical methods of solution. Scientists therefore came up
with a class of methods called semi analytical methods. This family of methods
produces exact solutions whenever such exist in closed form. In the event that the
problem lacks exact solution, the truncated series obtained through the methods
gives better numerical approximation than the most accurate numerical methods.
One of such methods is Adomian Decomposition Method (ADM) that was first in-
troduced by an American mathematician Gorge Adomian ([1], [2]). The method has
been used to handle linear and nonlinear algebraic, differential, integral, integro-
differential, delay-differential and partial differential equations ([4],[18],[19]). The
modifications of ADM have acquired a lot of remarkable results and have been
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applied to various kinds of higher order ordinary and partial differential equations
and integral equations ([20], [21]). The method has been widely used for a class of
deterministic and stochastic problems in scientific research fields [21].

Integral transforms are commonly used to convert a function to another in expec-
tation to simplify computations. Integral transforms are used in solving ordinary
differential equations (ODEs), partial differential equations (PDEs), and fractional
differential equations (FDEs), one of the well known integral transforms is the
Laplace transform. The limitations of this transform necessitated the development
of some new transforms such as Shehu transform, Sumudu transform and so on
(13],[14],[17)).

In spite of the tremendous advantages derived in the results obtained when physical
phenomena are modelled into integer order differential equations, there still exist a
lot of real life situations that can hardly be effectively represented mathematically
except through fractional order differential and integral equations. In recent years,
mathematicians have used the Adomian decomposition method with various inte-
gral transforms such as Laplace transform, Shehu transform, Samudu transform
and so on ([11],[12],[16]). For instance, [18] developed Shehu transform Adomian
decomposition method (STADM) algorithm and applied it to solve some linear
and nonlinear integral and integro-differential problems. ([7],[8],[9],[13]) solved sys-
tem of fractional order differential equations using Laplace Adomian decomposition
method (LDM) and modified Laplace Adomian decomposition method (MLDM).
The present work presents a method of solution that leveraged on the advantage
that Shehu transform is applicable to both constant and variable coefficients dif-
ferential equations, unlike Laplace transform. Thus, Shehu transform is combined
with Adomian decomposition method for the solutions of systems of both integer
and fractional order partial and ordinary differential equations.

2. FRACTIONAL CALCULUS

The fractional calculus unifies and generalizes the notions of classical calculus
([5],16],[10],[16]). Fractional calculus is almost as old as calculus itself, and has
attracted the attention of researchers in the field of mathematical physics, mathe-
matical biology and mathematical analysis because of the precision it brings when
physical problems are modelled with it. There are several definitions associated
with fractional calculus. The definitions adopted in this research are discussed in
the sequel.

2.1. The Riemann-Liouville Integral and Derivative. The Riemann-Liouville
integral of order £ > 0 for continuous function g on [a, b] is defined by

L t — ) Lg(r)dr a
F(5)/0(15 ) Trg(r)dr, €>0, <t<b, (1)

where Gamma function of ¢ is
I¢) = / e 't 1dt. (2)
0

And the result in (1) can equivalently be written as

Jog(t) =

e Ln+1) ¢
Jt”——F(n+€+1)t”+. (3)
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The Riemann-Liouville fractional derivative is given as

Dfglt) = frmmgy g | (4= H e W

where n is the smallest integer greater than or equal to &, I' is the usual gamma
function, and a is a constant [5].

2.2. The Caputo Fractional Derivative. The Caputo fractional derivative op-
erator D¢ of order ¢ is defined as follows:

oty = — L [ 1y
Déglt) = g [, (=" €0 )

n—
where r —1 < ¢ <r,re N and t > 0.
This can as well be written as
T 1
pépr = LD e (6)
T(n—£&+1)

3. BRIEF REVIEW OF ADOMIAN DECOMPOSITION METHOD

In this section, we shall look into a concise review of ADM because the method
is combined with the Shehu transform later in what follows.
Consider the initial value problem of the form

L(u) + R(u) + N(u) = f(z) (7)
with the initial conditions
uP0)=¢, k=0,1,2,..,n—1 (8)

where L is the highest order linear operator, N is the nonlinear operator, R is the
remaining linear term and f(x) is the inhomogeneous source term.

ADM algorithm requires that L, as a differential operator, has an inverse L~! which
is its integral equivalence.

Therefore
L(u) = f(z) — R(u) — N(u) (9)
Applying L~ to both sides of (2.9) gives
u(a) = L7 [f(x)] = L7 R(uw)] — L[N ()] (10)

Let the series solution of u( ) be given as

2) = Zuxx) (11)

Then
S wile) = L7 f@)] - LR ()] - L7 Au@)] (12)
Thus 1=0 =0 =0
ug(x) = o + L7 [f(x)], (13)
where
Ty = u(0) + zu (0) + “;—Tu”(()) + (14)
and
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where A, (x) are the Adomian polynomials derived for the nonlinear terms in the
IVP. The Adomian polynomials are obtained from the formula

A, = LM" <Z)\u)] " n=0,1,2,.. (16)

And the final solution of the IVP is given as

) =) un(2) (17)
See ([1],[2],[15]).

4. BRIEF REVIEW OF SHEHU TRANSFORM

This section will briefly review the definition and the derivative of Shehu trans-
form.

4.1. Definition. The Shehu transform of function v(z) of exponential order is
defined over the set of functions

p= {v(m):EIN, £, &3>0, |v() <Nexp<%), if ze (—1)i[o,oo)}

(18)
by the integral

S{v(z)} =V(s,u) = /OOO e~ Ty(z)d, (19)

S{v(z)} = lim e~ Ty(z)de, s>0,u>0 (20)
a—0 0

The integral in (19) converges provided that the limit of the integral exists and
diverges otherwise.
The inverse of Shehu transform is given by
S—HV(s,u)} =v(z), x>0,
which can still be stated as
a+1i00 1 .
- expl®)® V (s, u)ds, (21)

o) = SV} = o= [

21 —ico

where s and u are the Shehu transform variables, and « is a real constant and
integral in (21) is taken along s = « in the complex plane s = x + iy.

4.2. Shehu Transform of Derivatives. The Shehu transform of derivatives of a
given function f(z) with Shehu transform F'(s,u) is defined as

S{f (2)} = (£)F(s,u) = f(0).

The n** order derivative is given as

S{f™ (2)) = (Z—Z) F(s,u) — z_:l (2) n_(i“)f(i) (0), (22)

=0
where F'(s,u) is the Shehu transform of the function f(z). (See [12] for additional
information).
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5. STATEMENT OF THE PROBLEM

In this chapter, the algorithm for Shehu transform Adomian decomposition
method is developed and applied to some integer order partial differential equa-
tions.

6. METHODOLOGY: SHEHU TRANSFORM ADOMIAN DECOMPOSITION METHOD

Consider the nonlinear system of fractional differential equations

D%i Uy (.’1?) = Lj (u17 U, UZ,y ..y ’U,T) + Nj(ul, U, Uy ey UT) (23)
with associated initial conditions
W0y =¢), j=1,23,.on i=01,2,..n—1 and i;1<a<i;  (24)
where L; is the linear operator, IN; is the nonlinear operator and D is the fractional
differential operator.
To solve the system using Shehu transform Adomian decomposition method, we
first apply Shehu transform to both sides . Thus we have,

S{D%u;(x)} = S{L;(u1,u2,us3, ..., ur)} + S{N;(u1,u2,us, ..., ur)} (25)
Applying the Shehu transform derivative, we have

‘ s o n—1 s a;—(k+1) )
s =(2) ven-X (2) Wo e
k=0
Substituting equation (26) into (25), we have
s

<£>ajUj(s,v) _n_: <_)o‘j—(k+1)u§k)(o) R S

v P v
-+ S{Nj(ul,UQ,U3, ...,UT)}

which implies

N ol e
<—> Uj(s,v)Z(—> ug-)(()) +  S{L;(u1,u2,us, ..., ur)}

+ S{Nj(ul,u%ug,...,ur)} (28)
Dividing through by (%)aj , we have

v a; n—1 s o;—(k+1) *) v aj
Uj(s,v)(—> Z<;) u; 0 (0)  + <§) S{L;(u1,ug,us, ..., ur)}

S
k=0

v aj
=+ (g) S{Nj(’ul,UQ,Ug,...,ur)}

(29)
Applying the Adomian decomposition method to the system, we have
ui(z) = ujk(x), j=1,23..n (30)
k=0

and the nonlinearity is decomposed as

0o
Nj(Ul,UQ,U3, ...,U/T) = ZAj7k7 ,7 = 1,2,3,...,71 (31)
k=0
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where A; ., are the Adomian polynomials defined by

_ 1 dm - k - k - k - k
Ay = m[cﬂ_mwj(;A 7 SETETS DPLTHD SR | NN

A=0
m=0,1,2,..

Substituting equation (31) and (32) into equation (29), we have

) v a; n—1 s o —(k+1) *)
Susso=(2) X () W
k=0 k=0
+ (g) jS{Lj(ZULk,Zuz,k,Zuzs,k,---,Zur,k)}
k=0

k=0 k=0 k=0
n (—) EIA ) (33)
§ k=0

We now apply the linearity of Shehu transform and generate the recursive formula
for the system as follows

Uiatsn) = (£) 5 (f)aj_(k+l)u§’“> 0) (34)

S v
k=0

Q;

v
Uj71(8, 1}) = ( S{LJ’(U170,U270,U3,0, ceny u,.70)} + (;

w |

w |

S{L;(u1,1,u21,u31,...;ur1)} + (

)
-

Uj’z(s, U) = (
and

v

Uj,k+1(s,v)=<g> S{Lj(ul,k,uz,k,ug,k,...,u,.,k)}+(g) S{N; (45} (37)

Taking the inverse Shehu transform of both sides of the system, we have

o= [ B ] o

k=0

w |

>aj5{Lj(U1,0» 12,0, 13,05 -5 UT,O)}:| s K§> ajS{Nj(Aj’O)}}

uj1(z) =5_1K

wjo(z) = 571 Kg)%S{Lj(um,ug,l, T um)}] +5! Kg)ajS{Nj(Aj,l)}} ,

and

Ujpyr(z) = S71 Kg) ajS{Lj(Ul,k; Us fo U3 s -oes Ur,k)}] +5-1 [(g) ajS{Nj(Aj,k)}]
(41)
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7. NUMERICAL EXAMPLES ON INTEGER ORDER PARTIAL DIFFERENTIAL
EQUATIONS

7.1. List of Problems. The algorithm is applied to some selected nonlinear partial
differential equation. The problems considered here are sourced from [8] and are as
presented below:

Problem 1: Consider the system of nonlinear integer order PDE
Up — Ugy — 20ty + (u0), =0, u(z,0) = sinz
UV — Vg — 200, + (wv), =0, v(z,0) = sinx
Problem 2: Consider the system of nonlinear integer order PDE
1.1 2z

ut+(§(§u2+fu2)+v)m :O, ’U,(IZ?,O) = 1—0

110
v + (uv), =0, v(z,0) = —

100
Problem 3: Consider the system of nonlinear integer order PDE
up + (v = 1 — 2t + 2, u(z,0) =z
UV — Vg + (u0)y = 1 — 2, v(z,0) = —x
7.2. Solutions to the Listed Problems. Here, we present the complete solution
of problem 1, while the solutions to problems 2 and 3 are presented in abridged

forms.
Solution to Problem 1

Up — Uge — 2uly + (u0); =0 (42)
UV — Uy — 200, + (uv), =0 (43)
Taking the Shehu transform of both sides of (42) and (43) gives
Sk — 5{ 20— 5{2u} + 5{(w).} - S(0} (a4)
S}~ { 20}~ {200} + S{ ().} = 510} (15)
which are the same as
s{%} - s{%} ~ S{2uus} + S{(uv),} = 0 (46)
{24 {28~ Stzvn) + S{(wn)) =0 (an)
But
S{%} = (E)U(:E,(s,v)) — u(x,0) (48)
S{%} = (E)V(x, (s,v)) — v(z,0) (49)

Substituting equations (48) and (49) in (46) and (47) respectively, we have
EU(Q:, (s,v)) — u(s,v) = S{ugs} — S{2uuz,} — S{2uuy} + S{(uwv),} =0 (50)

%V(x, (s,v)) —v(8,v) — S{Vzz} — S{2004,} — S{200,} + S{(wv)} =0 (51)
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Thus
U, (5,0)) = “u(e,0) + = S{us} + =52} = ZS{(wo)s}  (52)
Vi, (s,0)) = gv(x, 0) + 55{%} + %S{viz} - 55{(%)95} (53)

The series solutions are:

u(z,t) =307 jun(z,t) and v(z,t) = D07 jvp(w, t).

And also let

Uy = ZZOZO Ay, (uv), = ZZO:O B,, and vv, = 220:0 C,

Ap = ugUoy, A1 = Ugtiy + UtUog, A2 = Uglzy + U1l + U2y
By = ugvoz + oz Vo

B1 = ugviz + u1V0z + U12V0s + U0z V1

Bs = ugvag + u1v12 + U2V0z + U22V2 + Upz V1

U(x,(s,u)):ﬁsmﬁ (ta) + — s{ ZA} {f:Bn} (54)
n=0

S

V(x,(s,u»:ESmH (v3z) + S{ Zc} {iBn} (55)

S

The initial approximations for u(z,t) and v(z,t) are obtained as:
Uo(z, (s,v)) = &sinz, Vy(x, (s,v)) = Lsinw.

Taking the inverse Shehu transform of both sides, we have
uo(x,t) =sinz, vo(z,t) = sinz.

Also
Un @, (5,v)) = = S{unza} + gs{z iAn} -5 {i B} (56)
n=0
Vialo (50)) = 28 (o} + 25{2 30} - {iBn},
n=0,1,2,.. (57)
When n =0

Us(z, (s,0)) = gS{uOM} + %S{QAO} - 35{30}
Vi(z, (s,v)) = %S{’Uomz} + 55{200} - %S{BO}

Ui(z, (s,v)) = gS{— sinx} + %S{2uo.u%} — ES{Uoon + UpzVo }

Ui(z, (s,v)) = %S{— sinx} + %S{Z(sinx)(cos x)}

- %S{Sin x.cosx + cosx.sinx}
Ui(z, (s,v)) = %S{—Sinx} + %S{Zsinmcosx} - %S{Qsinxcosx}
Us(z, (5,0)) = —%S{sinm}.
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Taking the inverse Shehu transform, we have
2
e |
up(x,t) =9 [ . S—2smx]

up(z,t) = —tsinz

U u m
Vi(z, (s,v)) = ;S{UOM} + ES{%O'UM} — ;S{uovogC + Uogvo }

Vi(z, (s,v)) %S{_ sinz)} + 55{2(sin 2)(cosz)}

- gS{sinx.cosx + cosz.sinx}
Vi(z, (s,v)) = %S{—sinx} + %S{2sinxcosx} - %S{2sinxcosx}
Vi(z, (s,v)) = %S{— sinz}

Taking the inverse Shehu transform

Whenn=1
Us(a, (5,0)) = =S{ures} + =S{241} = Z5{B1}
Us(z, (s,0)) = gS{tsinx} + 55{2(u0u1x +ugugs)}
- %S{uovlw + VoU1y + UV0g + UoxV1}
Us(z, (s,0)) = 55{75 sina} + %S{Q(uouu +urugs)}
- %S{sinx(— cosz) + (sinz)(— sinz)
+ (—sinz)(cosz) + (cosz)(—sinz)}
Us(a, (s,v)) = %S{tsinx} + %S{Q(sin 2)(~ cosz)
+2(—sinz)(cosz)} — 35{4(— sinz cos )}
us(, (5,0)) = gS{tsinx}
Taking the inverse Shehu transform gives
ug(x,t) = S_I[ZL—Z)S{Sinx}]

t2

= §SH1{L'

Similarly
Va(@, (5,v)) = 2S{v1za} + =S{2C1} — ZS{B1}
Va(z, (s,v)) = gS{tsinx} + %S{Z(Uovlw + v1v0z) }

u
- ES{UOUM + VoUiz + ULz + U0z V1 }
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Va(z, (s,v)) = %S{tsinx} + %S{2(sin x)(—cosz)+ 2(—sinz)(cosx)}
- %S{(Sin x)(—cosz) + (sinz)(—cosz) + (cosx)(—sinz)}

Va(z, (s,v)) = %S{tsinx} + 55{4(— sinz cos )}
- 55{4(— sinx cosz)}

2

Val(z, (s,u)) = % [1;—2 sin x}

Taking the inverse Shehu transform of both sides
2
aoifu,ut
va(z,t) =S [;(8—2 smx)}
t2
va(z,t) = §sinx

Following the same procedure for n = 2, we get
43
uz(z,t) = T sin x
43
vs(z,t) = 30 sin z.

Therefore, the series solutions of the system are

u(z,t) = up(x,t) + uy (z,t) + ua(x, t) + us(x,t) + ug(x,t) + ...

12 3 t
=ginz —tsinz + — o sinx — 3' sinx + — 1 sinx + .
23 ¢t
28111:1:[1—754—5——-&-4'4- }

=e lsinx

v(z,t) = vo(z,t) + vi(x,t) + va(x,t) + vs(x,t) + va(z, t) + ...

2 3 44
—smx—tsmx—l—asmx 3 Esmm—i—
2 3t

=e lsinx

Solution to Problem 2
Taking the Shehu transform of both sides of the system, we have

S{%} 5{893 }+ S{ax }+S{8x}:0

s{zi}+s{m} -

(3o - ute 0+ 35{ o} + g5zt + {5
+5

_l’_ _—
aa< )} =0

i 0
(S)V(m, (s,v)) — v(z,0) {_x uv
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Applying the given initial conditions, and dividing through by (), we have
U =55 (5) - 1(3)s{gt - ()sla) - Os{a)

Vit =—15(3) - (3)s{ 77}

The series solutions are

Uz, (s, U)) = ZZO:O Un<$7 (s, U))7 V(x, (s, U)) = ZZO:O Vﬂ(xv (s, U))
and the nonlinearities are decomposed by Adomian method as

wr =3 A, v* =3 Byand uww =37  C,.
We therefore obtained the final pair of series solutions as:

o= oy (o) ()"

110 2t 32 43
e =l G E )

Solution to problem 3
The pair of series solutions to the problem are obtained through similar procedure
as presented in Problems 1 and 2 as:

u(x,t) = up(z,t) + up (z,t) + ...

4¢3 8at?
=x+t+—t2+2xt—2mt+t2—4xt2+?—xT
v(x,t) = vz, t) + vi(x,t) + ...
t3 tt sint3
=- — 2zt 4+ 22t — — + at? — —
r+x rt + 2z 3+a: 2+ 3

8. NUMERICAL EXAMPLES ON FRACTIONAL ORDER ORDINARY DIFFERENTIAL
EQUATIONS

In this section, some problems from [13] are solved using the developed algorithm
(STADM)

8.1. List of Problems Solved Using STADM.

Problem 1: Consider the system of nonlinear fractional ODE
Doyi(t) = () +[1e(0))?, 1<a<2, 5(0)=0, y(0)=1 (58)

DPys(t) = y1(t) + 5ya(t), 2<B <3, 92(0)=0, 250)=1, »5(0)= 1(- |
59

Problem 2: Consider the system of nonlinear fractional ODE

Do) = Jul). 3(0) =1,

DPys(t) = ya(t) + 43 (t), 12(0)=0, 0<a,B>1.

Problem 3: Consider the system of nonlinear fractional ODE

@ 2 y2 1
5 77
Dﬂy(t) =t" 4+ Z, y(O) =1.
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8.2. Solution to the listed problems. Solution to Problem I
We first take Shehu transform of both sides of the system

S{D%y1 (1)} = S{y1 (1)} + S{w3 (1)}
S{D y>(t)} = S{y1(t)} +5S{y2(t)}.

S\ & sya—1 s\a—2 ,
)Mo -(2) wo-(2) wo-
Yi(s,v) + S{y3 (1)}
s\ B s\B-1 SB_Q, Sﬁ_g// _
(3) 2= (2) wOo- () wO-(3) wo-=
Yi(s,v) + 5Ya(s,v)
Applying the initial conditions and dividing through by (2)* and (%)B respectively,
we have
U2 U\a Uia 2
Yi(s,v) = (g) + (g) Yl(&“)"‘(g) S{y2 ()}
v v v v
Yals,0) = (97 + (9% + ()Wa(s,0) +5(2)¥als,0).
We have Y1 = > 00 ( Vi, Yo =3 o0 (Yo, and y3 = > 7 A, where A, is the set
Adomian polynomials.

Therefore,
totl 2l¢ot2 3t glpatd t2ott
N T T TTla+3) " Tlatd) " a(ats)  TRat2)
21202 32ots Alg2o+4
TTRa+3) T@atd  IM2ats)
12T°(B + 3)toth+2 6T(B + 4)toth+s

FB+2T(B+a+3) TE+2T(B+a+4)
50(B + 5)tetite

L(B+3)I'(8+a+bh)
t2 6tﬁ+1 5t/5’+2 toz+ﬂ+1
=t+— + + +
b2 20 "T(B+2)  T(B+3)  T(a+B+2)
2!to<+ﬁ+2 3!t04+,3+3
+ +
MNa+6+3) Tla+p8+4)
AlpotB+a 30¢28+1 25¢268+2

T Ta+8+5) TTER+2 T T28+3)

Solution to Problem 2
Taking the Shehu transform of the system

SUD*u (0} = 350 (1)}
S(DP2(1)} = STun(t)} + SEAW)
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‘We have
s s

(5) it~ (3)" w0 = gritsw

(2) ¥atorn) — (2)" 10 = Yalor) + 517000

Applying the initial conditions, re-arranging and dividing through by (2)* and (%)B
respectively, we have

Let Y =Y Y, and yf = > 77, A1 5, we have
Yn: - (=)~ A n
n§:0 1 =(5)+350() [;:O 1,n]

> You = ()Y Yan + 3 Aval
n=0 n=0 n=0

Following the same procedure as in Problem 1, we arrived at the following solutions
forn=0,1,2,...
yi0=1 y20=0.
I 127 thte
M2= 4Tt 1) 22T T8+ T TBrat D)
1 3 138 ta+2s [(2a + 1)¢22+8
V3= 8T Bat1) Y T TEB+1) (Tlat28+1) T2a+ TRa+B+1)

Solution to Problem 3
The following results are obtained for the problem for n = 0,1,2, ... as follows

21¢ot2 21¢8+2
)= ——— =1+——r
2 = ey O =14 5E5
O S S torhte Lo+t 5)tat2hra
"TAT(a+1)  T(a+B8+3) T2@B+3)(a+28+5)
[(2a + 5)t2ath+a
Y1 =

I'2(a+1)Ir2a+B+5)"
Thus, the solutions of x(t) and y(t) are,
x(t) = xo(t) +21(t) + ...

t 1) 2T toth2 T'(20 4 5)¢o 20+
= O e Y Tat 518 Pla+ 9T s 25+
y(t) =yo(t) +y1(t) + ...
21012 (2 gorhrd
—1+ (20 +5) +o

T(6+3)  T2at3)(2atB3+5)
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9. RESULTS
9.1. 3D Graphs for PDEs.

JFCA-2024/15(2)

FicURrE 1. 3D Approximate solution to problem 1 by STADM

Problem 1: Comparison between STADM and the method in the literature
[t} [ LADM {y:(2)} | STADM{y1(0)} | LADM{y:(0)} | STADM {1:(0)}
0.00 0.000 0.00000 0.000 0.00000
0.10 0.100 0.10018 0.105 0.10503
0.20 0.201 0.20149 0.220 0.22041
0.30 0.305 0.30533 0.347 0.34714
0.40 0.413 0.41347 0.487 0.48688
0.50 0.528 0.52815 0.642 0.64215
0.60 0.653 0.65226 0.817 0.81635
0.70 0.791 0.78950 1.015 1.01393
0.80 0.949 0.94464 1.247 1.24056
0.90 1.130 1.12381 1.519 1.50328
1.00 1.316 1.33492 1.844 1.81086
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Outiagl=

F1GURE 2. 3D Approximate solution to problem 2 by STADM

Ficure 3. 3D Approximate solution to problem 3 by STADM

10. DI1SCUSSION OF RESULTS AND SUMMARY

Six numerical examples have been presented for both system of nonlinear frac-
tional order ordinary differential equations and system of nonlinear partial differ-
ential equations, three for each. The six problems are taken from the literature to
ascertain the reliability of this method. Problems 1, 2 and 3 under integer order
have been solved by [8] using Laplace Adomian decomposition method. The prob-
lems are solved using our proposed method, STADM, and the results produced are
the same. However for problem 3 under integer order, [8] used MLDM, but here, the
proposed method is applied directly but with more computational volume. How-
ever with the emergence of "noise terms” from the first and second iterations, we
arrived at almost the same results. For fractional order, the problems attempted
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9.2. 2D Graphs for Fractional ODEs.
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using our method were earlier solved by [13] using Laplace Adomian decomposition
method and modified Laplace Adomian decomposition method. Using the proposed
method, STADM, we were able to produce results that compete well with that in
the literature. Meanwhile, the results are depicted in 3D graphs for PDEs and
2D graphs for fractional ODEs. Therefore, STADM is a useful mathematical tool
for solving system of nonlinear fractional order ordinary differential equations and
system of nonlinear partial differential equations.

In conclusion, this paper developed a new approach to the solution of system of
nonlinear fractional order ordinary differential equations as well as that of system
of nonlinear partial differential equations. To achieve that, a Laplace-type integral
transform; Shehu Transform which has a unique advantage of being able to solve
both constant coeflicient as well as variable coefficient problems was integrated into
the much celebrated Adomian Decomposition Method (ADM). The nonlinearities
encountered were handled seamlessly by the ADM. The new method developed was
subsequently applied to selected problems in the literature. The results obtained
compared well with those in the literature. In fact, the results are equally presented
in 3D graphs where applicable and in 2D graphs otherwise.

11. CONCLUSION

Shehu transform Adomian decomposition method has proven to be an effective
method of solution to nonlinear system of integer and fractional order differential
eqautions. The method is therefore a useful mathematical tool for obtaining reli-
able solution of nonlinear systems of both integer and fractional order differential
equations. In the future research, we shall extend the methods reported in this
paper to solutions of multi order fractional differential equations.

REFERENCES

[1] G. Adomian, Solving frontier problems in physics: The decomption method, Kluwer, 1994.

[2] G. Adomian, and R. Rach, Noise term in decomposition series solution, Comput. Math.
Appl., 24, 61-64, 1992.

[3] W. Araya, and P. Duangkamol, Fractional Shehu Transform for solving fractional differen-
tial equations without singular kernel. International Journal of Mathematics and Computer
Science, 17(3), 1341-1350, 2022..

[4] H. Bakodah, The appearance of Noise Terms in modified Adomian Decomposition Method
for quadratic integral equations. American Journal of Computational Mathematics, 2(2),
125-129, 2012.

[5] C. O. Edmundo, and J. A. Machad, A review of definitions for fractional derivatives and
integral. Hindawi Publishing Corporation Mathematical Problems in Engineering Volume
2014, Article ID 238459.

[6] V. S. Ertrka, and S. Momani, Solving systems of fractional differential equations using differ-
ential transform method. Journal of Computational and Applied Mathematics 215, 142 151,
2008.

[7] M. Ganjiani, and F. Veisi, Solution of nonlinear fractional differential equation using homo-
topy analysis. Topological of the Juliuz Schauder centre, 31(148), 2010.

[8] S. S. Handibag, and R. M. Wayal, Study of some system of nonlinear partial differential
equations by LDM and MLDM. International Journal of Scientific and Research Publications,
11(6), 449 - 456, 2021.

[9] E. Hassan, and A. Klcman, Application of Sumudu decomposition method to solve nonlin-
ear system of partial differential equations. Hindawi Publishing Corporation Abstract and
Applied Analysis Volume 2012, Article ID 412948.

[10] U.N. Katugampola, A New Approach to Generalized Fractional Derivatives. Department Of
Mathematics, Southern Illinois University, Carbondale IL 62901, USA, 2014.



18

(11]

(12]

(13]

(14]

[15]

B. M. YISA, A. T. TIAMIYU JFCA-2024/15(2)

D. Lokenath, and D. Bhattalntegral, Integral transforms and their applications, Second edi-
tion. Taylor & Francis Group, LLC, 2007.

S. Maitama, New integral transform: Shehu transform a generalization of Sumudu and
Laplace transforms for Solving Differential Equations. International Journal of Analysis and
Applications DOI: 10.28924/2291-8639-17-2019-167, 2019.

H. O. Muhammed, and A. H. Salim, Computational methods based Laplace decomposition
for solving nonlinear system of fractional order differential equations. Alexandria Engineering
Journal, November 2018.

S. Turq, Homotopy type methods for nonlinear differential equations. Unpublished Masters
thesis, Palestine Polytechnic University, 2020.

A. Siddiqui, M. Hameed, B. Siddiqui, and B. Babcock, Adomian Decomposition Method
Applied to Study Nonlinear Equations Arising in Non-Newtonian Flows; Oxford University
Press: Hong Kong, China, 2012.

[16] M. Weilbeer, Efficient Numerical Methods for Fractional Differential Equations and their

Analytical Background. US Army Medical Research and Material Command, 2005.

[17] B. M. Yisa,and N. A. Adelabu, Numerical Solution of fractional order partial differential

equation with Sturm-Liouville problem using homotopy analysis and homotopy perturbation
methods. Daffodil international university journal of science and technology, 17(2), 1 - 10,
2022.

[18] B. M. Yisa, M. A. Baruwa, Shehu transform Adomian decomposition method for the solu-

tion of linear and nonlinear integral and integro-differential equation. Journal of Nigerian
Mathematical society, 41(2), 105-208, 2022.

[19] B. M. Yisa, Solution of ordinary differential equation with special nonlinearities by Ado-

mian decomposition method. Journal of Science, Technology, Mathematics and Education
(JOSMED), 15(3), 42 - 52, 2019.

[20] A. Wazwaz, Linear and nonlinear integral equations: Method and application, Higher Edu-

cation Press, Beijing, 2011.

[21] X. Xie, and L. Li, M. Wang, Adomian Decomposition method with orthogonal polynomials:

Laguerre polynomials and the second kind of Chebyshev polynomials. Mathematics 2021, 9,
1796. https://doi.org/10.3390/math9151796.

B. M. Yisa

DEPARTMENT OF MATHEMATICS, FACULTY OF PHYSICAL SCIENCES, UNIVERSITY OF ILORIN, ILORIN,
NIGERIA

E-mail address: yisa.bm@unilorin.edu.ng, bmiyisa2@gmail.com

A. T. TiaMIYU

DEPARTMENT OF MATHEMATICS, FACULTY OF PHYSICAL SCIENCES, UNIVERSITY OF ILORIN, ILORIN,
NIGERIA

E-mail address: abdulwahabtunde1502@gmail.com



