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N-FRACTIONAL CALCULUS OF THE GENERALIZED
HURWITZ-LERCH ZETA FUNCTION AND FOX’S H-FUNCTION

VIRENDRA KUMAR

ABSTRACT. The aim of the present paper is to establish N-fractional calculus
of the generalized Hurwitz-Lerch zeta function and Fox’s H-function. The
main results are general in nature and provide useful extension and unification
of a number of known or new results. For illustration, some special cases of
the main results are mentioned.

1. INTRODUCTION

In this section we give some important definitions.
Definition 1 The author has introduced the generalized Hurwitz-Lerch zeta func-
tion [7] defined in the following manner:
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where a € C\Z;, s € C, Re(pr) > 1, Re(a) > 0 and either |2] <1, z # 1, § >0,
Re(s) > 0or z=1, Re(s — ) > 0.
Equivalently, the function ¢ B(z, s, a) has the integral representation
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provided that Re(a) > 0, Re(a) > 0, Re(u) > 1 and either 2| <1, z # 1, 8 > 0,

Re(s) > 0or z=1, Re(s — pu) > 0.

On substituting @« = 1 and 8 = 0 in (1), we get unified Riemann zeta function
[3, p. 100, Eq. (1.5)] which further reduces to Hurwitz-Lerch zeta function [1, p.
27, Eq. (1)] when u = 1, generalized zeta function [1, p. 24, Eq. (1) ] when p =1
and z = 1, and Riemann zeta function [1, p. 32, Eq. (1)] when u =1, z =1 and
a=1.

Definition 2 Fox’s H-function occurring in this paper is defined and represented
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by means of the following Mellin-Barnes type contour integral [18, p. 10, Eq.
(2.1.1)-(2.1.3)]:
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where i = +/—1, L is a contour which goes from v — ico to v + 100, z # 0. and
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For the convergence, existence conditions and other details of the above Fox’s H-
function, one may refer to the books written by Srivastava, Gupta and Goyal [18];
Kilbas and Saigo [6]; Mathai, Saxena and Haubold [14] and Prudnikov, Brychkov
and Marichev [17].

Definition 3 The author introduced a general class of functions defined in the
following manner [8] (see also [9, 10, 11, 12]):

Vil(a) = Vi &9 1k w, g, km, aj, by, o, B, 8 ]

Cor fl [(im )y, ] (@+an+8) 77 (w/2" 40

— A 3 m=1 m ;
r;) [(gj)maj} Tl;ll (D) ansss,]

s
Jj=1

where
(@) p, ky w, q, B, 0, km, aj, bp (m=1,...,t; j=1,...,8; r=1,...,u) are real
numbers.
(#i) t, s and u are natural numbers.
(498) hpm, g; > 1 (m=1,...,t j=1,...,s) and d may be real or complex.
(tv) a > 0, Re(7) > 0, Re(d) > 0, x is a variable and A is an arbitrary constant.
(v) The series on the right hand side of (5) converges absolutely if t < s or t = s
with p(x/2)% < 1.
For details of convergence conditions of the series on the right hand side of (5)
one may refer to the paper [9].
Remark 1 The general class of functions defined by (5) is quite general in nature
as it unifies and extends a number of useful functions such as unified Riemann-zeta
function [3], generalized hypergeometric function [1], Bessel function [2], Wright’s
generalized Bessel function [21], Struve’s function [2], Lommel’s function [2], gener-
alized Mittag-Leffler function [19], exponential function, sine function, cosine func-
tion and MacRobert’s E—function [2] etc. (see, e.g. 8, 10]).
Definition 4 Nishimoto [15] gave the following definition of N-fractional calculus:
Let D ={D_, D}, C ={C_, C,}, C_ be a curve along the cut joining two
points z and —oco + i Im(z), C be a curve along the cut joining two points z and
oo +1i Im(z). D_ be a domain surrounded by C_ and D_ contains the two points
over the curve C_, D, be a domain surrounded by C; and D, contains the two
points over the curve Cy.
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Furthermore, let f = f(z) be a regular function in D(z € D). Then

fo=(f= F(g; D) /C G f(f))wdg, (¢ Z7:={-1, =2, =3,..}).  (6)
(F)=ms = lim (£)o, (m' e Zz+:={1, 2, 3,..}). (7)
F(U*S) s—v

_ L(v—s)

s — imTv 0 7 . 8
(=T, o | S o 0
where —m < arg((—z) <w for C_, 0 < arg(( —z) < 2w for Cy, ( # 2, z € C and
v € C, then for Re(v) > 0, (f), is derivative of arbitrary order v and for Re(v) < 0,
integral of arbitrary order —v with respect to z of the function f(z).

2. MAIN THEOREMS

In this section we establish five theorems for N-fractional calculus involving
the generalized Hurwitz-Lerch zeta function, Fox’s H-function and general class of
functions.

Theorem 1 Let the following conditions be satisfied:

004 B <

(43 <1,

(#i7) The condltions mentioned with (1) are satisfied. Then the following result
holds:
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Theorem 2 Let the following conditions be satisfied:

(i) Re(v—p—k—pn)—o T@c&xN%y—l <0,
(i7) [22=7] < 1,

(iii) b# 0, 0 >0, |arg z| < $Am, where

A= ZOZJ* Z 04J+ZﬂJ* Z Bs >0 (10)

J=N+1 J=M+1

and the conditions mentioned with (1) are satisfied. Then the following result holds:
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Theorem 3 Let the following conditions be satisfied:

v—p—oy—b—enk—edw—eq)
075‘ T'(—p—oy—b—enk—edw—eq) < oo

(1) P27 < 1,
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(#9i) n # 0, € > 0 and the conditions mentioned with (1)and (5) are satisfied. Then
the following result holds:
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Theorem 4 Let the following conditions be satisfied:

. IMNv—p—o{—oy—c—enk—edw—eq) |
(Z) 0 # ‘ T(—p——0(—oy—c—enk—edw—eq)| < 00,

) P < 1,
(i) n #£0, b#0, € >0, 0 > 0 and the conditions mentioned with (1)and (5) are
satisfied. Then the following result holds:

(267 7(=, & @Vl 50p, 7, K, w, 4, o, @, by @, B, 6 7]
(Ay, o)1, P
(Bs, B, @ ),

_ (_1)1;)\ i (g)y(,u)c ( 'YCZU>yZp+c+enk+edw+eqv

aé

xH QY [0

y! ! a
| C; B (13)
(=»)" T1 [(em)yyi, ] (d - on + B)"T (n/2)" vt
jljl [(gj)"Jraf} rlill [(d>an5+br]

M+1, N o
XHY 3% [be

{—p—oy—c—e(nk+dw+q), o}, (As, aj)i, P
{v—p—oy—c—e(nk+dw+q), o}, (Bs, Bi)1, @

Theorem 5 Let the following conditions be satisfied:

. T'(v+v' —p—k—pn) I'(v+v' —p—k—pn) T'(v+v' —p—k—pn)
(1) 0 # | Moo < o0, 0 # | i 2eiam] < oo, 0.4 | H=tiain) <
00,

(i7) [2222] < 1,
(#i7) The conditions mentioned with (1) are satisfied. Then the following result
holds:

((z"d)g’ 5(2’, s, a))v)

= ((zqu)Z" ﬁ(z, s, a))v,>

= (z"d)i" Bz, s, a))vﬂ), .
(14)

v’ v

Proof To prove (9), we express the generalized Hurwitz-Lerch zeta function oc-
curring in the left hand side of (9) in series form using (1) and then collecting the
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powers of z, we get

(zqua Bz, s, a)) :<

3 () <u>kz’:>. (19

Using the following result in (15):

oo A,y (—2)"
(=S Rl oy (16)
n=0 n
we get
a, —s - (S)H(lu’)k ak " k+pBn
(zp¢“ Bz, s, a))v =a H%OW — Ea +8 )v’ (17)
where ‘“kz < 1. Using (8) in (17), we get

29 Bz, s, a =a ° N M 7% nefiwvr(vfpfkfﬂn)
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where 0 # ‘ %}p%m‘ < 0.

After a little simplification, we arrive at the result (9).

To prove (11), we express the generalized Hurwitz-Lerch zeta function and Fox’s
H-function occurring in the left hand side of (11) in series form using (1) and (3),
apply the result (16), collect the powers of z and then apply the result (8). Now,
interpreting the contour integral in terms of H-function, we arrive at the desired
result (11).

To prove (12), we express the generalized Hurwitz-Lerch zeta function and gen-
eral class of functions occurring in the left hand side of (12) in series form using (1)
and (5), apply the result (16), collect the powers of z, apply the result (8) and we
arrive at the desired result (12).

To prove (13), we express the generalized Hurwitz-Lerch zeta function, general
class of functions and Fox’s H-function occurring in the left hand side of (13) in
series form using (1), (3) and (5), apply the result (16), collect the powers of z
and then apply the result (8). Now, interpreting the contour integral in terms of
H-function, we arrive at the desired result (13).

To prove (14), from (9) we have

N > wL(v—p—k—p3n) [ ak\"

((zP(b,j Pz, s, a)) ) Z n; k;kp —p—k— Bn) (a>
n, k=0
% (Zp+k+6n—v) ,
(19)

Using (8) in (19), we get

. v+v 00 F(v+’0 —p—k— Bn)
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In a similar manner, we get

X 'L)—H) o0 T(v+v —p—k—pFn)
((ro o)), = S 3 o

n
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a
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o (-~ ()T (v + v —p—k— pn
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a
Thus, (20), (21) and (22) prove (14).
Remark 2 Results like (14) may be obtained for the results (11), (12) and (13).

and replacing v by v+ v’ in (9), we get

3. SPECIAL CASES

In this section we mention some special cases of our main results.
(¢) If we take a =1, k=0 and n = 0 in (11), the generalized Hurwitz-Lerch zeta
function reduces to the unity and we get in essence the results due to Goyal and
Garg [4].
(7) If we take ¢ =0, y = 0 and @ = 1 in (13), the generalized Hurwitz-Lerch zeta
function reduces to the unity and we get in essence the results due to Kumar [9)].
(i) Hwetakep=2, m=1, j=2,r=1, =1, 1=1, go=1, 7=1, k=
1, w=0,¢g=0,k =0, a1=0, aa=0, =0, § =1, bleand)\:ﬁ
n (12), the general class of functions reduces to the Wright’s generalized Bessel
function [21] and we get in essence the following result:

D E— Cppe)n

("0} 7 (= & @)J3(0=9),, = % > y! éfk’f’f@&lnh 1)
n, b y=0 (23)

><< ybz° > Tw—p=oy—b=en) pup

a I'(—p—0oy—b—en)

where J$(nz¢) stands for the Wright’s generalized Bessel function.
(w) fwetakep=1, m=1, =2, r=1, hy =1, 1 =3/2, g2o=1, 7=1, k=
2, w=1¢=1,k =0,a1=0,a2=0, a=1, g=1/2, 6 =1, by =1/2
and A = W in (12), the general class of functions reduces to the Struve’s
function [2] and we obtain in essence the following result:
o e =1" & (©y () (=1)"
2ol 7 (2 a)Hi(nz =
(2703 720 & a)Ha(r ))v n?bzg_o Yyl oI T(3 +n)(d+ 3 +n) (24)
o\ ¥ e\ 2n+d+1
X(_’ybz ) (nz) F(U—p—ay—b—2en—ed—e)zp+b_v
a 2 P(—p—oy—b—2en—ed—¢) ’
where H;(nz¢) stands for the Struve’s function.
(v)Ifwetake p=1, m=1, j=2, r=1, hy =1, 1 = (W +v +3)/2, g2 =
(W—=v4+3)/2, r=1, k=2 w=p,q=1,k =0,a,=0, a0=0, a=1, 8=
—1,8=1,b =-1, d=1and A = 2¢"1/{(i/ + v + 1)(i/ — v + 1)} in (12),
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the general class of functions reduces to the Lommel’s function [2] and we get in
essence the following result:

(-yv 2w+ i (€)y () (=1)"

o€ TWETHT) 2oyl ()

o e\ 2n+u’+1
" bz Y nz e F(v—p—ay—b—?en—eu'—e)zp+b_1,
a 2 D(—p—oy—b—2en —eu —¢) ’

(qué;’y U(Za 57 a)su’, U'(nzs))v -

n

(25)

where s/, ,+(n2¢) stands for the Lommel’s function.

(vi) f wetakep=—-2, m=1, j=1,r=1, hy=h, g1=9g, 7=1, k=1, w=
0, =0,k =0,a,=0, =-1,0=1, by = -1 and A = 1/T'(d) in (12), the
general class of functions reduces to the generalized Mittag-Leffler function [19] and
we obtain in essence the following result:

P4, O , g € _ (_1)U - (6)’5/( ) (h)n( Ze)n
(z o1 (2, & a)EY 9(nz ))v CaE bE;_O y! bl é;)bnf(dian)

" bz YTo—p—oy—b— en)zp+b_v’
a I(—p—oy—b—en)

(26)

where EZ 9(nz°) stands for the generalized Mittag-Leffler function.

Remark 3 If we substitute g = 1 in (26), the generalized Mittag-Leffler function
reduces to the generalized Mittag-Leffler function EZ 4(nz°) introduced by Prab-
hakar [16].

If we substitute h =1 and g = 1 in (26), the generalized Mittag-Leffler function
reduces to the generalized Mittag-Leffler function E,, 4(nz¢) introduced by Wiman
[20].

If we substitute h =1, g =1 and d = 1 in (26), the generalized Mittag-Leffler
function reduces to the Mittag-Leffler function E,(nz¢) [5, 13]. (vii) If we take
p=-2,1t=P, s=Q, r=1,d=1,7=1, k=1 w=0,¢=0, k, =0, a; =
0, by =-1, a=1, 8=-1, § =1, and A = 1 in (12), the general class of functions
reduces to the generalized hypergeometric function [1] and we obtain in essence the
following result:

(267 7 (2, € a)pFolhp: go: 7)), = 20 3

aé
m by=0 gyl bl [T (gj)n 0!
j=1

o\ Y
" bz I‘(v—p—ay—b—en)zlﬁbﬂ)
a I(—p—oy—b—en)

)

(27)

where pFg(hp; gg; nz°) stands for the generalized hypergeometric function.
Remark 4 Several other Special cases may be obtained from the results (11) and
(13) by reducing the H-function to several special functions with the help of the
known results available in [14] and [18].
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