
Journal of Fractional Calculus and Applications

Vol. 12(3). No. 17, pp. 1-8

1st. Inter. E-Conf. in Math. Sciences and Fractional Calculus(ICMSFC Feb 2021).

ISSN: 2090-5858.

http://math-frac.org/Journals/JFCA/

————————————————————————————————

N -FRACTIONAL CALCULUS OF THE GENERALIZED

HURWITZ-LERCH ZETA FUNCTION AND FOX’S H -FUNCTION

VIRENDRA KUMAR

Abstract. The aim of the present paper is to establish N -fractional calculus
of the generalized Hurwitz-Lerch zeta function and Fox’s H-function. The

main results are general in nature and provide useful extension and unification

of a number of known or new results. For illustration, some special cases of
the main results are mentioned.

1. Introduction

In this section we give some important definitions.
Definition 1 The author has introduced the generalized Hurwitz-Lerch zeta func-
tion [7] defined in the following manner:

φα, βµ (z, s, a) =

∞∑
k=o

(a+ αkzβ)−s(µ)k
zk

k!
, (1)

where a ∈ C\Z−0 , s ∈ C, Re(µ) ≥ 1, Re(α) > 0 and either |z| ≤ 1, z 6= 1, β ≥ 0,
Re(s) > 0 or z = 1, Re(s− µ) > 0.

Equivalently, the function φα, βµ (z, s, a) has the integral representation

φα, βµ (z, s, a) =
1

Γ(s)

∫ ∞
0

ts−1 e−at (1− ze−αz
βt)−µ dt, (2)

provided that Re(a) > 0, Re(α) > 0, Re(µ) ≥ 1 and either |z| ≤ 1, z 6= 1, β ≥ 0,
Re(s) > 0 or z = 1, Re(s− µ) > 0.

On substituting α = 1 and β = 0 in (1), we get unified Riemann zeta function
[3, p. 100, Eq. (1.5)] which further reduces to Hurwitz-Lerch zeta function [1, p.
27, Eq. (1)] when µ = 1, generalized zeta function [1, p. 24, Eq. (1) ] when µ = 1
and z = 1, and Riemann zeta function [1, p. 32, Eq. (1)] when µ = 1, z = 1 and
a = 1.
Definition 2 Fox’s H-function occurring in this paper is defined and represented
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by means of the following Mellin-Barnes type contour integral [18, p. 10, Eq.
(2.1.1)-(2.1.3)]:

H [z] = HM, N
P, Q

[
z

(AJ , αJ )1, P
(BJ , βJ )1, Q

]
=

1

2πi

∫
L

φ (ξ) zξdξ, (3)

where i =
√
−1, L is a contour which goes from γ − i∞ to γ + i∞, z 6= 0. and

(φξ) =

M∏
J=1

Γ(BJ − βJξ)
N∏
J=1

Γ(1−AJ + αJξ)

Q∏
J=M+1

Γ(1−BJ + βJξ)

P∏
J=N+1

Γ(AJ − αJξ)

. (4)

For the convergence, existence conditions and other details of the above Fox’s H-
function, one may refer to the books written by Srivastava, Gupta and Goyal [18];
Kilbas and Saigo [6]; Mathai, Saxena and Haubold [14] and Prudnikov, Brychkov
and Marichev [17].
Definition 3 The author introduced a general class of functions defined in the
following manner [8] (see also [9, 10, 11, 12]):

Vn(x) = V hm, d, gjn [p, τ, k, w, q, km, aj , br, α, β, δ; x]

= λ

∞∑
n=0

(−p)n
t∏

m=1

[
(hm)n+km

]
(d+ αn+ β)

−τ
(x/2)

nk+dw+q

s∏
j=1

[
(gj)n+aj

] u∏
r=1

[
(d)αnδ+br

] ,
(5)

where
(i) p, k, w, q, β, δ, km, aj , br (m = 1, . . ., t; j = 1, . . ., s; r = 1, . . ., u) are real
numbers.
(ii) t, s and u are natural numbers.
(iii) hm, gj ≥ 1 (m = 1, . . ., t; j = 1, . . ., s) and d may be real or complex.
(iv) α > 0, Re(τ) > 0, Re(d) > 0, x is a variable and λ is an arbitrary constant.
(v) The series on the right hand side of (5) converges absolutely if t < s or t = s
with p(x/2)k ≤ 1.

For details of convergence conditions of the series on the right hand side of (5)
one may refer to the paper [9].
Remark 1 The general class of functions defined by (5) is quite general in nature
as it unifies and extends a number of useful functions such as unified Riemann-zeta
function [3], generalized hypergeometric function [1], Bessel function [2], Wright’s
generalized Bessel function [21], Struve’s function [2], Lommel’s function [2], gener-
alized Mittag-Leffler function [19], exponential function, sine function, cosine func-
tion and MacRobert’s E−function [2] etc. (see, e.g. 8, 10]).
Definition 4 Nishimoto [15] gave the following definition of N -fractional calculus:

Let D = {D−, D+}, C = {C−, C+}, C− be a curve along the cut joining two
points z and −∞+ i Im(z), C+ be a curve along the cut joining two points z and
∞+ i Im(z). D− be a domain surrounded by C− and D− contains the two points
over the curve C−, D+ be a domain surrounded by C+ and D+ contains the two
points over the curve C+.
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Furthermore, let f = f(z) be a regular function in D(z ∈ D). Then

fv = (f)v =
Γ(v + 1)

2πi

∫
C

f(ζ)

(ζ − z)v+1
dζ, (v /∈ Z− := {−1, −2, −3, ...}). (6)

(f)−m′ = lim (f)v
v→−m′

, (m′ ∈ Z+ := {1, 2, 3, ...}). (7)

(zs)v = e−iπv
Γ(v − s)
Γ(−s)

zs−v,

[
0 6= Γ(v − s)

Γ(−s)
<∞

]
. (8)

where −π ≤ arg(ζ − z) ≤ π for C−, 0 ≤ arg(ζ − z) ≤ 2π for C+, ζ 6= z, z ∈ C and
v ∈ C, then for Re(v) > 0, (f)v is derivative of arbitrary order v and for Re(v) < 0,
integral of arbitrary order −v with respect to z of the function f(z).

2. Main theorems

In this section we establish five theorems for N -fractional calculus involving
the generalized Hurwitz-Lerch zeta function, Fox’s H-function and general class of
functions.
Theorem 1 Let the following conditions be satisfied:

(i) 0 6= Γ(v−ρ−k−βn)
Γ(−ρ−k−βn) <∞,

(ii) αkzβ

a < 1,
(iii) The conditions mentioned with (1) are satisfied. Then the following result
holds:(
zρφα, βµ (z, s, a)

)
v

=
(−1)v

as

∞∑
n, k=0

(s)n(µ)kΓ(v − ρ− k − βn)

n! k! Γ(−ρ− k − βn)

(
−αkz

β

a

)n
zρ+k−v.

(9)

Theorem 2 Let the following conditions be satisfied:

(i) Re(v − ρ− k − βn)− σ max
1≤J≤N

Re(AJ )−1
AJ

< 0,

(ii) αkzβ

a < 1,

(iii) b 6= 0, σ > 0, |arg z| < 1
2Aπ, where

A =

N∑
J=1

αJ −
P∑

J=N+1

αJ +

M∑
J=1

βJ −
Q∑

J=M+1

βJ > 0 (10)

and the conditions mentioned with (1) are satisfied. Then the following result holds:(
zρφα, βµ (z, s, a)HM, N

P, Q

[
bzσ

(AJ , αJ )1, P
(BJ , βJ )1, Q

])
v

=
(−1)v

as

∞∑
n, k=0

(s)n(µ)k
n! k!

×
(
−αkz

β

a

)n
zρ+k−vHM+1, N

P+1, Q+1

[
bzσ

(−ρ−k−βn, σ), (AJ , αJ )1, P
(v−ρ−k−βn, σ), (BJ , βJ )1, Q

]
.

(11)

Theorem 3 Let the following conditions be satisfied:

(i) 0 6= Γ(v−ρ−σy−b−εnk−εdw−εq)
Γ(−ρ−σy−b−εnk−εdw−εq) <∞,

(ii) γbzσ

a < 1,
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(iii) η 6= 0, ε > 0 and the conditions mentioned with (1)and (5) are satisfied. Then
the following result holds:(

zρφγ, σµ (z, ξ, a) V hm, d, gjn [p, τ, k, w, q, km, aj , br, α, β, δ; ηz
ε]
)
v

=
(−1)v

aξ
λ

∞∑
n, b y=0

(ξ)y(µ)b
y! b!

(
−γbz

σ

a

)y

×
(−p)n

t∏
m=1

[
(hm)n+km

]
(d+ αn+ β)

−τ
(ηzε/2)

nk+dw+q

s∏
j=1

[
(gj)n+aj

] u∏
r=1

[
(d)αnδ+br

]
×Γ(v − ρ− σy − b− εnk − εdw − εq)

Γ(−ρ− σy − b− εnk − εdw − εq)
zρ+b−v.

(12)

Theorem 4 Let the following conditions be satisfied:

(i) 0 6= Γ(v−ρ−σζ−σy−c−εnk−εdw−εq)
Γ(−ρ−−σζ−σy−c−εnk−εdw−εq) <∞,

(ii) γczσ

a < 1,
(iii) η 6= 0, b 6= 0, ε > 0, σ > 0 and the conditions mentioned with (1)and (5) are
satisfied. Then the following result holds:(

zρφγ, σµ (z, ξ, a)V hm, d, gjn [p, τ, k, w, q, km, aj , br, α, β, δ; ηz
ε]

×HM, N
P, Q

[
bzσ

(AJ , αJ )1, P
(BJ , βJ )1, Q

] )
v

=
(−1)v

aξ
λ

∞∑
n, c, y=0

(ξ)y(µ)c
y! c!

(
−γcz

σ

a

)y
zρ+c+εnk+εdw+εq−v

×
(−p)n

t∏
m=1

[
(hm)n+km

]
(d+ αn+ β)

−τ
(η/2)

nk+dw+q

s∏
j=1

[
(gj)n+aj

] u∏
r=1

[
(d)αnδ+br

]
×HM+1, N

P+1, Q+1

[
bzσ

{−ρ−σy−c−ε(nk+dw+q), σ}, (AJ , αJ )1, P
{v−ρ−σy−c−ε(nk+dw+q), σ}, (BJ , βJ )1, Q

]
.

(13)

Theorem 5 Let the following conditions be satisfied:

(i) 0 6= Γ(v+v′−ρ−k−βn)
Γ(v−ρ−k−βn) < ∞, 0 6= Γ(v+v′−ρ−k−βn)

Γ(v′−ρ−k−βn) < ∞, 0 6= Γ(v+v′−ρ−k−βn)
Γ(−ρ−k−βn) <

∞,

(ii) αkzβ

a < 1,
(iii) The conditions mentioned with (1) are satisfied. Then the following result
holds:((

zρφα, βµ (z, s, a)
)
v

)
v′

=
((
zρφα, βµ (z, s, a)

)
v′

)
v

=
(
zρφα, βµ (z, s, a)

)
v+v′

.

(14)

Proof To prove (9), we express the generalized Hurwitz-Lerch zeta function oc-
curring in the left hand side of (9) in series form using (1) and then collecting the
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powers of z, we get(
zρφα, βµ (z, s, a)

)
v

=

(
zρa−s

∞∑
k=o

(
1 +

αkzβ

a

)−s
(µ)k

zk

k!

)
v

. (15)

Using the following result in (15):

(1 + z)−λ =

∞∑
n=0

(λ)n(−z)n

n!
, |z| < 1, (16)

we get (
zρφα, βµ (z, s, a)

)
v

= a−s
∞∑

n, k=o

(s)n(µ)k
n! k!

(
−αk
a

)n (
zρ+k+βn

)
v
, (17)

where αkzβ

a < 1. Using (8) in (17), we get(
zρφα, βµ (z, s, a)

)
v

= a−s
∞∑

n, k=o

(s)n(µ)k
n! k!

(
−αk
a

)n
e−iπv

Γ(v − ρ− k − βn)

Γ(−ρ− k − βn)

×zρ+k+βn−v,

(18)

where 0 6= Γ(v−ρ−k−βn)
Γ(−ρ−k−βn) <∞.

After a little simplification, we arrive at the result (9).
To prove (11), we express the generalized Hurwitz-Lerch zeta function and Fox’s

H-function occurring in the left hand side of (11) in series form using (1) and (3),
apply the result (16), collect the powers of z and then apply the result (8). Now,
interpreting the contour integral in terms of H-function, we arrive at the desired
result (11).

To prove (12), we express the generalized Hurwitz-Lerch zeta function and gen-
eral class of functions occurring in the left hand side of (12) in series form using (1)
and (5), apply the result (16), collect the powers of z, apply the result (8) and we
arrive at the desired result (12).

To prove (13), we express the generalized Hurwitz-Lerch zeta function, general
class of functions and Fox’s H-function occurring in the left hand side of (13) in
series form using (1), (3) and (5), apply the result (16), collect the powers of z
and then apply the result (8). Now, interpreting the contour integral in terms of
H-function, we arrive at the desired result (13).

To prove (14), from (9) we have((
zρφα, βµ (z, s, a)

)
v

)
v′

=
(−1)v

as

∞∑
n, k=0

(s)n(µ)kΓ(v − ρ− k − βn)

n! k! Γ(−ρ− k − βn)

(
−αk
a

)n
×
(
zρ+k+βn−v)

v′
.

(19)

Using (8) in (19), we get((
zρφα, βµ (z, s, a)

)
v

)
v′

=
(−1)v+v′

as

∞∑
n, k=0

(s)n(µ)kΓ(v + v′ − ρ− k − βn)

n! k! Γ(−ρ− k − βn)(
−αkz

β

a

)n
zρ+k−v−v

′
.

(20)
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In a similar manner, we get((
zρφα, βµ (z, s, a)

)
v′

)
v

=
(−1)v+v′

as

∞∑
n, k=0

(s)n(µ)kΓ(v + v′ − ρ− k − βn)

n! k! Γ(−ρ− k − βn)(
−αkz

β

a

)n
zρ+k−v−v

′

(21)

and replacing v by v + v′ in (9), we get(
zρφα, βµ (z, s, a)

)
v+v′

=
(−1)v+v′

as

∞∑
n, k=0

(s)n(µ)kΓ(v + v′ − ρ− k − βn)

n! k! Γ(−ρ− k − βn)(
−αkz

β

a

)n
zρ+k−v−v

′
.

(22)

Thus, (20), (21) and (22) prove (14).
Remark 2 Results like (14) may be obtained for the results (11), (12) and (13).

3. Special cases

In this section we mention some special cases of our main results.
(i) If we take a = 1, k = 0 and n = 0 in (11), the generalized Hurwitz-Lerch zeta
function reduces to the unity and we get in essence the results due to Goyal and
Garg [4].
(ii) If we take c = 0, y = 0 and a = 1 in (13), the generalized Hurwitz-Lerch zeta
function reduces to the unity and we get in essence the results due to Kumar [9].
(iii) If we take p = 2, m = 1, j = 2, r = 1, h1 = 1, g1 = 1, g2 = 1, τ = 1, k =
1, w = 0, q = 0, k1 = 0, a1 = 0, a2 = 0, β = 0, δ = 1, b1 = 0 and λ = 1

Γ(d)

in (12), the general class of functions reduces to the Wright’s generalized Bessel
function [21] and we get in essence the following result:(

zρφy, σµ (z, ξ, a)Jαd (ηzε)
)
v

=
(−1)v

aξ

∞∑
n, b y=0

(ξ)y(µ)b(−ηzε)n

y! b! n! Γ(d+ αn+ 1)

×
(
−γbz

σ

a

)y
Γ(v − ρ− σy − b− εn)

Γ(−ρ− σy − b− εn)
zρ+b−v,

(23)

where Jαd (ηzε) stands for the Wright’s generalized Bessel function.
(iv) If we take p = 1, m = 1, j = 2, r = 1, h1 = 1, g1 = 3/2, g2 = 1, τ = 1, k =
2, w = 1, q = 1, k1 = 0, a1 = 0, a2 = 0, α = 1, β = 1/2, δ = 1, b1 = 1/2
and λ = 1

Γ(d)Γ(3/2) in (12), the general class of functions reduces to the Struve’s

function [2] and we obtain in essence the following result:(
zρφγ, σµ (z, ξ, a)Hd(ηz

ε)
)
v

=
(−1)v

aξ

∞∑
n, b y=0

(ξ)y(µ)b(−1)n

y! b! Γ( 3
2 + n)Γ(d+ 3

2 + n)

×
(
−γbz

σ

a

)y (
ηzε

2

)2n+d+1
Γ(v − ρ− σy − b− 2εn− εd− ε)
Γ(−ρ− σy − b− 2εn− εd− ε)

zρ+b−v,

(24)

where Hd(ηz
ε) stands for the Struve’s function.

(v) If we take p = 1, m = 1, j = 2, r = 1, h1 = 1, g1 = (µ′ + v′ + 3)/2, g2 =
(µ′ − v′ + 3)/2, τ = 1, k = 2, w = µ′, q = 1, k1 = 0, a1 = 0, a2 = 0, α = 1, β =

−1, δ = 1, b1 = −1, d = 1 and λ = 2µ
′+1/{(µ′ + v′ + 1)(µ′ − v′ + 1)} in (12),
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the general class of functions reduces to the Lommel’s function [2] and we get in
essence the following result:

(
zρφγ, σµ (z, ξ, a)su′, v′(ηz

ε)
)
v

=
(−1)v

aξ
2u

′+1

Γ(u′ ± v′ + 1)

∞∑
n, b y=0

(ξ)y(µ)b(−1)n

y! b!
(
u′±v′+3

2

)
n

×
(
−γbz

σ

a

)y (
ηzε

2

)2n+u′+1
Γ(v − ρ− σy − b− 2εn− εu′ − ε)
Γ(−ρ− σy − b− 2εn− εu′ − ε)

zρ+b−v,

(25)

where su′, v′(ηz
ε) stands for the Lommel’s function.

(vi) If we take p = −2, m = 1, j = 1, r = 1, h1 = h, g1 = g, τ = 1, k = 1, w =
0, q = 0, k1 = 0, a1 = 0, β = −1, δ = 1, b1 = −1 and λ = 1/Γ(d) in (12), the
general class of functions reduces to the generalized Mittag-Leffler function [19] and
we obtain in essence the following result:

(
zρφγ, σµ (z, ξ, a)Eh, gα, d(ηz

ε)
)
v

=
(−1)v

aξ

∞∑
n, b y=0

(ξ)y(µ)b(h)n(ηzε)n

y! b! (g)nΓ(d+ αn)

×
(
−γbz

σ

a

)y
Γ(v − ρ− σy − b− εn)

Γ(−ρ− σy − b− εn)
zρ+b−v,

(26)

where Eh, gα, d(ηz
ε) stands for the generalized Mittag-Leffler function.

Remark 3 If we substitute g = 1 in (26), the generalized Mittag-Leffler function
reduces to the generalized Mittag-Leffler function Ehα, d(ηz

ε) introduced by Prab-

hakar [16].
If we substitute h = 1 and g = 1 in (26), the generalized Mittag-Leffler function

reduces to the generalized Mittag-Leffler function Eα, d(ηz
ε) introduced by Wiman

[20].
If we substitute h = 1, g = 1 and d = 1 in (26), the generalized Mittag-Leffler

function reduces to the Mittag-Leffler function Eα(ηzε) [5, 13]. (vii) If we take
p = −2, t = P, s = Q, r = 1, d = 1, τ = 1, k = 1, w = 0, q = 0, km = 0, aj =
0, b1 = −1, α = 1, β = −1, δ = 1, and λ = 1 in (12), the general class of functions
reduces to the generalized hypergeometric function [1] and we obtain in essence the
following result:

(
zρφγ, σµ (z, ξ, a)PFQ(hP ; gQ; ηzε)

)
v

=
(−1)v

aξ

∞∑
n, b y=0

(ξ)y(µ)b
P∏

m=1
(hm)n(ηzε)n

y! b!
Q∏
j=1

(gj)n n!

×
(
−γbz

σ

a

)y
Γ(v − ρ− σy − b− εn)

Γ(−ρ− σy − b− εn)
zρ+b−v,

(27)

where PFQ(hP ; gQ; ηzε) stands for the generalized hypergeometric function.
Remark 4 Several other Special cases may be obtained from the results (11) and
(13) by reducing the H-function to several special functions with the help of the
known results available in [14] and [18].
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