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BILINEAR, BILATERAL AND TRILATERAL GENERATING
RELATIONS

LAKSHMI NARAYAN MISHRA, RAKESH KUMAR SINGH, SHIKHA PANDEY

ABSTRACT. The object of this paper is to present certain systematic applica-
tions of a class of bilateral generating functions for new polynomials G%(x, r, 8, k)
due to Singhal and Srivastava (1969). Some new Bilateral and Trilateral gener-
ating relations for these polynomials. We obtain a bilinear generation relation
by using an operational technique.

1. INTRODUCTION

The bilinear and bilateral generating functions are defined as, If a Function
G(z,y,t) can be expanded in the form

G(z,y,t) = anf”(a:).fn(y)tn, (1.1)
n=0

where k,, is independent of z, y and ¢, then G(z,y,t) is called a bilinear generating
function.
Again if a function H(z,y,t) be expanded in powers of ‘¢’ in the form

H({E,y,t) = Zhnfn(x)gn(y)tna (12)
n=0

where h,, is independent of x and y. f,(z) and g, (z) are different functions of z,
then by Rainville [I3], H(z,y,t) be bilateral generating function. Various bilinear
and bilateral generating relations for the classical polynomials viz Hermite, Laguerre
and Legendre are studied in ([6], [10]-[15]).

In course of discussion of group theoretic origin of certain generating functions for
the hypergeometric function, oFy(—n;8 : y : z), Weisner obtained the following
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bilateral generating relation for Laguerre polynomials-

> oFu(—n,—vil+a:w) @)y = (1—y) (1 -y + wy)exp (fmy )
-y
n=0
TYW
X 1Fy | —v; .
' { 1+a<1—y><1—y+wy>}

The above bilateral generating relation has also been established by Brafman [3]
and Rainville [13] by different methods.

In 1969, Chatterjea [8] proved, by means of operational methods, the following
bilateral generating relation for the ultra spherical polynomials.

p72AF (It yt) = Ztrbr(y)pi\(x)’ (13)
r=0

p P
where
F(x7t) = Z a"f)’Lt’pi\n(x)’ (1'4)
r=0
T r -
br(y)—Z(m)amy : (1.5)
r=0
and

p=(1—2xt+1t>)2 (1.6)

Mc Bride[10] presented a systematic study of obtaining generating functions {S, (z),n =
0,1,...} as the coefficient set in a bilinear (or bilateral) generating relations that
belongs to a class of functions generated by

Y AmnSmen(@)t" = f(z,0){g(x, 1)} S (h(z, 1)), (L.7)
n=0

where m > 0 is an integer, A,,, are arbitrary constants and f, g, h are arbitrary
functions of = and ¢.

An effective method of obtaining bilateral generating functions for S, (z) defined
by was given and illustrated by Srivastava [14] as,

Theorem 1. Let
F(z,t) =) ansn(z)t", (1.8)
n=0

where a, # 0 are arbitrary and the sequence of functions {S,(z), n =0,1,2,....}

is generated by (1.7)).
Then

yt = 3 T)o n
0 (10, 7] = 3 su@enr (19)
where

on(y) = Z%Ak,n—kyk- (1.10)
k=0
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Chatterjea pointed out that the scope of the above theorem remains limited, for
example, if we take
Sp(x) = PT(LQ’B).
Then no formula corresponding is yet known and that is the reason why
Singhal and Srivastava failed to apply their theorem in the case of proper Jacobi
polynomials. Chatterjea [8] gave the improved version of the above Theorem (1.1)
in the form of following proposition.

Proposition 1.1. For a set of functions S, () generated by

MS’Q(h(m,t)) = iAnSa+n(a:)t”, (1.11)
lg(z, )]~ =
and for
F(z,t) = i A, Sppm (2" (1.12)
where F(z,t) is of arbitrary nature, tl;;:jg)llowmg bilateral generating relation holds.
MF [h(m,t), g(ft)} = nzzosn+m(x)an(y)t", (1.13)

where

on(y) = ZakAn_kyk. (1.14)
k=0

A mild generalization of (1.7)) include special functions such as the Bessel func-
tion J,,(z) which possesses a generating relation of the type:

) Ju+n(z)g - <1 - Qt> T 2, (1.15)

z

where p is an arbitrary complex number.
Mittal[12] has given a general method for deriving bilinear and bilateral generating

relations for the set of polynomials { £ (z)} defined by

Ty {f(2)} = nla"g(x) [ (), (1.16)
where f(z) admits a formal lower series expansion in z, g(z) being a function of
x alone, T, = z(a + zQ%), Q' = % and ‘a’ is a constant. As a consequence, he

obtained several generating relations for Boas and Buck type polynomials [4]
Shrivastava and Singh [I5] presented a novel extension of several bilateral generating
relations derived earlier by Al-Salam [2], Srivastava [I7], Chatterjea [§] and others,
in the form of Mixed Trilateral generating relations and applied their theorem to the
Hermite, generalized Hermite, Laguerre, Bessel, Srivastava - Singhal polynomials
and to the Bessel function of 1st kind.

In another publications, Srivastava and Singh [15] established the following bilateral
generating relation:

> Z@F9) orn | pr(z)—prd £(1—azt %1
SV @k )R, W = (1—aat) © stz
m=0

X Pg,u [a:(l — axat)%l,ytq} ,
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where v = 0,1,2,.... and

(o)
Gg(x,t) Z dumV, U+m (x;a,k,s)t™ (1.18)
m=0
and
(1- azo‘t)wexp. [pk(x) — Dk {x(l - a:cat)%l” = Z V) (x;a, k,s)t". (1.19)
n=0

In 1980, Agrawal and Manocha [I] deduced a bilateral generating relation.

i m —Ym+B=1(1 — ¢ — )~ (m+5+D)
> L @Ey o = HE DU O o (1.20)

—(z+y)t m+8+La+1,8+1;
xexp. [M] X Yo - —y(1—t)t )
1—t A-D(—t—20) (—t—20)
with
n
" n (m+k)!  (a
Py, 2) =) ( . ) EER Ty L L)~ (1.21)
k=0

Srivastava [I0], presented a systematic introduction to and several interesting ap-
plications of a general method of obtaining bilinear, bilateral or mixed multilateral
generating functions for a fairly wide variety of special functions in one, two and
more variables.

2. CHARACTERIZATIONS

By making use of the formula

[
L(z) = ()™t (J =D](n)n(zD' =z +a+ J). (2.1)
Al-Salam [2] proved the following theorem for characterization of the Laguerre

polynomials.

Representation 2.1. Let b,(n =1,2,...) be the sequence of numbers let,

[
P.(z) =(J =D](n)m(zQ +x+b;), (n=1,2,3,...), (2.2)

Po(z) =
If the set {P,(z)}; defined by means of (2.2)), is a set of orthogonal polynomials
then Py, (z) is the n'" Laguerre polynomials.

In the same paper, Al-Salam [2] has also given a similar result for Hermite
polynomials.
Carlitz has shown that the formula

1

() B (1 ap1_ B _ [ mtn Fla+m+DIB+n+1) (at8+1)

[ e enn@ ot q-atar = (00 ) HEEm IR e,
(2.3)

a, f>-1
can be used to characterize the Laguerre polynomials. In order to characterize the

Bessel polynomials Yéa)(z) of Krall and Frink [9], Al-Salam [2] has established the
following theorems.
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Representation 2.2. Given a sequence {f((:))(:r)} of polynomial in x where degree

of f(s)) () =n and « is a parameter such that

Q@) = gttt @),
0 =1,
@) = 0.

Representation 2.3. Given a sequence of functions {f((:))(x)} such that

A f (@) = na fH (@),

fl0) =1, fé“ (z) = 1.
Then
£1900) = Y (x).

Representation 2.4. If the sequence {f((g))(x)} where ffla)(x) is polynomials of

degree n in x and « is a parameter satisfying Aaf,(la)(x) = e Ql.fy(f‘) (), such
that f,(La)(gc) =Y,.(x). Then

fi(2) = Y (@),

Y,O(z) = Y, (2).

Representation 2.5. Given a sequence of functions {f(a)( )} such that

A @) = 5@+ o+ 2) [ (@),

where
éa)(a?) =1, for every z and «.
Then
120 =¥ (@).
Recently, Verma and Prasad[23] considered a class of polynomial sets { P, (x),n =
0,1,2,...} defined by

e, [2t(z—1) } = (e)n
1—t °¢{ =N po)en, 2.4
=07 = § = L - (2.4
where ¢(u) has formal power series expansion, ¢(0) # 0. For this class of polyno-
mials, they proved the following

Representation 2.6. The simple set of polynomials {P,(x)}, where degree of
P, (x) = n, which is orthogonal and satisfies (2.4]), is either the set of Jacobi or
Bessel polynomials.

Further, they assumed that polynomial set {P, ()}, of (2.4 . ) satisfies.
(c)an (z—1)" -n,l—a—c— n(o‘l’—2) 2
P,(x) = ——— X ,F ! T, 2.5
O = ey = i—emm@) Toa) 3P

where the parameters ¢; oy, as,....ap—2, 1, B2, ...04—1 are arbitrary complex num-
ber with 8 # —m (a negative integer) and they proved.
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Representation 2.7. The only hypergeometric polynomial of the type (2.5)) which
has a generating functions (2.4) is the set of Jacobi polynomials.

3. BILINEAR GENERATING RELATION

Singhal and Srivastava [I4] considered an unified polynomial set defined by the
generalized Rodrigues formula.

Gf{") (z,r, B, k) = %m_o‘_k”exp(ﬂmr)ﬁn(xae_ﬁmr), 0= (kaQm). (3.1)

That provides us with an elegant generalization of the various extensions of the
classical Hermite and Laguerre polynomials given, for instance by S.K. Chatterjea
[8], Gould and Hopper, and Singh & Srivastava [I5]. Chandel ([5],[6],[7]) introduced

and studied slightly modified polynomials T,Sa’k) (z,r,p) defined by

. d
TR (, 7, p) = 2~ %P™ QM {a%e P}, Q, = x’“% (32)
with connection
1
G wrp k) = —— T (2,7, ). (3.3)
Also
o 1 «
G;HwaLk):;ﬁG%ﬁx% (3.4)
Ggla-i_n)(xy r,1, 1) = Gsla+1)(x7 r, 1, 1) = Péi)lr)(‘r)v (35)
GOy, 8,-1) = eV (@, 1) = “L e a g, (36)
n!
G (@, B,-1) = GV (2, B,1) = LY (7, B), (3.7)
N . (—z)"
G (x,2,1,—-1) = GU" ) (2,2,1,1) = — H,(z), (3.8)
G1(1a+n) (I’, ]-a 13 k) = G'Ela+1)(x3 17 17 ]‘) = LgLI) (:1:), (3'9)
and
Gt (@, 1,1,k) = Ky (w3 k), > =1, k=1,2, (3.10)

where H (z), L%a)(x) and Y, (z; k) are the Hermite, Laguerre and Konhauser
polynomials respectively.
It may be of interest to note that Yé“)(a:; 1) = L (z).

Singhal and Srivastava [I4] discussed several interesting properties such as lin-
ear, bilinear and bilateral generating functions, pure as well as mixed recurrence
relations and the differential equations associated with the class of polynomials.

G\ (a,r, B k), n=0,1,2,...

The object of the present investigation is to present some applications of a class
of bilateral generating functions for the polynomials G%a)(x, r, 8, k) due to Srivas-
tava [16] in deriving some new bilateral and trilateral generating relations for these
polynomials. We obtain a bilinear generating relation using an operational tech-
nique. Srivastava [14] derived following Class of bilateral generating functions for
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the polynomials. Gﬁ{’) (z,r, B, k) as a special case of his general theorem for obtain-
ing bilinear, bilateral or mixed multilateral generating functions for a certain class
of special functions.

Am,q[m; Y1, ---Ys, t] = Z anGgrOL(-)i-qn(xv T, Bv k)Q,qupn (ylys)tn (311)
n=0

If a, # 0 and Q(y1, ....ys) is a non-vanishing function.
Then for every non-negative integer m,

oo

ST G (B R)NEE, (Y1, s 2T (3.12)
n=0
= (1= k)" kexp[Ba™{1 — (1 — (1 — kt)~"/")}]

_ 2t
X Ap g {x(l — xt) Uk;yl,....,ys] ,

(1= k)
where
[n/q] man
Nﬁm q(y17 ----- VYsi 2) = Z ( n—qr ) arQlt-l-pT(ylv e Ys3 2)2" (3.13)
r=0

is an arbitrary complex number, p and ¢ are positive integers.

4. APPLICATIONS

We derive some interesting applications of (3.1)) when m =0 and €, = 1.
Case 4.1 (¢ = 1) Firstly, on taking a, = Eé IEC ;" and replacing y by —y, the
1

polynomials

o(y) = Nno1(y) z": ( " ) ary" (4.1)

r=0
becomes identical with the extended Laguerre polynomials.

—1, b1, .0, by;
an(y : b17"'abp;cl7"'7cs) = p+1Fs |: "o b y:| . (42)

C1,C2, ..+, Cs

Thus from (3.1)), we obtain

z Ggf‘)(z, T, B k) (y : b1, ..., bp;cr, .y cs)t" (4.3)
n=0

— (1= kt)Feap[Ba’ {1 — (1 — kt)~"7*}]

—yt
xF® | z(1 - kt)o‘/k,y],

(1 — kt)

where

Z H — G(O‘ (z,7, B, k). (4.4)
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We record, from (4.3)), the following trilateral generating relation:

Z{(Hn;)} l@)Cla.r, B, —1) % L QYL (22y5) 1" (45)

n=0
= (1—at)~*exp|Ba”{1 — (1 - kt)~"/*}]

X FG) | 2(1 — kt)~V/*, i ]

(1 —kt)

where L%a)(z) are classical Laguerre polynomials and

oo

(a+n+1)
ngo(oHrl)n (@)n (@)

Next, we note the polynomials f,(y) from an Appell set provided

diy(fn(y)) =nfn-1(y) (n=0,1,2,...).

FO(x,t) = G (x,r, B, k). (4.6)

It follows that
n n—r
Faly) = Z( . )cry : (4.7)
r=0

For some sequence (c,.) contained in (4.7)), we obtain the following bilateral gener-

ating relation from (3.1))

Y G B k) fa(p)t" = (L= kyt)” Feaplfa”{1 — (1 — kyt)"/*}[4.8)
n=0
(4) e L
xFW | z(1 — kyt) Tt |
where
F® (z,t) ZQn n xrﬂ, k)t". (4.9)

Case 4.2 (q > 1) Wright’s generalized hypergeometric function is defined by

H F(“J)(“J)na Z"

(4.10)

)

pws (a17 0(1) (apa Oép :|

(b1,B81); s (bs, Bs) lj L'(b;)(bj)np,n!

where the variable z and the various parameters are such that the series con-

verges.
On setting
1:1 F(aj)(a])n#j U F(ej)(ej)n§7(qn)
an = =1 =1 (4.11)
p l
[1 T'(e;)(ej)n, H L'(d;)(d;)mn,
j=1 Jj=1
in the polynomials
[ [n/aql n
n]qa(y) = Nn,O,q(y) = Z ( qr > aryr (412)
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and replacing y by (—1)%y; we arrive at the following bilateral generating relation.

(va vp)v (in Qn1)§
= (1 ki)t eap[da” {1 - (1 kt) /")

S =

= ey [ 2 @)s 1bn, fin, { €25 5
Z G’El )(.’II, T, B, k) X m+s+1wp+1 (TL q) { 1% {6 qfs}} y (413)
n=0 L

where (ap, o) abbreviate the array of p parameli pair (a1, a1),...(ap, @), and
FO(2,8) =Y anG)(x,7, 8, k). (4.14)
n=0

Some special cases of are noteworthy. For example, if in we
take g =1, m=s=1=0, p=1, ¢t =y+ 1, v1 = ¢ and then applying the
definition
(y + 1)n5

Y1[(=n, 1); (y + 1,6); 2], (4.15)

Lg{s’y)(x) being a generalization of the Konhauser polynomials Z,(f‘)(ac, k), we get

Z {(y_fll)&} G%a)(mv T, 3, k)Lﬁf*y)(y)t" (4.16)

n=0

= (1 —kt)~*Fexp[Ba"{1 — (1 — kt)""/*}] x F©)

" (1— kt)

2(1— k)" W/k, Y ]

where
o0

©) (N @
F (Jf,t) - ; (y + 1)716an (1’7T7B7k)' (417)

In other hand, in terms of the Brafman polynomials defined by [3]

a:—m),a,..ap;
Bg(alﬂ"'JGP;blw--abs;y) = ptafs |: ( bl,.?.b:; Yy ’ :| ’ (4'18)

we deduce, from (4.13), the following bilateral generating relation:
Z G\ (x,7,B,k)Bi (a1, ..., ap; b1, ..., by; y)t" (4.19)
n=0

— (1= k)= Feap[Ba” {1 — (1 — kt)~"/¥}]
wa-mw ()|

> T1P_, (ai)n(gn)it™
FO(a,t) =3 OO )1, ) (4.20)
n—0 Hj:l(bj In
By suitably specializing the arbitrary parameters involved in (4.18), the Braf-
man’s polynomials can be reduced to a number of familiar polynomials. Thus, the
relation (4.19) may be applied in deriving a number of bilateral generating relations

for Gfﬁl) (z,r,B,k) .

XF(7)

where
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