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SOME RESULTS ON GENERALIZED RELATIVE ORDER (a,p)
AND GENERALIZED RELATIVE TYPE (a,() OF
MEROMORPHIC FUNCTIONS WITH RESPECT TO ENTIRE
FUNCTIONS

TANMAY BISWAS, CHINMAY BISWAS

ABSTRACT. Orders and types of entire and meromorphic functions have been
actively investigated by many authors. In the present paper, we aim at investi-
gating some basic properties in connection with sum and product of generalized
relative order («, 3), generalized relative type (a, 8) and generalized relative
weak type (a, 8) of meromorphic functions with respect to entire functions.

1. INTRODUCTION, DEFINITIONS AND NOTATIONS

Let us consider that the reader is familiar with the fundamental results and the
standard notations of the Nevanlinna theory of meromorphic functions which are
available in [7, 13, 20]. We also use the standard notations and definitions of the
theory of entire functions which are available in [19] and therefore we do not explain
those in details. Let f be an entire function and My (r) = max{|f (2)| : |2| = r}.
A non-constant entire function f is said have the Property (A) if for any o > 1
and for all sufficiently large r, [Mjy (r)]? < My (r?) holds (see [1, 2]).When f is
meromorphic, one may introduce another function T (r), known as Nevanlinna’s
characteristic function of f (see [7, p.4]), playing the same role as My (r), which is
defined as

Ty (r) = Ny (r) +mg (1),
wherever the function Ny (r,a) (N (r,a)) known as counting function of a-points
(distinct a-points) of meromorphic f is defined as follows:

T

Ny (r,a):/nf (t,a) = ns (O’Q)dtJrnf (0,a)logr

t
0

T

_ 7 (t.a)—7
Nf(r,a):/nf( ) tnf(o’a)dt+ﬁf(0,a)logr ,

0
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in addition we represent by ny (r,a) (s (r,a)) the number of a-points (distinct a-
points) of f in |z| < r and an co -point is a pole of f. In many occasions Ny (7, c0)
and N (r, 00) are symbolized by Ny (r) and N ¢ (r) respectively.
On the other hand, the function my (7, 00) alternatively indicated by my ()
known as the proximity function of f is defined as:
2m

my (r) = %/10@ |f (Teio)‘ df, where
0

log" # = max (logz,0) for all z >0 .

Also we may employ m (r, ﬁ) by my (r,a).

If f is entire, then the Nevanlinna’s Characteristic function Ty (r) of f is
defined as

Ty (r) =my (r).

Moreover, if f is non-constant entire then T (r) is also strictly increasing
and continuous functions of r. Therefore its inverse 7' L (T (0),00) — (0,00)
exists and is such that sli)r(r)lon_l (s) = o0. For z € [0,00) and k € N where N is
the set of all positive integers, we define iterations of the exponential and logarith-
mic functions as exp® z = exp (exp[k_l] m) and log[k] x = log (10g[k71] x) , with
convention that log[o] r =, log[_l] z =expz, explfz =z, and expl=Yz = log z.
Further we assume that p and ¢ always denote positive integers. Now considering

this, let us recall that Juneja et al. [8] defined the (p, ¢)-th order and (p, ¢)-th lower
order of an entire function, respectively, as follows:

Definition 1. [8] Let p > q. The (p,q)-th order denoted by pP? (f) and (p, q)-th
lower order denoted by A\P9 (f) of an entire function f are defined as:

log!”! M loal? 1/
00 () = Timsup 1T g e () i i 8 M ()
r—00 log[‘Z] r 7—00 IOg[Q] r

If f is a meromorphic function, then

logP= 1T loglP~H T
pPD () = lim Supu and \PD (f) = lim infu
r—o0 IOg[q] r T—00 ]Og[q] r

For any entire function f, using the inequality Ty (r) < log My (r) < 3T (2r)
{cf. [7]}, one can easily verify that

log®! M loglP~U T
pPD (f) = lim supiOg s(r) = lim supiOg s (1)
T—>00 log[q] r T—>00 IOg[q] r
[»] [p—1]
and \@9) (f) = lim infw — lim infw7
r—00 log[q] r r—00 lOg[q] r

when p > 2.

The function f is said to be of regular (p, ¢) growth when (p, ¢)-th order and
(p, q)-th lower order of f are the same. Functions which are not of regular (p, q)
growth are said to be of irregular (p,q) growth.

Extending the notion (p,q)-th order, recently Shen et al. [9] introduced
the new concept of [p, g]-¢ order of entire and meromorphic function where p > q.
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Later on, combining the definitions of (p, ¢)-order and [p, ¢]-¢ order, Biswas (see,
e.g., [3]) redefined the (p,g)-order of an entire and meromorphic function without
restriction p > q.

However the above definition is very useful for measuring the growth of
entire and meromorphic functions. If p = [ and ¢ = 1 then we write p(t!) (f) =
pB (f) and XED (£) = AD () where p® (f) and AD (f) are respectively known
as generalized order and generalized lower order of entire or meromorphic function
f. For details about generalized order one may see [18]. Also for p =2 and ¢ = 1,
we respectively denote p> (f) and A2V (f) by p (f) and A (f) which are classical
growth indicators such as order and lower order of entire or meromorphic function
I

Now let L be a class of continuous non-negative functions « defined on
(=00, 4+00) such that a (z) = a(xg) > 0 for z < xg with a (z) T +00 as z — +o0.
For any « € L, we say that o € L, if a ((1 + o(1)) 2) = (1 + o(1)) a (z) as z — +o0
and o € L, if a(exp ((1+0(1))z)) = (14 o(1)) a (exp (z)) as z — +oo. Finally
for any o € L, we also say that a € Ly, if a(cx) = (1+0(1)) a () as 29 < = —
+oo for each ¢ € (0,400) and a € Lo, if a(exp(cz)) = (14 0(1)) a(exp (x)) as
29 < x — +oo for each ¢ € (0,+0cc). Clearly, L1 C LY, Ly C LY and Ly C L.

Considering the above, Sheremeta [17] introduced the concept of generalized
order (a, 3) of an entire function. For details about generalized order («, ) one
may see [17].

Now, Biswas et al. [5] have introduced the definition of the generalized order
(a, B) of a meromorphic function which considerably extend the definition of p-order
introduced by Chyzhykov et al. [6]. In order to keep accordance with Definition
1, it has given a minor modification of the original definition of generalized order
(c, B) of an entire function (e.g. see, [17]).

Definition 2. [5] Let a, 8 € L. The generalized order (o, 3) denoted by p(a,g) [f]
and generalized lower order (o, 3) denoted by X,y [f] of a meromorphic function
f are defined as:

= limsu M an = limin M
Prap) [f] = limsup——g"s 4 Aoy [f) = lim inf——2 045,

r—00 r—00

If f is an entire function, then

a(Mg(r a(My(r
P ] = 1i£nj£p(/8(j;())) and Aq,p) [f] = 11;2101.#(/6();())).

Using the inequality T (r) < log My (r) < 3Ty (2r) {cf. [7]}, for an entire
function f, one may easily verify that

P(a,B — im SU[)M — lim su (— I(f()))

(e5) [f] 1T—>oo 6 (7 ) lrﬁoop 6 (7 )

and a,f3 J = imi M = limi (— I(f()))
)\( \B) [ ] 17_ f /8( ) ITH] nf ( ) ,

when a € Ly and 8 € Ly.

Definition 1 is a special case of Definition 2 for a (r) = log”) r and 8 (r) =
logl? 7.

The function f is said to be of regular generalized growth («, ) when gen-
eralized order («, 8) and generalized lower order (v, 8) of f are the same. Functions
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which are not of regular generalized growth («, 8) are said to be of irregular gener-
alized growth (a, B).

Mainly the growth investigation of entire and meromorphic functions has
usually been done through their maximum moduli or Nevanlinna’s characteristic
function in comparison with those of exponential function. But if one is paying
attention to evaluate the growth rates of any entire and meromorphic function
with respect to a new entire function, the notions of relative growth indicators
(see e.g. [1, 2, 15]) will come. Now in order to make some progress in the study
of relative order, Biswas et al. [5] have introduced the definitions of generalized
relative order («, 3) and generalized relative lower order (o, 8) of a meromorphic
function with respect to another entire function in the following way:

Definition 3. [5] Let o, 8 € L. The generalized relative order («, 8) denoted by
P(a.p) [f], and generalized relative lower order (a, B) denoted by Aa.p) [f], of an
entire function f with respect to an entire function g are defined as:
a(T,* (Ty (1)) a(TyH (Ty (1))
Plap) [f], = limsup—L———"% and (4. p) [f], = liminf —&——— "
(a5) [Flg 50 @) [Flg 50

r—00 r—00

The previous definitions are easily generated as particular cases, e.g. if
g = z, then Definition 3 reduces to Definition 2. If « (r) = S (r) = logr, then
we get the definition of relative order of meromorphic function f with respect
to an entire function ¢ introduced by Lahiri et al. [15] and if ¢ = expz and
a(r) = B(r) =logr, then p( p) [f], = p(f). Andif a(r) = log” 7, B (r) = logl? r
and g = z, then Definition 3 becomes the classical one given in [3].

Further if generalized relative order (o, 8) and the generalized relative lower
order (a, 8) of a meromorphic function f with respect to an entire function g are
the same, then f is called a function of regular generalized relative growth (a, )
with respect to g. Otherwise, f is said to be irregular generalized relative growth
(a, B) with respect to g.

Now in order to refine the above growth scale, Biswas et al. [5] have in-
troduced the definitions of other growth indicators, such as generalized relative
type (o, 8) and generalized relative lower type («, 8) of meromorphic function with
respect to an entire function which are as follows:

Definition 4. [5] Let o, € L. The generalized relative type (, 3) denoted by
0(a,p) L], and generalized relative lower type (a,f) denoted by T p)[f], of a
meromorphic function f with respect to an entire function g having non-zero fi-

nite generalized relative order (o, ), p(a,p) [f]g, are defined as :

R Ccracagten)
oWl = B en(a (e
o enla(r, ) (1 ()
e (exp(B (1)) e

Analogously, to determine the relative growth of a meromorphic function f
having same non zero finite generalized relative lower order («, 8) with respect to
an entire function g, Biswas et al. [5] have introduced the definitions of generalized
relative upper weak type (a, 8) and generalized relative weak type (o, 8) of f with
respect to g of finite positive generalized relative lower order («, ) in the following
way:

and E(aﬁ) [-ﬂg
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Definition 5. [5] Let o, 8 € L. The generalized relative upper weak type (v, 3)
denoted by T (4, [f]g and generalized relative weak type (o, 3) denoted by T(q,p) [f]g
of a meromorphic function f with respect to an entire function g having non-zero
finite generalized relative lower order (., B), A(a,p) [f] , are defined as :

] L ewla(Ty (T (1)
e Wl = M e
1

and T(, = liminfexp( (T Iy (r ))))
el = BRR o3 () e

During the past decades, several authors ( see for example [11], [12], [16],
[3], [3]; see also [17]) made close investigations on the properties of generalized order
(a, B) in some different direction. Here, in this paper, we aim at investigating some
basic properties of generalized relative order («, f3), generalized relative type (a, )
and generalized relative weak type («, 8) of a meromorphic function with respect to
an entire function under somewhat different conditions which considerably extend
some earlier results (see, e.g., [4], [10], [14]). Henceforth we assume that «, 5 € Ly
and all the growth indicators are non-zero finite.

2. LEMMAS
In this section we present some lemmas which will be needed in the sequel.

Lemma 1. [1, 2] Let f be an entire function which satisfies the Property (A) then
for any positive integer n and for all sufficiently large r,

(M (r)]" < Mj (r°)
holds where § > 1.

Lemma 2. [7, p. 18] Let f be an entire function. Then for all sufficiently large
values of r,

Ty (r) <log My (r) < 3Ty (2r).
3. MAIN RESULTS
In this section we present the main results of the paper.

Theorem 1. Let f1, fo be meromorphic functions and g1 be any entire function
such that at least f1 or fo is of reqular generalized relative growth («, 8) with respect
to g1. Also let g1 have the Property (A). Then we have

Map) f1 £ f2],, < max {/\(a,ﬂ) [filg, s M) [fz]gl} :

The equality holds when any one of A(a.p) [fil,, > Aa.p) [fj]g1 hold and at least any

one of f; is of reqular generalized relative growth («, ) with respect to g1 where
,j=1,2 and i # j.

Proof. The result is obvious when A(ap) [f1 £ f2],, = 0. So we suppose that
Aapy f1 £ f2],, > 0. We can clearly assume that A, p) [fk],, is finite for k = 1,2.
Now let us consider that max {)\(a,ﬁ) [f1lg, s Aa.8) [f2]91} = A and f5 be of regular

generalized relative growth (a, 8) with respect to g;.
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Now for any arbitrary € > 0 from the definition of A4 g) [f1],,, We have for
a sequence values of r tending to infinity that

Ty, (1) < Ty, [0 [(Mapy [£1],, +¢) 60|

i, Tp, () < Ty, [0 [(A +2) ()] (1)

Also for any arbitrary e > 0 from the definition of p(, g [fg]gl (: A, B) [fg]gl) ,
we obtain for all sufficiently large values of r that

Ty, (1) < Ty, [ [ (Mo 1oy, +2) B0)]] 2)

i, T, (r) < Ty, [ [(A+e) B(r)]] - 3)
Since T+, (1) < Ty, (1) + T}, (r) + O(1) for all large r, in view of (1) , (3)
and Lemma 2, we obtain for a sequence values of r tending to infinity that

Thias, (r) < 2log My, [a™ [(A+¢) B(r)]] + O(1)

i'e'a Tfl:tfz (T.) < 310g Mg1 [ail [(A + 5) B(T)H . (4)

Therefore in view of Lemma 1 and Lemma 2, we obtain from (4) for a
sequence values of  tending to infinity and ¢ > 1 that

Tpyap, () < 5 log [My, [ [(A+2) 6]’

1 o
ice, Trap, () < 5 log My, |[a™ [(A+2) B(r)])”]
ices T, () ST, [2[a7 (A +2) B0)]] ]
Now we get from above by letting o — 17
-1
ie., lirrggéfa (T, (BT(’:;”? ()

Since € > 0 is arbitrary,

Aap) L1 £ fo],, €A =max {)‘(a,ﬁ) [f1lg, s Aap) [f2]gl} .

Similarly, if we consider that f; is of regular generalized relative growth
(a, B) with respect to g1 or both f; and f; are of regular generalized relative growth
(a, B) with respect to g1, then one can easily verify that

ANap) f1 £ fo],, <A =max {A(a,/a) [f1lg, s Manp) [fz]gl} . (5)

Further without loss of any generality, let Aa.g) [f1],, < Aa.p) [f2],, and
f = fi £ f2. Then in view of (5) we get that Aap) [f];, < A@.p) [f2],, - As,
f2 = £(f — f1) and in this case we obtain that A4 g) [f2],, < max {Aa,s) [f],,
Mgy [f1ly, - As we assume that Aap) [fi],, < Aa,p) [f2],, ; therefore we have
Nap) [F2lg, < Aa.) [f]y, and hence Aa ) [f],, = A [foly, =

max {)\(a’g) [fl]gl ,)\(a’g) [fg]gl} . Therefore, )‘(a,ﬂ) [f1+ f2]g1 = )\(a,ﬁ) [fi]gl | i =
1,2 provided A(a,g) [f1ly, # Aa,p) [f2],, - Thus the theorem is established. O

<(A+e) .
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Theorem 2. Let f1 and fy be any two meromorphic functions and g1 be an entire
function such that such that p(,, g [fl]g1 and p(q,p) [fg]gl exist. Also let g1 have the
Property (A). Then we have

Pa,p) Lf1 £ [2],, < max {P(a,m [filg, s Pap) [fz]gl} .

The equality holds when p(a,p) [f1l,, # P(a.p) [f2],,

We omit the proof of Theorem 2 as it can easily be carried out in the line
of Theorem 1.

Theorem 3. Let fi be a meromorphic function and g1, gs be any two entire func-
tions such that Ao, [f1],, and A p) [f1],, ezist. Also let g1 g2 have the Property
(A). Then we have

Nast [l gygn = min {Nas) Uil Ay il |-
The equality holds when A4, g) [fl]g1 # Aa,B) [f1]92

Proof. The result is obvious when A, g) [fl]gli% = 00. So we suppose that

Mgy [fil g, 44, < 00. We can clearly assume that A, g) [f1],, is finite for & =1,2.

Further let ¥ = min {)\(a,ﬁ) [fl]gl 7)\(o¢,ﬁ) [fl]gz
the definition of A, g) [f1] gp» We have for all sufficiently large values of r that

T, {afl {(A(aﬁ) A1l — s) B(r)” < Ty (r) where k=1,2 (6)

i.e, Ty, [0 [(0 =€) B(r)]] < Ty, (r) where k=1,2
Since Ty aq, (1) < Ty, (1) + Ty, (r) + O(1) for all large r, we obtain from
above and Lemma 2 for all sufficiently large values of r that
Tyrago [@7 [(0 =) B(r)]] < 2Ty, (r) +O(1)

i.e., Tg g, [a_l (¥ —¢) B(r)]] < 3Ty, (r).
Therefore in view of Lemma 1 and Lemma 2, we obtain from above for all
sufficiently large values of r and any o > 1 that

. Now for any arbitrary ¢ > 0 from

;k%kgﬁw{w4ﬁwgﬂﬁvﬂ}<rﬁ&)
e., log My, 19, [O‘_l } < Ty (r
e., log Mg, +g, [(a_l ) <Ty (r
L&’T@i%[<a‘lK@;fvﬁwﬂ> T (1)

As € > 0 is arbitrary, we get from above by letting ¢ — 17

Naop) ilgyags = ¥ = min {Xap) (il Ay [l | - (7)

Now without loss of any generality, we may consider that A g) [f1], <
Aap L], and g = g1 £ go. Then in view of (7) we get that A p) [f1], >
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Mgy [f1],, - Further, g1 = (g% g2) and in this case we obtain that A, g [f1],,

> min {A(a,ﬂ) [fl]g , /\(a,ﬂ) [fﬂgz} . As we assume that )\(aﬁ) [fl]gl < /\(a,,é’) [fl]gQ s
therefore we have A, g [fl]gl > ANa,p) [fl]g and hence A4 g) [fl]g = Aa.8) [fl]gl =

min {/\(a,ﬁ) [f1lg, s Aa.) [fth} . Therefore, Aag) [fil,, +g, = M) Lfily, |1 =1,2
provided A(a,p) [f1],, # Aa.p) [f1],, - Thus the theorem follows. 0

Theorem 4. Let fi be a meromorphic function and g1, go be any two entire func-
tions such that fi is of reqular generalized relative growth (a, ) with respect to at
least any one of g1 and ga. If g1 + g2 have the Property (A), then we have

Plap) [f1]g, 44, = min {P(a,ﬂ) [filg, s P(ap) [fl]gz} .

The equality holds when any one of p(a,p) [f1l,, < P(a.8) [fl]gj hold and at least fi
is of regqular generalized relative growth (i, 8) with respect to any one of g; where
i,j =1,2 and i # j.

We omit the proof of Theorem 4 as it can easily be carried out in the line
of Theorem 3.

Theorem 5. Let f1, fo be any two meromorphic functions and g1, g2 be any two
entire functions. Also let g1 + go have the Property (A). Then we have

P(a,B) [fl + f2]91ig2
< max [min {p(a,B) [f1lg, s P(ap) [fl]gQ} , min {P(a,ﬁ) [f2]g, + P(ap) [fz]gQH

when the following two conditions holds:

(i) Any one of p(a,p) [f1l,, < P(ap) [fl]gj hold and at least fy is of reqular general-
ized relative growth (o, B) with respect to any one of g; fori =1,2, j = 1,2 and
1% j; and

(i1) Any one ofp(a,p) [f2l,, < P(anp) [fg]gj hold and at least fo is of reqular general-
ized relative growth (a, B) with respect to any one of gj fori=1,2,5=12 and
1#£ 7.

The equality holds when p(a.p) [fily, < P(ap) [fily, and piap) [filg, < Pa.p) [fil,,
hold simultaneously for i =1,2; j =1,2 and i # j.

Proof. Let the conditions (i) and (i¢) of the theorem hold. Therefore in view of
Theorem 2 and Theorem 4 we get that

max [min {p(a,a) [1lg, Pl [fl]gz} ,min {ma,ﬁ) [Folgy Py Lfelg, }]

= max |:p(a,ﬂ) [fl]glztgz »p(a,B) [f2]91:|:g2j|
> Planp) L1 £ fol gy 4g, - (8)

Since p(a,p) [filg, < Pla,8) [fil,, and pap) [fily, < P(a,p) [fil,, Dold simul-
taneously for i = 1,2; j = 1,2 and i # j, we obtain that

either min {p(a,g) [f1lg, + P(ap) [f1]g2} > min {p(a,g) [f2]g, + P(ap) [fz]g,z} or

min { pa,s) [faly, + P [y } > min { piass) Uil P iy, } olds.
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Now in view of the conditions (7) and (i) of the theorem, it follows from
above that
either p(q,g) [fl]glng > P(a,B) [fz}gligz Or P(a,pB) [f2]g1ig2 > P(e,B) [fl]gliQQ
which is the condition for holding equality in (8).

Hence the theorem follows. O

Theorem 6. Let f1, fo be any two meromorphic functions and g1, g2 be any two
entire functions. Also let g1, g2 and g1 + go satisfy the Property (A). Then we have

Nawp) L1 £ fol g g,

2> min [max {)\(a,ﬁ) [fl]gl ’)‘(a,ﬂ) [f2]gl} , INax {)‘(a,ﬁ) [fl]QQ ’)‘(a,ﬁ) [f2]92}i|
when the following two conditions holds:
(i) Any one of Aap)lfil;, > Map) [fj]g1 hold and at least any one of f; is of
reqular generalized relative growth («, §) with respect to g1 for i =1, 2, j = 1,2
and i # j; and
(i7) Any one of Ma,p) [fil,, > ANap) [fj]g2 hold and at least any one of f; is of
reqular generalized relative growth (o, 8) with respect to go fori =1,2, j = 1,2
and i # j.
The equality holds when Aa,g) [f1]y, < Aa,p) [f1ly, and Aa,p) [f2]y, < Aa,p) [f2],,
hold simultaneously fori=1,2; j =1,2 and i # j.

Proof. Suppose that the conditions (¢) and (i7) of the theorem holds. Therefore in
view of Theorem 1 and Theorem 3, we obtain that

min [max {)\(a,g) [f1]g1 s Aa,B) [fz]gl} , max {)\(a,ﬁ) [fl]g2 s M) [fQ]ng

= min |:>‘(a,/3) [fi £ foly Aoy [f1 £ f2]g2:|
> Na,p) L1 £ fol gy 2y, - 9)
Since Aa,p) [f1ly, < Aa,p) [f1ly, and A ) [f2]y, < Aa,s) [f2]y, holds simul-
taneously for i =1,2; j = 1,2 and i # j, we get that
either max {)\(aﬁ) [fl]gl s Aa,B) [fg]gl} < max {)\(aﬁ) [fl]g2 s Aa,B) [fg]m} or

max {)\(a,ﬁ) [f1lgy s M) [f2]92} < max {)‘(a,ﬁ) [f1lg s M) [fz]gl} holds.

Since condition (7) and (i7) of the theorem holds, it follows from above that

either Ao p) [f1 £ foly, < Aa,p) [f1 £ falg, or Aap) [f1 £ faly, < Aap) L1 £ fol,,

which is the condition for holding equality in (9).
Hence the theorem follows. O

Theorem 7. Let fi, fo be any two meromorphic functions and g be any entire
function such that at least f1 or fa is of regular generalized relative growth («, )
with respect to g1. Also let g1 satisfy the Property (A). Then we have

Moy L1 - foly, < max {Nap) [filg, s Acay [fely, } -

The equality holds when any one of Aa,p) [filg, > Aa,p) [fil,,

one of f; is of reqular generalized relative growth («, 8) with respect to g1 where
,j=1,2 and i # j.

hold and at least any
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Proof. Since Ty,.4, (r) < Ty, (r)+Ty, (r) for all large r, applying the same procedure
as adopted in Theorem 1 we get that

Nagy 1+ Faly, < max { s (i), Ao ol } -

Now without loss of any generality, let A p) [f1],, < Aw.p) [f2],, and f =
fl . f2. Then )\(aﬁ) [f]g1 < )\ (a,3) [fg] Further f2 = T and Tf1 ( ) Tﬁ (’I“) +
O(1). Therefore T}, (r) < Ty (r) + Tf1 (r) + O(1) and in this case we obtain that
A, B) [fg]gl < max {)\(aﬁ) [f ]g1 Aa,B) [fl] } As we assume that A, g) [fl]

A, B) [fz]gl, therefore we have A, g) [fg] < ANawp) [f]q1 and hence A, g) [f]
= Ma,B) [fg]g1 = max { Aq,g) [fl]g1 Aa,B) [fg] }. Therefore, A4 g [f1 - fg] o =

Aa.py lfily, |4 =1,2 provided A p) [f1],, # )‘(04,6) [f2],, -
Hence the theorem follows. O

Next we prove the result for the quotient %, provided % is meromorphic.

Theorem 8. Let fi, fo be any two meromorphic functions and g, be any entire
function such that at least f1 or fa is of regular generalized relative growth («, 3)
with respect to g1. Also let g1 satisfy the Property (A). Then we have

)\(avﬁ) [ﬁ] < max {)\(aﬁ) [fl]gl a)‘(a,ﬁ) [f2}gl} )
g1

provided % is meromorphic. The equality holds when at least fo is of regular gen-

eralized relative growth (o, B) with respect to g1 and Aa,p) [fil,, # Na.p) [f2ly, -
Proof. Since T, (r) =T, (r)+O(1) and T, (r) < T, (r)+ T, (r), we get in
T2 To T2

2 F
view of Theorem 1 that ’

Ala,B) [ﬁ] < max {)‘(a,ﬁ) [f1lg, s Ma.8) [fz]gl} : (10)
g1

Now in order to prove the equality conditions, we discuss the following two
cases:

Case I. Suppose % (= h) satisfies the following condition

Aap) Lfilg, < Xavpy [folg, 5

and fy is of regular generalized relative growth (o, 8) with respect to g;.
Now if possible, let A, g) [%} < ANa,B) [fg]gl. Therefore from f; = h -
g1
f2 we get that A p) [fil,, = A(ap) [f2],, which is a contradiction. Therefore
Aa,B) [ﬁ} N > Na,p) [f2],, and in view of
(10), we get that

A(a,8) [ﬁ] = Na.p) [f2],,
g1

Case II. Suppose ;1 (= h) satisfies the following condition

)\(O‘aﬂ) [-fl]gl > )\(a7ﬁ) [fZ}gl )

and fo is of regular generalized relative growth (o, 8) with respect to g;.
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Now from fi = h - fo we get that either A, ) [f1],, < Aap) [%} . or
Aa,B) [fl]g1 < AN [fg]gl. But according to our assumption (4, ) [fl]g1 Aa,B) [fg]gl.
Therefore A(q, ) [%Ll > Na,p) Lf1],, and in view of (10), we get that

Aa,B) H;] = Aa,p) [f1lg, -
g1

Hence the theorem follows. O

Now we state the following theorem which can easily be carried out in the
line of Theorem 7 and Theorem 8 and therefore its proof is omitted.

Theorem 9. Let fi and fz be any two meromorphic functions and g1 be any entire
function such that such that p(, g) [fl]g1 and pa,p) [fg]gl exist. Also let g1 satisfy
the Property (A). Then we have

Pap) Lf1 f2],, < max {P(a,ﬁ) [filg, s Pa.p) [fz]gl} :
The equality holds when pa.p) [f1l,, # Pap) [f2],, - Similar results hold for the

quotient %, provided % is meromorphic.

Theorem 10. Let f; be a meromorphic function and g1, go be any two entire
functions such that Aoy [f1],, and Na.p) [f1],, exist. Also let g1 - g2 satisfy the
Property (A). Then we have

)\(aﬁ) [fl]gl-gg 2 min {)\(0‘75) [fl]gl ’)\(Qvﬁ) [fl]zh} !

The equality holds when any one of Aa,p) [f1],, < Aa.p) [fl]gj hold where i,7 = 1,2
and i # j and g; satisfy the Property (A). Similar results hold for the quotient
9L, provided - is entire and satisfies the Property (A). The equality holds when
Aap) Lfily, # Manp) f1l,, and g1 satisfy the Property (A).

Proof. Since Ty,.g, (r) < Ty, (r)+T,, (r) for all large r, applying the same procedure
as adopted in Theorem 3 we get that

Aap) [f1]g, g, 2 min {No«ﬁ) [F1]g, s M) [fl]gz} :
Now without loss of any generality, we may consider that A, g)[f1] o <
g

Ay Lfilg, and g = g1 - g2. Then Aap) [f1], = Aa,p) [f1],, - Further, gy = 2
and and T, (r) = T (r) + O(1). Therefore Ty, (r) < Ty (r) + Ty, (r) + O(1)
g2

and in this case we obtain that A(4,g) [fl]gl > min {/\(aﬂ) [fl]g s Aa,B) [fl]gg} . As
we assume that Aa,g) [f1],, < A@a,p) [f1],, , s0 we have Ao ) [f1], = Aap) [f1],
and hence /\(a”g) [fl]g = )\(a,ﬂ) [fl]gl = min {/\(a”g) [f1]91 ,)\(a’ﬂ) [fl]gz} . Therefore,
)\(a,g) [fl]grgz = )\(a,B) [fl]gi | i = 1,2 provided )\(a,ﬂ) [fl]gl < )\(a,ﬁ) [f1]92 and g1
satisfy the Property (A). Hence the first part of the theorem follows.

Now we prove our results for the quotient g—;, provided % is entire and

A, B) [fl]gl 7# Na,B) [fl}gz. Since T, (r)y=T, (r)+0() and T,, (r) < T, (r)+
92 g2
T, (r), we get in view of Theorem 3 that

92

Aa,B) [fl]_% > min {)‘(a,ﬁ) [f1lg, s Ma.8) [fl]g2} : (11)
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Now in order to prove the equality conditions, we discuss the following two
cases:

Case 1. Suppose g—; (= h) satisfies the following condition

Map) Llgy > Ay (i, -

Now if possible, let (4,3 [fl}% > ANa,p) Lf1l,,- Therefore from g = h -
g2 we get that A p) [f1],, = A(a,p) [f1],,, Which is a contradiction. Therefore
Aa,B) [fl]% < Aa.p) lf1],, and in view of
(11), we get that

Aa,B) [f1]% = Naup) [f1], -

Case II. Suppose that g—; (= h) satisfies the following condition

Mgy fily, < Aanp) [f1l,, -
Therefore from g1 = h - g2, we get that either Ao g [f1],, = Aa,p) [f1]ax or
92

Mgy [f1lg, = Aap) [f1],,- But according to our assumption A(a ) [f1],, A(a,8) [f1]
Therefore Aa,p) [filor < A(a,p) [f1],, and in view of
92

(11), we get that

g2°

M) LNl = Aap) iy, -

Hence the theorem follows. O

Theorem 11. Let fi; be any meromorphic function and g1, go be any two entire
functions such that p(a,p) [f1l,, and p.p) [f1],, exist. Further let fi be of regular
generalized relative growth (o, B) with respect to at least any one of g1 and go. Also
let g1 - g2 satisfies the Property (A). Then we have

Pla.p) [f1lg,.9, = min {P(a,ﬁ) [f1lg, + P(ar) [f1]92}o

The equality holds when any one of p(a.p) [fl]gi < P(a,B) [fl]gj hold and at least fi
is of reqular generalized relative growth (a, 8) with respect to any one of g; where
1,7 =1,2 and i # j and g; satisfies the Property (A).

Theorem 12. Let fi; be any meromorphic function and g1, g2 be any two entire
functions such that pa.p) [f1l,, and p(a,p) [f1],, ezist. Further let fi be of reqular
generalized relative growth (o, §) with respect to at least any one of g1 or go. Then
we have

Plap) [fi]z 2 min {P(a,m [f1lg, + P(ar) [f1]g2},

provided Z—; is entire and satisfies the Property (A). The equality holds when at least
J1 is of regular generalized relative growth (o, B) with respect to g2, p(a,s) [fl]ql #
P(a.p) [f1]y, and g1 satisfies the Property (A).

We omit the proof of Theorem 11 and Theorem 12 as those can easily be
carried out in the line of Theorem 10.

Now we state the following four theorems without their proofs as those can
easily be carried out in the line of Theorem 5 and Theorem 6 respectively.
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Theorem 13. Let fi1, fo be any two meromorphic functions and g1, g2 be any two
entire functions. Also let g1 - go satisfy the Property (A). Then we have

Py Lf1 - f2l g g
< max [min {p(a,g) [f1lg, s P(a) [f1]92} , min {P(a,ﬂ) [f2]g,  P(ap) [fQ]gz}] ;

when the following two conditions holds:

(i) Any one of p(a,p) [f1l,, < P(a.p) [fl]gj hold and at least fy is of reqular general-
ized relative growth (o, B) with respect to any one of g; and g; satisfy the Property
(A) fori=1,2,7=1,2 and i # j; and

(ii) Any one of p(a,p) [fQ]gi < P(a,B) [fg]gj hold and at least fo is of reqular general-
ized relative growth (o, B) with respect to any one of g; and g; satisfy the Property
(A) fori =1,2,7=1,2 andi # j.

The quality holds when p(q,g) [fi]gl < Pla,p) [fj]g1 and p(q,p) [fl-}g2 < Pla,B) [fj]g2
holds simultaneously for i =1,2; j =1,2 and i # j.

Theorem 14. Let f1, fo be any two meromorphic functions and g1, g2 be any two
entire functions. Also let g1 - g2, g1 and g2 satisfy the Property (A). Then we have

Marg) 1+ folgy g
>  min [max {)\(aﬁ) []01]91 s Aa,B) [fz]gl} , Max {)‘(a,ﬁ) [f1]92 s Aa,8) [f2]g2H

when the following two conditions holds:

(i) Any one of Aap)lfil,, > Aap) [fj]g1 hold and at least any one of f; is of
reqular generalized relative growth (o, 8) with respect to g1 fori =1,2, j = 1,2
and i # j; and

(ii) Any one of Na.p) [fil,, > ANa.p) [fj]g2 hold and at least any one of f; is of
reqular generalized relative growth («, §) with respect to go for i =1, 2, j = 1,2
and i # j.

The equality holds when Aa,g) [f1]y, < Aa,p) [f1ly, and Aa,p) [f2]y, < Aa,p) [f2],,
holds simultaneously fori=1,2; j =1,2 and i # j.

Theorem 15. Let f1, fo be any two meromorphic functions and g1, g2 be any two
entire functions such that % is meromorphic and % is entire. Also let % satisfy
the Property (A). Then we have

f
Pe.p) {f?] "
< max [min {piap) il o000 il bomin{ pas) £y, Pl [F2ly,

when the following two conditions holds:

(i) At least f1 is of reqular generalized relative growth (v, 8) with respect to go and
Pla.p) Lf1lg, # Plap) [f1ly,: and

(ii) At least fo is of reqular generalized relative growth (o, 8) with respect to go and
Pap) [f2ly, # Plap) (2], -

The equality holds when p(q,g) [fi]g1 < P(a,B) [fj]g1 and p(a.p) [fi]gz < P(a,B) [fj]g2
holds simultaneously fori=1,2; j =1,2 and i # j.

Theorem 16. Let f1, fo be any two meromorphic functions and g1, g2 be any two

entire functions such that s meromorphic and £ is entire. Also let &£, g1 and
fa g2 g2
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go satisfy the Property (A). Then we have

fi
Aa,) [fg .

> min [max {as) il s Aws) Ul | max { Aas) [y, s ey 2]y,

when the following two conditions hold:

(i) At least fo is of regular generalized relative growth («, 8) with respect to g1 and
Aarg) [Filg, # Aanp) [f2l, 5 and

(ii) At least fo is of reqular generalized relative growth (o, 8) with respect to go and
Aa,B) [fl]_q2 # Nang) [f2ly, -

The equality holds when A p) [f1],, < Aa,8) [fl]gj and Aa,p) [f2]y, < Aarp) [fg]gj
holds simultaneously for i =1,2; j =1,2 and i # j.

Next we intend to find out the sum and product theorems of generalized
relative type («, 8) ( respectively generalized relative lower type (a, §)) and gener-
alized relative weak type («, 8) of meromorphic function with respect to an entire
function taking into consideration of the above theorems.

Theorem 17. Let f1, fo be any two meromorphic functions and g1, g2 be any two

entire functions. Also let piq, gy [fl]gl, ) [fg]gl, P(a,B) [f1]g2 andp(q,g) [f2]92 be
all non zero and finite.

(A) If any one of pa.p) [fily, > Pa.p) [fj]gl hold fori, 7 = 1,2; 1 # j, and g, has
the Property (A), then

Oap) L1 £ foly, = 0ap) [fil,, and T(ap) [fi £ fol,, =T (ap [fil, |1 =1,2.

(B) If any one of p(a.p) [fil,, < Plap) [fl]gj hold and at least f1 is of reqular
generalized relative growth («, 8) with respect to any one of gj fori, j =1,2;9#j
and g1 £ g2 has the Property (A), then

I(e,B) [f1]91i92 = T(a.B) [fl]gq‘, and 0 (a,B) [fl]gd:gz =0(a,) [fl]gf, |i=1,2.

(C) Assume the functions f1, fo, g1 and g2 satisfy the following conditions:
(i) Any one of p(a,p) [f1l,, < P(a.p) [fl]gj hold and at least fy is of reqular general-
ized relative growth (o, ) with respect to any one of g; fori =1,2, j = 1,2 and
i F J
(it) Any one of p(a,p) [fg}gi < P(a,B) [fg]gj hold and at least fo is of reqular gener-
alized relative growth (o, B) with respect to any one of g; fori =1,2, j = 1,2 and
i J;
(111) p(a,p) filg, > Plap) [fil,, and pa) [filg, > Pap) [fil,, holds simultaneously
fori=1,2;5=1,2 and i # j;
(iv) pa.py L1, =
masx [min { p(e,s) [fily, + s [Fily, § o min { piap) [F2ly, i) el P 11 = 1,2,
and g1 £ g2 has the Property (A);
then

O(ap) 1 £ fol g 4g, = Oap) [fily, [ Lm=1,2
and

Glap) 1 £ fol g 19, = Tapy Lfily,, [ =1,2.
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Proof. From the definition of generalized relative type («, 8) and generalized rela-
tive lower type (a, 8) of meromorphic function with respect to an entire function,
we have for all sufficiently large values of r that

Ty, (r) < Ty, [0 (log { (0a0) k], +) lexp B2 W Y| (12)
Ty, (1) 2 Ty, [o™" (log { (a0 el =€) lexp B2 Pl )| (13)

and for a sequence of values of r tending to infinity, we obtain that

Ty (1) 2 Ty, o™ (tog { (o0) k], — &) fexp g W LY (1)

and

Ty (1) < Ty, o™ (tog { (F(a0) el + ) fexp AP W )] (15)

where € > 0 is any arbitrary positive number £k =1, 2 and [ = 1, 2.

Case L. Suppose that p(a.g) [f1],, > p(a,p) [f2],, hold. Alsolet e (> 0) be arbitrary.
Since T't,+4, (1) < Ty, (1) + T}, (r) + O(1) for all large r, so in view of (12), we get
for all sufficiently large values of r that

Tpyx5, (1) <

T, [a_l (log { (U(aﬁ) [fily, + 5) [expﬂ(r)]p(“ﬁ)[mgl })} (1+A4). (16)

Ty, [a_l (IOg{("(a,m[fz]gl*E)[eXP B(r))* (2l }>]+O(1)
Ty, [ (o8] (00, Lf1],, ) fexp () A Ton 1]
P(a,B) [fl]gl > P(a,8) [fg]gl, and for all sufficiently large values of r, we can make
the term A sufficiently small . Hence for any 6 = 1 + ¢4, it follows from (16) for all

sufficiently large values of r that

Tpar, (1) < Ty, [0 (108 { (010 [f1l,, +2) lexp SO )] - (14e)

te., Thap (r) <T, [ofl (log{(d(aﬁ) [fl]gl + 6) [expﬂ(r)}p(aﬁ)[fl]gl })} - 0.

Hence making 6 — 14, we get in view of Theorem 2, p(,, 3) [fl]g1 > P(a,B) [fg]g1
and above for all sufficiently large values of r that

lim supexP (@ (Zy,! (Thiep (1))
r—oo  [exp 6(7,)]P(a,5)[f1:tf2]gl

i.e., 0(ap) [f1 £ fol,, < o(ap [fil,, - (17)
Now we may consider that f = f1 £ f». Since p(q,g) [fl]g1 > p(a,B) [fg]g1 hold.

Then o(a,) [fl), = (. [fi £ fol,, < 0(ap [fil,, - Further, let fi = (f £ fo).
Therefore in view of Theorem 2 and p(a.p) [f1],, > P(a.p) [f2],,, We obtain that
P.8) [fly, > Pla,p) [f2],, holds. Hence in view of (17) o(a p) [f1],, < o(a.p) [f],,
= O(a,B) [f1+ f2]91 . Therefore O(a,B) [f]gl = O(a,8) [f1]g1 = O0(a,8) [f1+ f2]91 =
O(a.p) [f1lg, -

Similarly, if we consider p(ap) [f1],,
verify that O (a,8) [f1 + fﬂgl = O(a,B) [fg]gl .

Case II. Let us consider that p(,,p) [f1l,, > P(a.p) [f2],, hold. Also let (> 0) are

where A = , and in view of

< 0ap) L1l

< P(ap) [f2],, » then one can easily
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arbitrary. Since T 4y, (r) < Ty, (r) 4+ Ty, (r) + O(1) for all large r, from (12) and
(15), we get for a sequence of values of r tending to infinity that

Tflifz (T) <

Ty, [0 (108 { (T L1, +¢) lexp B Mo D] 14 ). (1)

[a™" (108{ (00,5 [f2],,, +¢) [exp B(r)) (=221 1) ] +O(1)
Ty, [oﬁl (10g{(5(aﬁ)[f1]91+6)[exp ,6(7’)}”(&7/3)“1]91 })]
Py [fily, > Plap) [f2l,,, We can make the term B sufficiently small by tak-
ing r sufficiently large and therefore using the similar technique for as executed
in the proof of Case I we get from (18) that 7, g) [f1 & f2,, = T(a,p) [f1],, When
Pa,B) [fl]g1 > P(a,B) [fg]g1 hold. Likewise, if we consider p(,, g) [fl]gl < P(a,B) [fg]gl ,
then one can easily verify that 7, gy [f1 £ fg]g1 = 0(a,p) [fg]gl.

Thus combining Case I and Case II, we obtain the first part of the theorem.

Tgl
where B =

, and in view of

Case III. Let us consider that p(a.p) [f1],, < p(a.p) [fil,, With at least fi is of
regular generalized relative growth (o, 3) with respect to go. We can make the term

Ty. [a7" (1og { (7.9 [1],, =€) lexp ()= LY | - 0(1)
Ty, [a—l (log { (E(aﬁ) [fily, — 5) [exp A(r)]P» il })}

sufficiently small by taking r sufficiently large, since p(a,p) [f1l,, < P(a,8) [f1],, -
Hence C' < ¢;.
As Ty 14, (r) <Tg, (r) +T,, (r) + O(1) for all large r, we get that

Ty, g, (Ofl (log{(a(a,ﬁ) [filg, — 6) [exp B(r)]» Vtlan })) <
T, [a—l (log { (a(aﬁ) i, — €> fexp A(r)]Pe Ul })} N

1, [o7 (108 { (o109 1), = <) o 81720 1)+ 0(0).

Therefore for any § = 14 &7, we obtain in view of C' < &1, (13) and (14) for
a sequence of values of r tending to infinity that

Tyiear (07" (08 { (9100) i)y, — ) lexp B o 1)) < o1y, (1)

Now making 6 — 14, we obtain from above for a sequence of values of r
tending to infinity that

(70 [ily, =) lexp B Pnsen < exp (a (T4, (T), (1))

Since € > 0 is arbitrary, we find that

C:

0’(0476) [fl]gl:l:gg Z 0-(0675) [fl]gl : (19)

Now we may consider that g = g1 & g2. Also p(a,p) [f1],, < p(ap) [f1],, and

at least f is of regular generalized relative growth («, 8) with respect to go. Then
T(a,B) [fl]g = 0(a,B) [fl]glng > O(a,8) [fl]gl . Further let g1 = (g9 & g2). Therefore
in view of Theorem 4 and p(a,p) [f1],, < P(a,p) [f1],,, Wwe obtain that p(a g [f1], <
P(ap) [f1],, as at least f1 is of regular generalized relative growth (o, 8) with respect
to g2. Hence in view of (19), o(a.p) [f1],, = 0(a.p) [f1], = 0(a.p) [f1],, 44, - Therefore
() LNlg = 0(a,p) [1lg, = 0(a8) [Filg, 29, = T(a) L1y, -
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Similarly if we consider p(a,p) [f1],, > P(a.p) [f1],, With at least fi is of
regular generalized relative growth (o, ) with respect to g1, then o4 g) [f1]

= 0(ap) [f1]y, -

g1£g2

Case IV. In this case suppose that p(a.g) [f1],, < p(a.p) [f1],, With at least fi is of
regular generalized relative growth (a, §) with respect to go. we can also make the
Ty [0 (log{ (7(a, 5 [f1],,, =) [exp B(r))"(*» o1 1) ] +o(1)

Ty |1 (108{ (F(a, 5 1], —€) lexp B(r)] (=) V1o }
taking r sufficiently large as p(a gy [f1l,, < P(a.p) [f1],, - So D < &1 for sufficiently
large r. As Ty, 44, (r) < Ty, (r) + Ty, (r) + O(1) for all large , therefore from (13),
we get for all sufficiently large values of r that

Tyrge (a7 (108 { (7 [11],, — ) lexp B P 1)) <
T, o7 (1og { (F(a0) [11],, — ) lexp B )] 4
Ty, [0 (log { (Ftapy [£1],, — <) lexp B2Vl 1) |+ 0(1)

1.€., Tgl:tg2 (a_l (IOg { (E(a,ﬁ) [fl]gl - 6) [eXp ﬁ(r)]p(aﬂ)[h]gl }))
< (I +e) Ty, (r), (20)
and therefore using the similar technique for as executed in the proof of Case III
we get from (20) that 7 (4 g) [f1],, £, = T(a.p) [f1],, Where pia gy [f1],, < P(a,p) [f1],,
and at least f is of regular generalized relative growth (a, 8) with respect to gs.
Likewise if we consider p(, g) [fl]g1 > P(a,p) [f1]92 with at least f; is of
regular generalized relative growth (o, 3) with respect to g1, then 7, g) [f1]
=0 (a,p) 1], -
Thus combining Case III and Case IV, we obtain the second part of the
theorem.
The third part of the theorem is a natural consequence of Theorem 5 and
the first part and second part of the theorem. Hence its proof is omitted. ([

term D =

sufficiently small by

g1£g2

Theorem 18. Let f1, fo be any two meromorphic functions and g1, g2 be any two
entire functions. Also let A\, ) [fl]gl, Aa,B) [fg]gl, Aa,B) [fl]g2 and Ao, p) [f2]92 be
all nonzero and finite.

(A) Any one of Aap)[fil,, > MNap) [fj]g1 hold and at least any one of f; is of
regqular generalized relative growth («, 3) with respect to g1 for i, j = 1,2; i # j,
and g1 has the Property (A), then

T(a,0) U1 £ folg, = T(ap) fily, and Tap) [f1 £ foly, =T(ap) [fily, 11=1,2.

(B) Any one of Na,p) [f1ly, < Aa,p) f1ly, hold fori, j =1,2;i % j and g1 + go
has the Property (A), then

T(Q’B) [f1]91i92 = T(a,,B) [fl]gi a'nd ?(a,ﬁ) [fl]gligg = ?(a,,@) [fl]gi | i= 1a2
(C) Assume the functions f1, fo, g1 and g2 satisfy the following conditions:
(i) Any one of pa.p) [fily, > P(ap) [fj]g1 hold and at least any one of f; is of reqular
generalized relative growth (o, B) with respect to g1 for i, j = 1,2 and i # j;
(i4) Any one of pia,p)[fily, > Plap) [fj]g2 hold and at least any one of f; is of
regqular generalized relative growth («, 8) with respect to go fori, j = 1,2 and i # j;
(1) p(ap) [f1ly, < P(ap) [fl]gj and pa,p) [f2],, < Pa.p) [fg]gj holds simultaneously
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fori, j=1,2 and i # j;
(1) Nap) [fil,, =
min [max {Aag) [£ily, - Atasy [ly, Jomax {Aas) [filyy - Acas) Ul ] | = 1,2

and g1 £ g2 has the Property (A)
then we have

T(,8) L1 £ folgy g, = T(ap) Uil [1m = 1,2
and

T(a,B) [f1+ f2]g1:t92 = T(a,8) [fl]gm [l,m=1,2.
Proof. For any arbitrary positive number (> 0), we have for all sufficiently large
values of r that

Ty, (1) < Ty, [0 (log { (Fraus) Ul +¢) lexp B2 W )] (21
Ty, (1) 2 Ty, o™ (tog { (a0 il — ) fexp B2 )] (22)

and for a sequence of values of r tending to infinity we obtain that

Ty, (r) 2 Ty, o™ (tog { (Tias) Uil — <) lexp B U )| (23)

and

Ty, (r) < Ty, [0‘71 (log { (T<a,6) [felg, + 5) [exp B(r) e el }ﬂ ’ (24)
where £k =1,2 and [ = 1, 2.

Case L. Let A\ p) [f1l,, > Aa.p) [f2],, with at least fo is of regular generalized
relative growth (a, ) with respect to ¢g;. Also let € (> 0) be arbitrary. Since
Tpias, (1) <Tp (r)+ Ty, (r) + O(1) for all large r, we get from (21) and (24), for
a sequence of values of r tending to infinity that

Tpyt5, (r) <

Ty, [0 (1o { (Tt [£1],, +¢) lexp B eV )] (14 B). - (25)
T,

i [0 (108] (Fiau Ll o) lexp B V2l 1) ] voq)

Ty, [a=1 (108 ] (7. 1], ) lexp A(r)]) M Ton 1)
Aap) fily, > Aap) [f2],,» we can make the term ' sufficiently small by taking r
sufficiently large. Now with the help of Theorem 1 and using the similar technique
of Case I of Theorem 17, we get from (25) that

T(a,p) L1 £ foly, < T, [f1y, - (26)

Further, we may consider that f = fi & f>. Also suppose that A, g) [fl]g1 >

Aa,p) [f2],, and at least f> is of regular generalized relative growth («,3) with

respect to gi. Then 7(a,5) [f],, = T(a.p) [f1 £ fol,, < T(a.p) [f1],, - Now let f1 =

(f £ f2). Therefore in view of Theorem 1, A p) [f1l,, > A(a.p) [f2],, and at least

f2 is of regular generalized relative growth («, 8) with respect to g1, we obtain that

)\(a,g) [f]gl > /\(a,,B) [fg]gl holds. Hence in view of (26), T(a,B) [fl]gl < T(a,B) [f]g1 =
T(a,p) Lf1 £ fo]y, - Therefore 74 5y [f]y, = T(a,p) [f1ly, = T(a,8) 1 £ fol g, = T(ap) L1l

where F = and in view of

Similarly, if we consider A p) [f1],, < Aa,p) [f2],, With at least fi is of
regular generalized relative growth (a, ) with respect to g; then one can easily
verify that 7(a,5) [f1 £ fol,, = T(a.8) [f2],, -
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Case II. Let us consider that A\ ) [fil,, > Aa,p) [f2],, With at least fo is of
regular generalized relative growth (o, ) with respect to g;. Also let £ (> 0) be
arbitrary. As Tt 45, (1) < T4, (r) + Ty, (r) + O(1) for all large r, we obtain from
(21) for all sufficiently large values of r that

Tpytp, (r) <

Ty, [0 (1o { (Fap) L], +¢) lexp B2 D 1+ 7). (27)
T,

o1 [0t (108] (T f21,,, +2) [exp B @ V210 LY 10(1)

Ty, [0t (toa] (Fea ) 1], +e)fexp B A T ar 1]
Aap) fily, > Aap) [f2],,» we can make the term [ sufficiently small by taking r
sufficiently large and therefore for similar reasoning of Case I we get from (27) that
T(a,B) [f1+ f2]gl = T(a,8) [fl]gl when )\(a’g) [fl]gl > )\(a,B) [f2]91 and at least fy is
of regular generalized relative growth (a, 8) with respect to g;.

Likewise, if we consider Aa,p) [fil,, < A(ap) [f2],, With at least fi is of
regular generalized relative growth («, ) with respect to ¢g; then one can easily
verify that T(a,5) [f1 £ fo],, = T(a.p) [f2],, -

Thus combining Case I and Case II, we obtain the first part of the theorem.

where F =

, and in view of

Case III. Let us consider that A, p) [f1],, < Aa.p) [f1],,- Therefore we can make
Ty [0 (log{ (7(a, 5 [f1],,, =) lexp B()] " ® V1 1Y 0(1)
Ty [0 (108{ () (2], =) lexp B(r)) 2 oz } )
by taking r sufficiently large since A(a,p) [fil,, < A(a.p) [fil,, - So G < e1. Since
Ty 4q, (1) < Ty, (r)+T,, (r)+0(1) for all large r, we get from (22) for all sufficiently

large values of r that

Ty (04_1 (log { (T(aﬁ) [filg, — 6) [exp B(r)| e 1) })) <
Ty, [ofl <log { (T(a”g) [fl]g1 - 5) [exp ﬂ(r)]Am,/i)[fl]gl })} 4
Ty, {Ofl (IOg { (T(a,ﬂ) [fily, — 5) [exp,@(r)]’\m,m[h]gl })} +0(1)

b6 Tyt (7 (108 { (7iagn [y, ) fexp B2 s 1))
< (IT4e1)Ty (r). (28)
Therefore in view of Theorem 3 and using the similar technique of Case II1
of Theorem 17, we get from (28) that

() Lf1lgy g, 2 T(a) [y, - (29)
Further, we may consider that g = g1 & g2. As Aa,p) [f1],, < Maup) [f1,,
80 T(a,p) 1], = T(a.p) [f1l 4245 = T(ep) [f1],, - Further let g1 = (g =+ g2). Therefore
in view of Theorem 3 and A4 p) [f1],, < Aa,p) [f1],, We obtain that A g [f1], <
A(a,p) [f1],, holds. Hence in view of (29) 7(a,5) [f1],, = T(a,8) [f1]y = T(a.8) [f1] 4,24, -
Therefore 7, g) [f1]g = T(a,8) [fﬂg1 = T(a,8) [fl]mi!h = T(,B) [fl]gl :
Likewise, if we consider that A g) [f1l,, > A(a.p) [f1],, - then one can easily
verify that 7, g) [fl]glng = T(a,) [fl]g2 )
Case IV. In this case further we consider Aa,p) [fi],, < Aa.p)[fi]y,- Further
Ty [0 (log{ (a0 [11],, —&)fexp ()] (2o 1) | Lo(1)
Tyy [0~ (108] (70,51 1), ) lexp B()) () Trloz 1) |

the term G =

sufficiently small

we can make the term H =
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sufficiently small by taking r sufficiently large, since A(a,p) [f1],, < Aa.p) [f1],, -
Therefore H < & for sufficiently large r. As Ty, 44, (1) < Ty, (1) + Ty, (r) + O(1)
for all large r, hence we obtain from (22) and (23), for a sequence of values of r
tending to infinity that

Ty +g. (a—l (log { (?(aﬁ) [fily, — 5) [expﬁ(r)]/\(a,m[fﬂgl })) <
Ty, |:04—1 (log { (?(a’g) [fl]gl - E) [exp ﬁ(r)]/\(&vﬁ)[fl]gl })} +
Ty. [0 (10g { (Fias) [£1],, =€) lexp ) P }) | 4 0(1)

icey Tyygn (07 (log { (Tla [£1],, =) lexp B(r) el 1))
< (A 4e) Ty (r), (30)
and therefore using the similar technique for as executed in the proof of Case
IV of Theorem 17, we get from (30) that T, p) [f1],, 4, = T(ap) [f1],, when
Map) Lfilg, < Aasp) [filg,-
Similarly, if we consider that A, p) [f1l,, > A(a.p) [f1],, - then one can easily
Verify that ?(a,ﬁ) [fl]gligz = ?(a,ﬁ) [f1]92 .
Thus combining Case III and Case IV, we obtain the second part of the
theorem.
The proof of the third part of the Theorem is omitted as it can be carried
out in view of Theorem 6 and the above cases. (]

In the next two theorems we reconsider the equalities in Theorem 1 to
Theorem 4 under somewhat different conditions.

Theorem 19. Let f1, fo be any two meromorphic functions and g1, g2 be any two
entire functions.
(A) The following condition is assumed to be satisfied:

(i) Bither 0(a.p) [fil,, # O(ap) [f2]y, 0T T(a) [f1l,, 7# T(ap) [f2],, holds and g1 has
the Property (A), then

Py L1 £ fol,, = pap) Uil = Pap) [f2y, -
(B) The following conditions are assumed to be satisfied:

(i) Bither o(a,p) [fil,, # 0(a.p) [f2ly, 07T () [f1],, # T(ap) [f1l,, holds and g1 £g2
has the Property (A);
(ii) f1 is of regular generalized relative growth («, 8) with respect to at least any
one of g1 or g, then

P(ap) [filg, 19, = Plap) [f1lg, = Prasp) [filg, -
Proof. Let f1, f2, g1 and g2 be any four entire functions satisfying the conditions
of the theorem.
Case 1. Suppose that p(ag [fily, = P.s) [fol, (0 < pap) [fily, s P Lfol,,
< 00). Now in view of Theorem 2 it is easy to see that pp) [f1 + f2],, <
Pla,B) [fl]g1 = P(a,B) [fg]g1 . If possible let

Pap) L1 £ fol,, < papy) Lfily, = Py [f2y, - (31)

Let 0(q,p) [fl]gl # O(a,p) [fg]g1 . Then in view of the first part of Theorem 17
and (31) we obtain that o, g [fl]g1 =0 i faTF fg]g1 = O(a,8) [fg]gl which
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is a contradiction. Hence p(q,g) [f1 + fz]g1 = P(a,B) [fl]g1 = P(a,B) [fg]g1 . Similarly
with the help of the first part of Theorem 17, one can obtain the same conclusion
under the hypothesis 7, 3) [fl]g1 # T (a,8) [fl]g2 . This proves the first part of the
theorem.

Case IL. Let us consider that p(a,s) [f1ly, = p(a.) [f1]4, (0 < p(a,p) [fily, s Pla,8) [fig,
< o), f1 is of regular generalized relative growth («, ) with respect to at least
any one of g, or g, and (g1 & g2) and g1 £ g5 satisfy the Property (A). Therefore in
view of Theorem 4, it follows that p(a,p) [f1l,,14, = P(ap) 1], = P(a.p) [f1],, and
if possible let
Pla) [f1lg 29, > Plap) [f1lg, = Plap) 1], - (32)

Let us consider that o(q ) [fi],, # 0(a,p) [f1],, . Then. in view of the
proof of the second part of Theorem 17 and (32) we obtain that o(, ) [f1],, =
O(a,8) [f1l gy 290792 = O(anp) [f1],, which is a contradiction. Hence p(ap) [f1]y, 44, =
P(a,B) [fl]g1 = P(a,B) [fl]g2 . Also in view of the proof of second part of Theorem
17 one can derive the same conclusion for the condition 74 g) [f1],, # T(a.p) [f1],,
and therefore the second part of the theorem is established.

Theorem 20. Let f1, fo be any two meromorphic functions and g1, go be any two
entire functions.

(A) The following conditions are assumed to be satisfied:

(1) (f1 £ f2) is of reqular generalized relative growth (o, B) with respect to at least
any one of g1 and go; and g1, g2 , g1 = g2 have the Property (A);

(ii) Bither o(a.p) [f1 £ fo],, # 0(a.p) [[1 £ fo],, 07T p) [f1 £ fol,, # Tap) [f1 £ f2l,,;
(i11) Bither o(a,p) [f1l,, # 0(a.p) [f2l,, 07 Tap) [f1ly, # Tlap) [f2]y,

(iv) FEither O(a,B) [fl]g2 #* O(a,B) [fQ]QQ OT 0 (a,8) [f1]92 #+ T (a,B) [fQ]gg ; then

Pla.p) 1 £ fol g 29, = Plap) Lily, = Pasp) [f2]y, = Plasp) [fily, = Plap) [f2],, -
(B) The following conditions are assumed to be satisfied:
(1) f1 and fy are of reqular generalized relative growth («, 8) with respect to at least
any one of g1 or gz, and g1 = go has the Property (A);
(it) Bither 0(a,p) [filg, 49, # O(ap) [Polgiagy 07 Ta,0) filgyag, # Tiap) [F2lgyag, 5
(’%Zl) E.zther O(a,B) [fl]g1 #+ O(a,B) [f1]92 0T 0 (a,B) [fl]gl # 0 (a,8) [fl]gz ;
(iv) Either o(q,p) [fg]g1 # 0(a,8) [fg]g2 0T T (a,8) [fg]g1 # 0 (a,8) [fg]g2 ; then

Plap) 1 £ folg, g, = Plap) [Filg, = Pla,p) 2]y, = Plap) [F1lg, = Pla,8) L2y, -

We omit the proof of Theorem 20 as it is a natural consequence of Theorem
19.

Theorem 21. Let fi, fs be any two meromorphic functions and g1,92 be any two
entire functions.

(A) The following conditions are assumed to be satisfied:

(1) At least any one of f1 or fa is of regular generalized relative growth («, 8) with
respect to g1 ;

(i0) Either (o) [f1l,, # T(a.p) [f2],, 07 T(ap) [f1l,, # T(a.p) [f2],, holds and g1 has
the Property (A), then

ANapy 1 £ folg, = Masg) [filg, = ANap) [f2ly, -

(B) The following conditions are assumed to be satisfied:
(i) f1, g1 and g2 be any three entire functions such that Aa,g) [f1],, and A, p) [f1],,
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exists;

(i) Bither 7(a,p) [f1l,, # T(a.) [f1lg, 07 T(a,p) 1]y, # T(ap) [f1],, holds and g1 £g2
has the Property (A), then

Manp) [l gy g0 = Manp) [f1lg, = Aarp) [f1l,, -

Proof. Let f1, fa, g1 and g2 be any four entire functions satisfying the conditions
of the theorem.

Case L Let A(a,p) [f1],, = Aa,0) [f2lg, (0 <Aap) [f1l,, 5 Aa,p) [f2]y, < o0) and at
least f1 or fo and (f1 & f2) are of regular generalized relative growth («, 8) with
respect to g1. Now, in view of Theorem 1, it is easy to see that A, gy [f1 = fg]g1 <

Aa.p) f1ly, = Aanp) [f2],, - If possible let
Aa.py 1 £ f2ly, <Ay [fily, = Aanp) [f2l,, - (33)

Let 7(q,3) [fl]g1 # T(a,8) [fg]g1 . Then in view of the proof of the first part
of Theorem 18 and (33) we obtain that 7(ap) [f1],, = T@ps) i foF ], =
T(a,p) [f2],, Which is a contradiction. Hence (o) [f1 £ f2],, = Aap) [fil, =
Aap) [f2],, - Similarly in view of the proof of the first part of Theorem 18 , one
can establish the same conclusion under the hypothesis 7(4,5) [f1],, # T(a.p) [f2]
. This proves the first part of the theorem.

g1

Case IL Let us consider that A(a’ﬁ) [fl]!h = /\(a,,B) [fl]gz (O < /\(a,ﬂ) [fl]!h ’)‘(aﬁ) [fl]g2
< 00 Therefore in view of Theorem 3, it follows that Aa,g) [filg, 44, = Aoy [filg, =
Aa,B) [f1]g2 and if possible let

Manp) [l gy g0 > M) [f1]g, = Aarp) [f1l, - (34)

Suppose T(a,) [fily, # T(a.p) [f1]y, - Then in view of the second part of
Theorem 18 and (34), we obtain that 7(a,s) [f1],, = T(a.8) [f1]4, 49079, = T(e) [f1],,
which is a contradiction. Hence A g) [f1]y, 44, = Aa.p) [f1ly, = Aap) [f1]y, -
Analogously with the help of the second part of Theorem 18, the same conclusion
can also be derived under the condition 74,4 [f1],, # ?gz;m (f1) and therefore the
second part of the theorem is established. ([l

Theorem 22. Let fy, f3 be any two meromorphic functions and g1, g2 be any two
entire functions.

(A) The following conditions are assumed to be satisfied:

(i) At least any one of f1 or fa is of regular generalized relative growth («, 8) with
respect to g1 and go. Also g1, go, g1 = go have satisfy the Property (A);

(i) Either T(a,p) [f1 £ fol,, # T(ap) [f1 £ fol,, 07T (ap) [f1 £ f2l,, # T(ap) L1 £ fol,,:
(11i) Bither T(a,p) 1]y, # Ta.p) f2lg, o7 T(ap) [f1lg, # T(ap) [f2lg,

(iv) Bither 7(ap) [f1lg, # T(a,p) [f2lg, 07 T(ap) [f1lg, # T(ap) [f2]y, ; then

ANy 1 £ fol g 49, = Nap) 1]y, = Aaup) 2]y, = Nasp) [fily, = Aanp) [f2l, -

(B) The following conditions are assumed to be satisfied:
(1) At least any one of f1 or fo are of reqular generalized relative growth («, 8) with
respect to g1 £ g2, and g1 = ga has satisfy the Property (A);

gjingither T(,) [fl]gljzgz 7& (e, B) [fZ]glzl:gg or ?(@w@) [fl]g1i92 7& ?(O‘vﬂ) [f2]91i92
olds;
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(i1i) Bither 7(a,p) [filg, # Tiap) [Filg, o7 T, [ilg, 7 Ta,p) [, holds;
(iv) Bither 7(ap) [f2],, # T(.p) [foly, 07 T(a.p) [f2ly, 7# T(ap) [f2],, holds, then

ANap) 1 £ fol g 49, = Nap) 1]y, = Aaup) 2]y, = Nasp) [fily, = Aanp) [f2l, -

We omit the proof of Theorem 22 as it is a natural consequence of Theorem
21.

Theorem 23. Let f1, fo be any two meromorphic functions and g1, g2 be any two

entire functions. Also let p(a, gy [fl]gl, P(a,B) [fg]gl, P(a,B) [f1]g2 andp(q,g) [fg]g2 be
all non zero and finite.

(A) Assume the functions f1, fo and g1 satisfy the following conditions:
(i) Any one of pa,p) [fily, > pras Ifil,, hold fori, j = 1,2 and i # j;
(#i) g1 satisfies the Property (A), then

(o) [f1° fol,, = 0ap lfily, and Gap)fi- fol,, =0 (ap) lfil,, i=1,2.
Similarly,

fi _ fi _ .
T(a,8) [fQ =ap fily and Tap || =T fily, 11=1,2
g1

g1

holds provided (7) % is meromorphic, (i) p(a,g) [fi}gl > P(a,B) [fj]g1 |4, 1,2; j =
1,2; i # j and (i1i) g1 satisfy the Property (A).

(B) Assume the functions g1, g2 and fi satisfy the following conditions:

(i) Any one of pa,p) 1], < P(ap) [fl]gj hold and at least f1 is of reqular generalized
relative growth (o, B) with respect to any one of g; fori, j = 1,2 and i # j, and g;
satisfies the Property (A);

(ii) g1 - g2 satisfies the Property (A), then

I(e,B) [fl]grgm = 0(a,) [fl]gi and 7(a,p) [fﬂgrgz = 0(a.f) [fl]gi li=1,2.
Similarly,

T il = 0p [filg, and Tiap) [fila =Tp Ay, [1=1,2

holds provided (%) g—; is entire and satisfy the Property (A), (ii) At least f1 is of
reqular generalized relative growth (c, B) with respect to g, (iii) p(a,p) [f1],, <
P(a,B) [fl]gj |i=1,2;7=1,2;i# j and (iv) g1 satisfy the Property (A).

(C) Assume the functions f1, f2, g1 and go satisfy the following conditions:

(1) ¢1 - g2 satisfies the Property (A);

(i1) Any one of p(a,p) [f1l,, < Plap) [fl]gj hold and at least fy is of regular gener-
alized relative growth («, ) with respect to g; fori =1,2,j = 1,2 and i # j;
(iii) Any one of p(a,p) [f2l,, < P(ap) [fg]gj hold and at least fo is of reqular gener-
alized relative growth (a, B) with respect to g; fori=1,2, 7 =1,2 and i # j;

() p(a.p) [filg, > Pap) [fil,, and piap) [fily, > Pa,p) [fil,, holds simultaneously
fori=1,2; 7=1,2 and i # j;

(©) pa.p) i, =

max [min { piag) [y, Prae) iy, o min { pas) [l - ey Ul ] 1 1m = 1,25
then

O(a,B) [fl . f2]g1-g2 = %(a.B) [fl]gm and E(a,ﬁ) [fl . fz]grgz = E(a’ﬁ) [fl]gm | l,m =1,2.
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Similarly,

T(a,B) BZ] o O [fil,,, and T p) [jﬁj L O [fily, | Lm=1,2.
holds provided % is meromorphic function and z—; 1s entire function which satisfy
the following conditions:

(1) £ satisfies the Property (A);

(i1) At least fy is of reqular generalized relative growth («, 8) with respect to go and
Pep) LNy, # Prap) LNy, 5

(#i1) At least fo is of regular generalized relative growth (o, ) with respect to go
and p(a,p) [f2ly, # Plap) [f2lg, 5

() p(a.p) [filg, < P [fil,, and piap)[fily, < Pa,p) [fil,, holds simultaneously
fori=1,2; 7=1,2 and i # j;

(V) p(a,p) Lfilg,, =

max [min {p(a,m [f1lg,  P(ap) [fl]gz} , min {p(aﬂ) [folg, » Plap) [f2lg, }] | l,m=1,2.

Proof. Let us suppose that p(a,g) [fi],: P.p) 2]y, Plap) [fil,, andpas) [fol,
are all non zero and finite.

Case 1. Suppose that p(a,g) [f1],, > P(a.p) [f2],,- Also let g1 satisfy the Property
(A). Since Ty,.5, (r) < Ty, (1) + T}, (r) for all large r, therefore applying the same
procedure as adopted in Case I of Theorem 17 we get that

O(ap) L1+ foly, S o) [fil,, - (35)

Further without loss of any generality, let f = fi - fo and p(a ) [f2],, <
Pap) [f1ly, = Pap) [f],, - Then in view of (35), we obtain that o(a.p) [f],, =
O(a,B) [fl . f2]gl < O(a,B) [fl]gl . Also f1 = % and sz (T) = T% (7") + O(l) There-
fore Ty, (r) < Ty (r) + Ty, (r) + O(1) and in this case also we obtain from (35)
that o(a,g) [f1l,, < 0.8 [fly, = O [f1- f2],, - Henceos p) [f],, = 0(a,p) [f1],,
= 0p) [f1- folg, = o(ap) [fil, -

Similarly, if we consider p(, g) [fl]g1 < P(a,B) [fg]g1 , then one can verify that
I(a.8) [f1 - folg, = (e [fog, -

Next we may suppose that f = % with f1, fo and f are all meromorphic
functions.

Sub Case Ia. Let pap)lfal,, < p(a,p)[fi],,- Therefore in view of Theorem 9,

Py [foly < pap) lfily, = Plap) [fl,, - We have fi = f - fo. So, o(ap [fil,,
= () [flg, = 9(ap) [Hq

Sub Case Ig. Let p(a.p) [f2],, > p(ap) [fil,,- Therefore in view of Theorem 9,
Plap) [ilg, < Plap) folg, = Pap) [f],, - Since Ty (r) = Ti (r) + O(1) = Ty (r) +

O(1), So 0(a,p) [%] =0(a,p) [f2]g, -

g1
Case IL Let p(a,p) [f1l,, > P(ap) [f2],,- Also let g satisfy the Property (A). As

Ty,.1, (1) < T4, (r) + Ty, (r) for all large r, therefore applying the same procedure

as explored in Case II of Theorem 17, one can easily verify that 7, ) [f1 - fg]g1 =
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T (a,8) [fl]g1 and 7 (4, g) {%} . =0 (a,B) [fi]g1 | i = 1,2 under the conditions specified

in the theorem.
Similarly, if we consider p(, g) [fl]g1 < P(a,B) [fg]g1 , then one can verify that

Flap) L1+ fo,, = 7 (f2) and F(a ) [%Ll =75 (f2).-

Therefore the first part of theorem follows from Case I and Case II.

Case III. Let g; - go satisfy the Property (A) and p(4 ) [fl]g1 < P(a,B) [fl]g2 with
at least fi is of regular generalized relative growth (a, 8) with respect to gs. Since
Ty .g, (r) < Ty, (1) + Ty, (r) for all large r, therefore applying the same procedure
as adopted in Case IIT of Theorem 17 we get that

(o) [f1lg, .9, 2= O(ap) [f1l,, - (36)

Further without loss of any generality, let g = g1 - g2 and pa g [f1]g =

(@.8) [fil,, < Pap) [fil,, - Then in view of (36), we obtain that o(a,g) [f1], =
(@.8) [f1lg, .90 = T(ap) [f1l,, - Also g1 = L and Ty, (r) = Ti (r) + O(1). Therefore

92
Ty, (r) < Ty (r)+1y, (r)+O(1) and in this case we obtain from (36) that o(a,s) [f1],,
>

Q

O(ap) Lf1lg = 0(a,p) [filg,.q,- Hence oa ) [f1]y = 0(ap) [f1ly, = 0(ap) [f1lg, .4,
O’(O‘aﬁ) [fl]gl .

Similarly, if we consider p( p) [fil,, > P(ap) [f1l,, With at least fi is of
regular generalized relative growth (o, 3) with respect to g1, then one can verify
that 0(a.g) [filg,.g, = T(a.5) (1],

Next we may suppose that g = g—; with g1, g2, g are all entire functions
satisfying the conditions specified in the theorem.

Sub Case IIIa. Let pa.p) [f1],, < p(a,p) [f1],, - Therefore in view of Theorem 12,
p(a’ﬁ) [fl]g = p(a’lﬁ) [fl}gl < p(&,ﬁ) [fl]g2' We haVe 91 = g . 92. SO U(a,ﬁ) [‘fl]gl =
O(a,8) Lf1lg = O(ap) [fl]%-

Sub Case IIlg. Let p(a,p) [fil,, > pPap) fi],,- Therefore in view of Theo-
rem 12, pa.p) [fily = piap) [f1ly, < Plap) [filg,- Since Ty (r) = T1 (r) + O(1) =
Tsz (1) +O(1), S0 0(a,p) [fl]% = 0(a,p) [f1]g,-

Case IV. Suppose g1-g2 satisfy the Property (A). Also let p(a,g) [f1l,, < P(arp) [f1],,
with at least f; is of regular generalized relative growth (a, 8) with respect to gs.
As Ty, g, (r) < Ty, (r) + Ty, () for all large =, the same procedure as explored in
Case IV of Theorem 17, one can easily verify that &4, [f1],, ,, = T(a.p) [f1],, and
T (a,8) [fl]% = G(a,p) [f1],, | i = 1,2 under the conditions specified in the theorem.

Likewise, if we consider p(ap)[f1l,, > p(a.p) [f1],, With at least fi is of
regular generalized relative growth (a, 5) with respect to g1, then one can verify
that O (a,8) [fl]gl-gz = 0(a,8) [fl]g2 and O (a,8) [fl]% = 0(a,8) [fl]g2 . Therefore the
second part of theorem follows from Case III and Case IV.

Proof of the third part of the Theorem is omitted as it can be carried out
in view of Theorem 13 and Theorem 15 and the above cases. (]

Theorem 24. Let f1, fo be any two meromorphic functions and g1, g2 be any two
entire functions. Also let A4, ) [fl]gl, Aa,B) [fg]gl, Aa,B) [f1]g2 and Ao, p) [f2]92 be
all mon zero and finite.

(A) Assume the functions fi1, fo and g1 satisfy the following conditions:
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(1) Any one of Aa,p) [fily, > Aa,p) [fil,, hold and at least any one of f; is of
regqular generalized relative growth («, 8) with respect to g1 fori, j = 1,2 and i # j;
(ii) g1 satisfies the Property (A), then

T(a.p) 1 folgy = T(ap) [fily, and Tap) [f1 - folg, =T(ap) [fily, [1=1,2.

Similarly,

f1 _ 1 _ .
T(a,8) L@ = T(a,8) Lfilg, and T(a,p) N [fil,, [i=1,2
g1

g1
holds provided % is meromorphic, at least fo is of reqular generalized relative
growth («, ) with respect to g1 where g1 satisfy the Property (A) and X, g) [fi]g1
> )‘(a,ﬂ) [fj]gl | i =1,2; .] =124 7& .]
(B) Assume the functions g1, ge and f1 satisfy the following conditions:
(i) Any one of A\(q, p) [fﬂgi < ANa,B) [fl]gj hold fori, j = 1,2, 1 # j; and g; satisfy
the Property (A)
(ii) g1 - g2 satisfy the Property (A), then

T(a,,B) [f1]91‘92 = T(awg) [fl]gi and F(01,/3) [fl]g1~g2 = ?(a,ﬂ) [fl}gi | 7’ = 17 2

Similarly,

T(p) [Nila = T filg, and Tap) [filo =Tap) [fily, [1=1,2

holds provided g—; is entire and satisfy the Property (A), g1 satisfy the Property (A)

and /\(a”g) [fﬂqL < )‘(aﬁ) [fl]g]. ‘ 1=1,2,7=1,2;14 75 7.

(C) Assume the functions f1, f2, g1 and go satisfy the following conditions:

(1) g1+ g2, 1 and go are satisfy the Property (A);

(i7) Any one of Ma,p) [fil,, > Aa.p) [fj]g1 hold and at least any one of f; is of
reqular generalized relative growth (o, 8) with respect to g1 fori =1,2, j = 1,2
and i # j;

(iii) Any one of Na.p) [fily, > Aanp) [fj]g2 hold and at least any one of f; is of
reqular generalized relative growth («, §) with respect to go for i =1, 2, j = 1,2
and i # j;

(1) Na,p) [f1lg, < Aap) [fﬂgj and Aa,p) [f2l,, < Aa,p) [fz]gj holds simultaneously
fori=1,2; 7=1,2 and i # j;

(v) Aap) Lfilg,, =

min [max {/\(a”g) [fl]gl ,)\(aﬁ) [fz]gl} , max {/\(a”g) [fl]gz ,)\(aﬁ) [f2]92}} | l,m = 1, 2’.
then
T(,8) [f1+ f2l g0 = Ty iy, and Tiap) [f1 - f2l .00 = T(ap) fily,, [ =1,2.

Similarly,

fi _ fi _
T(a,ﬁ) |:f2 " = T(a,ﬁ) [fl]gm and T(a,ﬁ) E " = T(a,ﬁ) [fl]gm | l7m = 172.
92 a2
holds provided % is meromorphic and Z—; 1s entire functions which satisfy the fol-
lowing conditions:
(1) Z—;, g1 and gs satisfy the Property (A);
(i1) At least fy is of reqular generalized relative growth («, 8) with respect to g1 and

)‘(aﬁ) [fl]g1 #* /\(a,B) [f2]g1 ;
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(7i1) At least fo is of regular generalized relative growth (o, 8) with respect to go
and Xa,p) [f1lg, # MNap) [f2lg, 5

(1) Na,p) [f1ly, < Aap) [fﬂgj and Aa,p) [f2l,, < Aa,p) [fg]gj holds simultaneously
fori=1,2;j=1,2 and i # j;

() Na,p) [fily,, =

min [max { Aa,s) Uil  Aas) el | omax{Aas [ily,  Acws) Ualy, ] 11 =12

Proof. Let us consider that Aa,g) [f1],,, Aa.8) [f2ly, s A@np) [f1l,, and Aa p) [f2],,
are all non zero and finite.

Case I. Suppose A(4, ) [f1]g1 > Aa,B) [fg]g1 with at least f5 is of regular generalized
relative growth («,8) with respect to g1 and g; satisfy the Property (A). Since
Ty,.1, (1) < T4, (r) + Ty, (r) for all large r, therefore applying the same procedure
as adopted in Case I of Theorem 18 we get that

T(a.p) lf1 - f2l,, < Tap) [f1,, - (37)

Further without loss of any generality, let f = fi - fo and Aap) [f2],, <
A, B) [fl]gl = ANa,p) [f]gl. Then in view of (37), we obtain that 7, g [f]g1 =
T(a,8) Lf1 - f2]gl < T(a,B) [fl]g1 .Also f1 = % and Ty, (r) = Tﬁ (r) + O(1). Therefore
Ty, (r) < Tg (r)+T}y, (r)+0O(1) and in this case we obtain from the above arguments
that 7(a.s) [f1ly, < T(@.p) [flg, = T(a.p) f1- folg, - Hence ma g [fl;, = T(a.p) L1,
= T(a,8) [f1° f2]g1 = T(a,B) [fﬂgl .

Similarly, if we consider A(a,p) [fil,, < Aa,8) [f2],, With at least fi is of
regular generalized relative growth with respect to g;, then one can easily verify
that T(a,ﬁ) [fl . f2]g1 = T(oz,B) [fz]gl .

Next we may suppose that f = % with f1, fo and f are all meromorphic
functions satisfying the conditions specified in the theorem.

Sub Case Ia. Let A, p) [f2]

Mgy [folgy < Mgy fily, =

T(,8) [flg, = T(a.8) [%L

< Ma,8) [fl]gl‘ Therefore in view of Theorem 8§,

g1
(a,8) [f],,- We have fi = f- fo. So 7(a,p) [fil,, =

Sub Case Ig. Let Aag) [f2],, > A,p) [f1],,- Therefore in view of Theorem 8,
)\(a,g) [fl]gl < )\(a,ﬁ) [f2]91 = )‘(a,,B) [f]gl' Since Tf (7") = T% (7“) + O(l) = T% (?“) +

O(l), So T(a,ﬁ) |:%:|gl = T(a,ﬁ) [f2]91 .

Case IL. Let Ao [f1l,, > A,p) [f2],, With at least f> is of regular generalized
relative growth (a,3) with respect to g1 where g; satisfy the Property (A). As
Ty,.1, (r) < Ty, (r) 4+ Ty, (r) for all large r, so applying the same procedure as
adopted in Case II of Theorem 18 we can easily verify that 7, g) [f1 - fg]g1 =
T(a,B) [fl]g1 and 7(4,8) [fl]%l = T(a,B) [fl]gj | © = 1,2 under the conditions specified
in the theorem. -

Similarly, if we consider A(a,p) [fil,, < Aa,8) [f2],, With at least fi is of
regular generalized relative growth («, ) with respect to g1, then one can easily
verify that 7, gy [f1 - fg]g1 = T(a,8) [fg]g1 .

Therefore the first part of theorem follows Case I and Case II.

Case IIL. Let A(o,p) [f1],, < Aa.p) [f1],, and g1 - g2 satisfy the Property (A).Since
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Ty.g0 (1) < Ty, (1) + Ty, (r) for all large r, therefore applying the same procedure
as adopted in Case III of Theorem 18 we get that

T(a.8) 14192 < Ta,8) [f1ly, - (38)

Further without loss of any generality, let g = g1 - g2 and Aa.p) [f1], =
Ao, B) [fl]gl < ANa,p) [fl]gQ- Then in view of (38), we obtain that 7, g [fl]g =
T(e,8) [[1lg1.90 = Ta,p) [f1]y, - Also g1 = L and Ty, (r) = T'1 (r) + O(1). Therefore

92 92

Ty, (r) < Ty (r)+ Ty, (r) + O(1) and in this case we obtain from above arguments
that 7(a.p) [f1l,, = T.p) 1], = Tap) [fily, .4, Hence 745 [fi], = T(a.p) [f1],,
= T(a,8) L1y, g, = T(ap) [Ny, -

If Ma.py 1]y, > ANa,p) [f1],, » then one can easily verify that 74,4 [f1]
= T(Q,B) [fl]gz'

Next we may suppose that g = g—; with g1, g2, g are all entire functions

g1-92

satisfying the conditions specified in the theorem.

Sub Case ITI5. Let A\, g [f1]g1 < Na,p) [fl]gz. Therefore in view of Theorem
10, Moy [f1l, = Naup) [Filg, < Aap) [fi],,- We have g1 = g-go. So T(a,p) [fi],, =
T il = Tap) [Ni] o

Sub Case IIIg. Let (4,4 [f1]g1 > Aa,B) [fl]gg' Therefore in view of Theorem 10,
)\(a,ﬂ) [fl]g = )\(a,ﬁ) [fl]m < /\(a,ﬁ) [fl]gl’ Since Tg (T) = Té (7") + O(l) = T% (7“) +
O(1), S0 Ta,) Lfilzr = T(a,p) [fily,-

Case IV. Suppose A(a,5) [f1],, < Aa,p) [f1],, and g1 - g2 satisfy the Property (A).
Since Ty, g, (1) < Ty, (1) + Ty, (r) for all large r, then adopting the same procedure
as of Case IV of Theorem .18, we obtain that T(a,p) [f1ly, 4, = T(a.p) [f1],, and
T Nilg = Tap lfilg, [1=1.2.

Similarly if we consider that A4, g) [f1],, > A(a,8) [f1],, » then one can easily
verify that 7, g) [fl]glg2 = T(a,B) [fl]m-

Therefore the second part of the theorem follows from Case III and Case
1V.

Proof of the third part of the Theorem is omitted as it can be carried out
in view of Theorem 14 , Theorem 16 and the above cases. O

Theorem 25. Let f1, fo be any two meromorphic functions and g1, go be any two
entire functions.

(A) The following condition is assumed to be satisfied:

(i) Either 0(a,p) [f1ly, # 0(a.8) [f2lg, 07 Ta,p) [f1lg, # Ta,p) [f2]y, holds;

(ii) g1 satisfies the Property (A), then

Pa,p) Lf1 - Tolg, = Pasp) Lfily, = Plap) [f2,, -

(B) The following conditions are assumed to be satisfied:

(i) Fither O(a,B) [fl]gl =+ O(a,B) [fl]g2 OT T (a,8) [f1]91 #* T (a,B) [fl]gz holds;
(ii) f1 is of regular generalized relative growth («, 8) with respect to at least any
one of g1 or ga. Also g1 - go satisfy the Property (A). Then we have

P(e.8) [Flgy g0 = Plap) [f1lg, = Pras) Lf1l,, -



268 TANMAY BISWAS, CHINMAY BISWAS JFCA-2022/13(1)

Proof. Let fi, fo be any two meromorphic functions and g;, g2 be any two entire
functions satisfying the conditions of the theorem.

Case 1. Suppose that p ) [fil,, = P(a.p) [f2l,, (0 < pa,p) [fily, s Planp) [f2],, <
o0) and ¢; satisfy the Property (A). Now in view of Theorem 9, it is easy to see

that p(a,p) [f1+ f2ly, < Planp) [fily, = Plap) [f2],, - I possible let
Plap) L1 - fal g, < plap) filg, = Plap) 2y, - (39)
Let o(a,p) [f1ly, # O(ap) [f2],, - Now in view of the first part of Theorem
23 and (39) we obtain that o(a,p) [f1],, = 0(a.) [fl-fg} = 0@) [f2],, which is a

f2

contradiction. Hence p(a.p) [f1 - f2],, = Pa.p) fil,, = Plap) [f2],, - Similarly with
the help of the first part of Theorem 23, one can obtain the same conclusion under
the hypothesis (4,3 [fl]g1 # T (a,8) [fg]gl . This prove the first part of the theorem.
Case II. Let us consider that p(, s [f1],, = p(a.p) [f1],, (0 < p(ap) [f1ly, s Pa.8) [f1],,
< 00), f1 is of regular generalized relative growth («, 8) with respect to at least any
one of g1 or go. Also g; - go satisfy the Property (A). Therefore in view of Theorem
11, it follows that p(4, g [fl]gl.g2 > P(aB) [fl]gl = P(a,B) [fl]g2 and if possible let

Pa) [f1lg,.g0 > Plap) fil,, = Pap) [f1l,, - (40)

Further suppose that o4, g [fl]g1 # O(a,8) [f1]92 . Therefore in view of the
proof of the second part of Theorem 23 and (40), we obtain that o, g [fl]gl
= 0(a,8) [fl]% = 0(a,p) [f1],, Which is a contradiction. Hence p(a.g) [f1],,.,, =
Pa.p) f1ly, = P(a,p) [f1],, - Likewise in view of the proof of second part of The-
orem 23, one can obtain the same conclusion under the hypothesis o(4,g) [f1],,

# O (a,p) [f1,, - This proves the second part of the theorem. O

Theorem 26. Let f1, fo be any two meromorphic functions and g1, go be any two
entire functions.

(A) The following conditions are assumed to be satisfied:

(1) (f1- f2) is of reqular generalized relative growth (c, B) with respect to at least
any one gi or go;

(i) (91 g92), g1 and go all satisfy the Property (A);

(iii) Either o(a.p) [f1 - f2l,, # O(ap) [f1 - f2lg, 07T (ap) 1 fol,, # Tlap) [f1 - f2l,, s
(iv) Either o(a,p) [f1],, # 0(ap) [f2ly, 07 T(ap) 1]y, 7# T(ap) [f2l,,

(v) Either 0(a,p) [f1],, # 0(a) [f2]g, 07 T(a.p) [f1]y, # T(ap) [f2],,: then

Plap) 1 f2l g9 = Plap) Lf1lg, = Pasp) [f2]g, = Py [f1ly, = Plap) (2], -
(B) The following conditions are assumed to be satisfied:
() (g1 - g2) satisfies the Property (A);
(#3) f1 and fa are of reqular generalized relative growth («, B) with respect to at least
any one g or gs;
(itd) Bither 0(a.p) [rlg,.g, # O(a,p) [F2lg.g, 07 T(ap) [filgyg0 # Tty [l gy g,
(iv) Hither o(a,p) [filg, # 0ap) [f1],, or T(a,9) [f1],, # () [f1ly,
(v) Either o(q,p) [fz}gl # 0(a,p) [fz]g2 0T 0 (a,B) [fz]gl # 0(a,8) [fz]g2 ; then

Plap) L1 f2lgy.g0 = Plap) Lf1lg, = Pap) [f2lg, = Py [f1ly, = Pap) [f2],, -

We omit the proof of Theorem 26 as it is a natural consequence of Theorem
25.
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Theorem 27. Let f1, fo be any two meromorphic functions and g1, go be any two
entire functions.

(A) The following conditions are assumed to be satisfied:

(i) At least any one of f1 or fa is of reqular generalized relative growth (o, B) with
respect to g1 ;

(i) If either T(a,p) [f1]y, 7# T(ap) 2y, 07 Tap) il # T(a.p) [f2],, holds.

(iii) g1 satisfies the Property (A), then

ANap) 1 2y, = Nanp) [fily, = Aanp) [f2],, -

(B) The following conditions are assumed to be satisfied:
(1) f1 is any meromorphic function and g1, g2 are any two entire functions such
that Ma,p) [f1l,, and A p) [f1],, exist and g1 - g2 satisfy the Property (A);

(i1) If either (o) [f1ly, # T(a.) [f1lg, 07 T(ap) f1lg, # T(a.p) [f1]g, holds, then
Aap) Llgy g0 = Aap) [filg, = Aoy L1, -

Proof. Let f1, fo be any two meromorphic functions and g;, g2 be any two entire
functions satisfy the conditions of the theorem.

Case I. Let )\(a”g) [fl]gl = )‘(a,,B) [fz]gl (0 < )‘(a,ﬁ) [fl]gl 7)\((1,5) [f2]91 < OO), g1
satisfies the Property (A) and at least fi or fa be of regular generalized relative
growth («, 3) with respect to g1. Now in view of Theorem 7 it is easy to see that

Mgy U1 foly, < Mgy Lfil,, = Aanp) [f2],, - I possible let
Ay L1 ol < Naspy [fily, = Aanp) L2, - (41)
Also let 74,5 [f1],, # T(a,p) [f2],, - Then in view of the proof of first part of

Theorem 24 and (41), we obtain that 7(a,4) [f1],, = T(a,8) [flf'zfz} = T(a,8) [f2] g,
X g1

which is a contradiction. Hence A4, p) [f1 + f2],, = Aa.p) [f1],, = Aa.p) [f2],, - Anal-
ogously, in view of the proof of first part of Theorem 24 and using the same tech-
nique as above, one can easily derive the same conclusion under the hypothesis
T(a,8) [fl]g1 # T(a,8) [fg]g1 . Hence the first part of the theorem is established.
Case II. Let us consider that A, g) [f1],, = Aa.p) [f1],, (0 < A@,p) [f1l,, 5 Aap) L
< o0 and ¢; - g2 satisfy the Property (A). Therefore in view of Theorem 10, it follows
that A, p) [f1ly,.9, = Awp) [f1ly, = Aa,p) [f1],, and if possible let

Mgy L1l gy.g0 > Mgy L1l = Nanp) [f1],, - (42)

Further let 7, p) [f1],, # T(a.p) [f1],, - Then in view of second part of The-
orem 24 and (42), we obtain that 7(a.g) [f1],, = T(a.p) [fi] 2102 = 7(a,p) [f1],, which

92

is a contradiction. Hence A, g) [fl]gl.g2 = ANa,) [fl]g1 = A, B) [fl]gQ. Similarly
by second part of Theorem 24, we get the same conclusion when 7, g) [f1]

]92

g1
# T(a,p) [f1],, and therefore the second part of the theorem follows. O

Theorem 28. Let f1, fo be any two meromorphic functions and g1, go be any two
entire functions.

(A) The following conditions are assumed to be satisfied:

(1) g1 92, g1 and go satisfy the Property (A);

(ii) At least any one of f1 or fa is of reqular generalized relative growth («v, 8) with
respect to g1 and go;

(#11) Bither T(a,) [f1 * fol g, 7# T(ap) 1 f2lgy 07 T(ap) [f1 - foly, # Tap) [f1 - f2g,s
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(iv) Either T p) [f1l,, # T(a.p) [f2],, 7 T(ap) [f1ly, # T [f2l,,
(v) Bither 7(ap) [f1],, # T(a.p) [f2],, 07 T(a,p) 1]y, # T(ap) [f2],, i then

Nag) U1+ folgy g = Aas) [filg, = Ay [f2lg, = ANap) [filg, = Aanp) [fol,

(B) The following conditions are assumed to be satisfied:

(1) g1 - g2 satisfies the Property (A);

(ii) At least any one of f1 or fa is of reqular generalized relative growth («v, 8) with
respect to g1 - g2;

(i31) Either T(a,B) [f1}91-92 # T(a,B) [f2]g1 9o
(iv) Either 7o p) [fl] # T(a,0) [fl]g2 or T(a,p) Lf1 a1 # T(a,B) [fl] holds;

(v) If either (4, ) [fg]gl # T(,8) [f2lg, 07 T(a.p) [f2ly, # T(ap) [fg]g2 holds, then

Mgy L1 12l g, g0 = Maup) [f1lg, = Nasp) [F2ly, = Aapy 1], = Aaup) [£2],,

We omit the proof of Theorem 28 as it is a natural consequence of Theorem

<[ ﬁ}) [f1lg,.g5 7 T(ap) [f2) 4.4, hoOlds;
)
]

27.

Remark 1. If we take % instead of f1 - fo and g—; instead of g1 - go where % 18

meromorphic and g—l is entire function, and the other conditions of Theorem 25,
Theorem 26, Theorem 27 and Theorem 28 remain the same, then conclusion of
Theorem 25, Theorem 26, Theorem 27 and Theorem 28 remains valid.
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