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A NOTE ON FRACTIONAL q-INTEGRALS

HONG-LI ZHOU, JIAN CAO∗ AND SAMA ARJIKA

Abstract. Since fractional q-integrals have been widely used in many fields,
such as physics, engineering and economics, this paper considers fractional
q-integrals. The main theorem is a fractional integral of k parameters. In

this paper, fractional q-integrals are generated by the q-different equation.
The purpose of this paper is to introduce fractional Askey-Wilson integral,
Nassrallah-Rahman integral, Andrews-Askey integral and q-contour integral.

1. Introduction

The operators of fractional calculus provide very suitable tools in describing and
solving a lot of problems in numerous areas of sciences and engineering (see, for
details, [21] and [26]), such as physics, acoustics, electrochemistry and material
science.Its theoretical and applied research has become a hot spot in the world.
Their treatment from the viewpoint of the q-calculus can additionally open up new
perspectives as it did, for example, in optimal control problems [9]. For further
information about q-integrals and fractional q-integrals, see [1, 2, 3, 24, 34, 35, 36,
37, 38, 39, 41, 42, 40, 40].

The basic (or q-) hypergeometric function of the variable z and with r numerator
and s denominator parameters is defined as follows (see, for details,[19]):

rΦs

 a1, a2, · · · , ar;

b1, b2, · · · , bs;
q; z

 :=
∞∑

n=0

[
(−1)n q(

n
2)
]1+s−r (a1, a2, · · · , ar; q)n

(b1, b2, · · · , bs; q)n
zn

(q; q)n
,

where q ̸= 0 when r > s+ 1. We also note that

r+1Φr

 a1, a2, · · · , ar+1

b1, b2, · · · , br;
q; z

 =
∞∑

n=0

(a1, a2, · · · , ar+1; q)n
(b1, b2, · · · , br; q)n

zn

(q; q)n
.
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The compact factorials of rΦs are defined respectively by

(a; q)0 = 1, [a]q :=
1− qa

1− q
, (a; q)n =

n−1∏
k=0

(1−aqk), (a; q)∞ =
∞∏
k=0

(1−aqk) (1)

and (a1, a2, . . . , am; q)n = (a1; q)n(a2; q)n · · · (am; q)n, wherem ∈ N := {1, 2, 3, · · · } and n ∈
N0 := N ∪ {0}.

The Thomae–Jackson q-integral is defined by [19, 20, 33]∫ b

a

f(x) dq x = (1− q)
∞∑

n=0

[
bf(bqn)− af(aqn)

]
qn. (2)

The Riemann–Liouville fractional q-integral operator is introduced in [1](
Iαq f

)
(x) =

xα−1

Γq(α)

∫ x

0

(
qt/x; q

)
α−1

f(t) dq t, (3)

where the q-gamma function is defined by [19]

Γq(x) =
(q; q)∞
(qx; q)∞

(1− q)1−x, x ∈ R\{0,−1,−2, . . .}. (4)

The generalized Riemann–Liouville fractional q-integral operator is given by [28](
Iαq,af

)
(x) =

xα−1

Γq(α)

∫ x

a

(
qt/x; q

)
α−1

f(t) dq t, α ∈ R+. (5)

In fact, we rewrite fractional q-integral (5) equivalently as follows by (2)(
Iαq,af

)
(x) =

xα−1(1− q)

Γq(α)

∞∑
n=0

[
x
(
qn+1; q

)
α−1

f
(
xqn

)
− a

(
aqn+1/x; q

)
α−1

f
(
aqn

)]
qn.

Recently, Cao and Arjika [10], built the relations between the following fractional
q-integrals and certain generating functions for q-polynomials.

Proposition 1. For α ∈ R+ and 0 < a < x < 1, if max{|as| , |az|} < 1, we have

Iαq,a

{
(bxz, xt; q)∞
(xs, xz; q)∞

}
=

(1− q)α(abz, at; q)∞
(as, az; q)∞

∞∑
k=0

xα+k
(
a/x; q

)
α+k

ak(q; q)α+k
3Φ2

 q−k, as, az

abz, at
; q, q

 .
(6)

Proposition 2 ([10, Theorem 2]). For α ∈ R+ and 0 < a < x < 1, if max{|as| , |az| , |au|} <
1, we have

Iαq,a

{
(bxz, xt, xru; q)∞
(xs, xz, xu; q)∞

}

=
(1− q)α(abz, at, aru; q)∞

(as, az, au; q)∞

∞∑
k=0

xα+k
(
a/x; q

)
α+k

ak(q; q)α+k
4Φ3

 q−k, as, az, au;

abz, at, aru;
q; q

 .
(7)

In this paper, motivated by Jian and Arjika’s results [10], we aim to establish
more generalized relations for fractional q-integrals and derive: a generalization of
Askey-Wilson interals, a generalization of reversal type Askey-Wilson integrals, a
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generalization of Ramanujan Askey-Wilson integrals, a generalization of Nassrallah-
Rahman integrals and a generalization of Andrews-Askey integrals as applications
of fractional q-integrals.

Theorem 3. For α ∈ R+, 0 < a < x < 1, if max {|at|, |az|, |ars3|, |ars4|, · · · , |arsk|} <
1,we have

Iαq,a

{
(bxz, xt, xr3u3, · · · , xrkuk; q)∞

(xs, xz, xu3, · · · , xuk; q)∞

}
=

(1− q)α(abz, at, ar3u3, · · · , arkuk; q)∞
(as, az, au3, · · · , auk; q)∞

×
∞∑
k=0

xα+k(a/x; q)α+k

ak(q; q)α+k
k+1Φk

 q−k, as, az, au3, · · · , auk;

abz, at, ar3u3, · · · , arkuk;
q; q

 .
(8)

Remark 4. For u3 = u4 = · · · = sk=0 in Theorem 3, equation (8) reduces to
(6). For u4 = u5 = · · · = sk=0, equation (8) reduces to (7). For z = u3 = u4 =
· · · = sk=0 in Theorem 3 and making used of q-Chu-Vandermonde formula [19, Eq.
(II.6)]) The q-Chu-Vandermonde formulas are given by

2Φ1

 q−n, a;

c;
q; q

 =
(c/a; q)n
(c; q)n

an (n ∈ N0 := N ∪ {0}), (9)

we get

Iαq,a

{
(xt; q)∞
(xs; q)∞

}
=

(a/x; q)α(at; q)∞x
α

Γq(α+ 1)(as; q)∞

∞∑
k=0

(aqα/x, t/s; q)k
(q1+α, at; q)k

(xs)k. (10)

The rest of the paper is organized as follows: In Section 2, we give notations and
lemmas to be used for the proof of Theorem 3. As applications of Theorem 3, we
derive a generalization of Askey-Wilson interals, a generalization of reversal type
Askey-Wilson integrals, a generalization of Ramanujan Askey-Wilson integrals, a
generalization of Nassrallah-Rahman integrals and a generalization of Andrews-
Askey integrals in Section 3.

2. Proof of Theorem 3

Before the proof of Theorem 3, we recall some notations and definitions to be
used in sequel. The following usual q-difference operators are defined by [17, 31]

Da

{
f(a)

}
:=

f(a)− f(qa)

a
, (11)

and their Leibniz rule is given by (see [30])

Dn
a {f(a)g(a)} =

n∑
k=0

[
n
k

]
q

qk(k−n)Dk
a {f(a)}Dn−k

a

{
g(qka)

}
. (12)

Here, and in what follows, D0
a is understood as the identity operator.

We also recall the definition of the Cauchy augmentation operator introduced
by Chen and Gu [16]

T(a, bDc) =

∞∑
n=0

(a; q)n
(q; q)n

(bDc)
n. (13)
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Lemma 5 ([25, Proposition 1.2]). Let f(a, b, c) be a three-variable analytic function
in a neighborhood of (a, b, c) = (0, 0, 0) ∈ C3. If f(a, b, c) satisfies the q-difference
equation

(c− b)f(a, b, c) = abf(a, bq, cq)− bf(a, b, cq) + (c− ab)f(a, bq, c), (14)

then we have
f(a, b, c) = T(a, bDc){f(a, 0, c)}. (15)

Lemma 6 ([10, Lemma 5]). For max{|as| , |az| , |au| , |ac|} < 1, we have

(s− u)
(abz, at, aru, acω; q)∞
(as, az, au, ac; q)∞

= ur
(abz, at, aru, acωq; q)∞
(asq, az, au, acq; q)∞

− u
(abz, at, aru, acω; q)∞
(asq, az, au, ac; q)∞

+ (s− ur)
(abz, at, aru, acωq; q)∞
(as, az, au, acq; q)∞

. (16)

Now, we are in position to prove Theorem 3.

Proof of Theorem 3. Denoting the RHS of the equation (8) by f(rk, sk, s1), and
rewriting f(rk, sk, s1) equivalently by

f(rk, uk, s) =

∞∑
k=0

xα+k(a/x; q)α+k

ak(q; q)α+k

k∑
j=0

(q−k)jq
j

(q; q)j

(1− q)α(abzqj , atqj , ar3u3q
j , · · · , arkukqj ; q)∞

(asqj , azqj , au3qj , · · · , aukqj ; q)∞
,

(17)
we check that f(rk, uk, s) satisfies the equation (14) of Lemma 5. Then, we have

f(rk, uk, s) = T(rk, ukDs)f(r, 0, s)

= T(rk, ukDs)
∞∑
k=0

xα+k(a/x; q)α+k

ak(q; q)α+k

k∑
j=0

(q−k)jq
j

(q; q)j

(1− q)α(abzqj , atqj , ar3u3q
j , · · · , ark−1uk−1q

j ; q)∞
(asqj , azqj , au3qj , · · · , auk−1qj)∞

= T(rk, ukDs)

{
Iαq,a

{
(xbz, xt, xr3u3, · · · , xrk−1uk−1; q)∞

(xs, xz, xu3, · · · , xuk−1; q)∞

}}
= Iαq,a

{
T(rk, ukDs)

{
(xbz, xt, xr3u3, · · · , xrk−1uk−1; q)∞

(xs, xz, xu3, · · · , xuk−1; q)∞

}}
= Iαq,a

{
(xbz, xt, xr3u3, · · · , xrk−1uk−1; q)∞

(xz, xu3, · · · , xuk−1; q)∞
.T(rk, ukDs)

{
1

(xs; q)∞

}}
which becomes the left-hand side of the equation (8) by making used of [16,
Eq. (2.3)]

T(rk, ukDs)

{
1

(sx; q)∞

}
=

(xrkuk; q)∞
(xuk, xst; q)∞

, max{|xuk| , |st|} < 1. (18)

The proof is complete. �

We generalize fractional q-integrals and give applications of fractional q-integrals
as follows in this paper.

3. Applications

In this section, we give and prove: a generalization of Askey-Wilson interals, a
generalization of reversal type Askey-Wilson integrals, a generalization of Ramanu-
jan Askey-Wilson integrals, a generalization of Nassrallah-Rahman integrals and a
generalization of Andrews-Askey integrals as applications of Theorem 3.
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3.1. A generalization of Askey-Wilson interals.

Proposition 7. [5, Theorem 2.1] If max {|a| , |b| , |c| , |d|} < 1,we have∫ π

0

h(cos 2θ; 1)

h(cos θ; a, b, c, d)
dθ =

2π(abcd; q)∞
(q, ab, ac, ad, bc, bd, cd; q)∞

, (19)

where

h(cos θ; a) = (aeiθ, ae−iθ; q)∞,

h(cos θ; a1, a2, · · · , am) = h(cos θ; a1)h(cos θ; a2) · · ·h(cos θ; am).

Theorem 8. For α ∈ R+, if max {|a| , |b| , |c| , |d|} < 1, we have∫ π

0

h(cos 2θ; 1)

h(cos θ; a, b, c, d)

∞∑
k=0

xα+k(a/x; q)α+k

ak(q; q)α+k
6Φ5

 q−k, aeiθ, ae−iθ, abcd, au, av;

ab, ac, ad, auvy, avfu;
q; q

 dθ
=

2π(a/x; q)α(abcd; q)∞
(q; q)α(q, abcd, ad, bc, bd, cd; q)∞

∞∑
k=0

xk+α(aqα/x; q)k
ak(q1+α; q)k

3Φ2

 q−k, au, av;

auvy, avfu;
q; q


(20)

Remark 9. For u = v = 0 in Theorem 8, equation (20) reduces to (19)

Proof of Theorem 8. The equation (19) can be rewrite equivalently by∫ π

0

h(cos 2θ; 1)

h(cos θ; b, c, d)

(xb, xc, ad, xuvy, xvfu; q)∞
(xeiθ, xe−iθ, xbcd, xu, xv; q)∞

dθ =
2π

(q, bc, bd, cd; q)∞

(xuvy, xvfu; q)∞
(xu, xv; q)∞

.

(21)

Next, apply the operator Iαq,a with respect to the variable x, we get∫ π

0

h(cos 2θ; 1)

h(cos θ; b, c, d)
Iαq,a

{
(xb, xc, ad, xuvy, xvfu; q)∞
(xeiθ, xe−iθ, xbcd, xu, xv; q)∞

}
dθ

=
2π

(q, bc, bd, cd; q)∞
Iαq,a

{
(xuvy, xvfu; q)∞

(xu, xv; q)∞

}
. (22)

Taking (s, z, u3, u4, u5, b, t, r3, r4, r5) = (eiθ, e−iθ, bcd, u, v, beiθ, c, 1/bc, vy, fu) and
u6 = · · · = uk = r6 = · · · = rk = 0 in Theorem 3, we have

Iαq,a

{
(xb, xc, xd, xuvy, xvfu; q)∞
(xeiθ, xe−iθ, xbcd, xu, xv; q)∞

}
=

(1− qα)(ab, ac, ad, auvy, avfu; q)∞
(aeiθ, ae−iθ, abcd, au, av; q)∞

×
∞∑
k=0

xα+k(a/x; q)α+k

ak(q; q)α+k
6Φ5

 q−k, aeiθ, ae−iθ, abcd, au, av;

ab, ac, ad, auvy, avfu;
q; q


and

Iαq,a

{
(xuvy, xvfu; q)∞

(xu, xv)∞

}

=
xα(a/x; q)α(auvy, afuv; q)∞

Γq(α+ 1)(au, av; q)∞

∞∑
k=0

xk(aqα/x; q)k
ak(q1+α; q)k

3ϕ2

 q−k, au, av;

auvy, avfu;
q; q

 . (23)
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Combine the above two equations into (22), we achieve the proof of Theorem 8. �

3.2. A generalization of reversal type Askey-Wilson integrals.

Proposition 10 ([6, Reversal Askey-Wilson integral]). For |qabcd| < 1, there holds∫ ∞

−∞

h(i sinhx; qa, qb, qc, qd)

h(cosh 2x;−q)
dx =

(q, qab, qac, qad, qbc, qbd, qcd; q)∞
(qabcd; q)∞

log(q−1),

(24)

where

h(i sinhαx; t) =
∞∏
k=0

(1− 2iqktsinhαx+ q2kt2) = (iteαx,−ite−αx; q)∞. (25)

Theorem 11. For α ∈ R+ and |qabcd| < 1, we have

∫ ∞

−∞

h(i sinh t; qa, qb, qc, qd)

h(cosh 2t;−q)

∞∑
k=0

xα+k(a/x; q)∞
ak(q; q)α+k

× 6Φ5

 q−k, qab, qac, qad, qau, qav;

iaqet,−iaqe−t, qabcd, qauvy, qavfu;
q; q

 dt
=

(a/x; q)α(q, qab, qac, qad, , qbc, qbd, qcd; q)∞
(q; q)α(qabcd; q)∞

×
∞∑
k=0

xk+α(aqα/x; q)k
ak(q1+α; q)k

3Φ2

 q−k, qau, qav;

qauvy, qavfu;
q; q

 log(q−1). (26)

Remark 12. For u = v = 0 in Theorem 11, equation (26) reduces to (24)

Proof. The equation (24) can be rewrite equivalently by∫ ∞

−∞

h(i sinhx; qb, qc, qd)

h(cosh 2x;−q)
Iαq,a

{
(izqet,−izqe−t, qzbcd, qzuvy, qzvfu; q)∞

(qzb, qzc, qzd, qzu, qzv; q)∞

}
dx

= (q, qbc, qbd, qcd; q)∞I
α
q,a

{
(qzuvy, qzvfu; q)∞

(qzu, qzv; q)∞

}
log(q−1).

(27)

Next, apply the operator Iαq,a with respect to the variable z on the both sides of
(27), we get

∫ ∞

−∞

h(i sinhx; qb, qc, qd)

h(cosh 2x;−q)
(izqet,−izqe−t, qzbcd, qzuvy, qzvfu; q)∞

(qzb, qzc, qzd, qzu, qzv; q)∞
dx

= (q, qbc, qbd, qcd; q)∞
(qzuvy, qzvfu; q)∞

(qzu, qzv; q)∞
log(q−1). (28)
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Now, taking (s, z, u3, u4, u5, b, t, r3, r4, r5) = (qb, qc, qd, qu, qv, iet/c,−iqe−t, bc, vy, fu)
and u6 = · · · = uk = r6 = · · · = rk = 0 in Theorem 3, we have

Iαq,a

{
(ixqet,−ixqe−t, qxbcd, qxuvy, qxvfu; q)∞

(qxb, qxc, qxd, qxu, qxv; q)∞

}
=

(1− qα)(iaqet,−iaqe−t, qabcd, qauvy, qavfu; q)∞
(qab, qac, qad, qau, qav; q)∞

×
∞∑
k=0

xα+k(a/x; q)α+k

ak(q; q)α+k
6Φ5

 q−k, qab, qac, qad, qau, qav;

iaqet,−iaqe−t, qabcd, qauvy, qavfu;
q; q

 (29)

and

Iαq,a

{
(qxuvy, qxvfu; q)∞

(qxu, qxv)∞

}

=
xα(a/x; q)α(qauvy, qafuv; q)∞

Γq(α+ 1)(qau, qav; q)∞

∞∑
k=0

xk(aqα/x; q)k
ak(q1+α; q)k

3Φ2

 q−k, qau, qav;

qauvy, qavfu;
q; q

 .
(30)

Combine the above two equations into (28), we achieve the proof of Theorem 11. �

3.3. A generalization of Ramanujan Askey-Wilson integrals.

Proposition 13. [7, Atakishiyev integral] If α is a real number and q = e−2α2

,
then we have∫ ∞

−∞
h(i sinhαx; a, b, c, d)e−x2

coshαxdx =
√
πq−

1
8
(ab/q, ac/q, ad/q, bc/q, bd/q, cd/q; q)∞

(abcd/q3; q)∞
.

(31)

Theorem 14. For α ∈ R+ and |abcdf/q3| < 1, if α is a real number and q = e−2α2

,
then we have∫ ∞

−∞
h(i sinhαt; a, b, c, d)e−x2

coshαt

∞∑
k=0

xα+k(a/x; q)α+k

ak(q; q)α+k

× 6Φ5

 q−k, ab/q, ac/q, ad/q, au/q, av/q;

iaeαt,−iae−αt, abcd/q3, auvy/q3, avfu/q3;
q; q

 dt
=

√
πq−

1
8
(ab/q, ac/q, ad/q, bc/q, bd/q, cd/q; q)∞(a/x; q)α

(q; q)α(abcd/q3; q)∞

×
∞∑
k=0

xk+α(aqα/x; q)k
ak(q1+α; q)k

3Φ2

 q−k, au/q, av/q;

auvy/q, avfu/q;
q; q

 . (32)

Remark 15. For u = v = 0 in Theorem 14,equation (32) reduces to (31).
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Proof of Theorem 14. The equation (32) can be rewritten as∫ ∞

−∞
h(i sinhαt; b, c, d)e−x2

coshαt
(ixeαt,−ixe−αt, xbcd/q3, xuvy/q, xvfu/q; q)∞

(xb/q, xc/q, xd/q, xu/q, xv/q; q)∞
dt

=
√
πq−

1
8 (bc/q, bd/q, cd/q; q)∞

(xuvy/q, xvfu/q; q)∞
(xu/q, xv/q; q)∞

. (33)

Next, apply the operator Iαq,a with respect to the variable x on the both sides of
(33), we get

∫ ∞

−∞
h(i sinhαt; b, c, d)e−x2

coshαt Iαq,a

{
(ixeαt,−ixe−αt, xbcd/q3, xuvy/q, xvfu/q; q)∞

(xb/q, xc/q, xd/q, xu/q, xv/q; q)∞

}
dt

=
√
πq−

1
8 (bc/q, bd/q, cd/q; q)∞I

α
q,a

{
(xuvy/q, xvfu/q; q)∞

(xu/q, xv/q; q)∞

}
. (34)

Taking (s, z, u3, u4, u5, b, t, r3, r4, r5) = (b/q, c/q, d/q, u/q, v/q, iqeαt/c,−ie−αt, bc/q2, vy/q2, fu/q2)
and u6 = · · · = uk = r6 = · · · = rk = 0 in Theorem 3, we have

Iαq,a

{
(ixeαt,−ixe−αt, xbcd/q3, xuvy/q, xvfu/q; q)∞

(xb/q, xc/q, xd/q, xu/q, xv/q; q)∞

}
=

(1− qα)(iaeαt,−iae−αt, abcd/q3, auvy/q, avfu/q; q)∞
(ab/q, ac/q, ad/q, au/q, av/q; q)∞

∞∑
k=0

xα+k(a/x; q)α+k

ak(q; q)α+k

× 6Φ5

 q−k, ab/q, ac/q, ad/q, au/q, av/q;

iaeαt,−iae−αt, abcd/q3, auvy/q, avfu/q;
q; q

 (35)

and

Iαq,a

{
(xuvy/q, xvfu/q; q)∞

(xu/q, xv/q)∞

}

=
xα(a/x; q)α(auvy/q, afuv/q; q)∞

Γq(α+ 1)(au/q, av/q; q)∞

∞∑
k=0

xk(aqα/x; q)k
ak(q1+α; q)k

3Φ2

 q−k, au/q, av/q;

auvy/q, avfu/q;
q; q

 .
Combine the above two equations into (34), we get the desired results. �

3.4. A generalization of Nassrallah-Rahman integrals.

Proposition 16 (Nassrallah-Rahman Integral). For max {|a| , |b| , |c| , |d| , |u|} < 1,
we have∫ π

0

h(cos 2θ; abcdu)

h(cos θ; a, b, c, d, u)
dθ =

2π(abcu, abcd, abdu, acdu, bcdu; q)∞
(q, ab, ac, ad, au, bc, bd, buu, cd, cu, du; q)∞

. (36)

We have the following extension
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Theorem 17. For α ∈ R+ and if max {|a| , |b| , |c| , |d| , |u|} < 1 we have∫ π

0

h(cos 2θ; abcdu)

h(cos θ; a, b, c, d, u)

∞∑
k=0

xα+k(a/x; q)α+k

ak(q; q)α+k

× 8Φ7

 q−k, aeiθ, ae−iθ, abcu, abcd, abdu, acdu, ag;

abcdueiθ, abcdue−iθ, ab, ac, ad, au, af ;
q; q

 dθ
=

2πxα(a/x; q)α(abcu, abcd, abdu, acdu, bcdu; q)∞
(q; q)α(q, ab, ac, ad, au, bc, bd, bu, cd, cu, du; q)∞

∞∑
k=0

(aqα/x, f/g; q)k(xg)
k

(q1+α, af ; q)k
.

(37)

Remark 18. For f = g = 0 in Theorem 17, equation (37) reduces to (36).

Proof of Theorem 17. The equation (36) can be rewrite equivalently by∫ π

0

h(cos 2θ; 1)

h(cos θ; b, c, d, u)

(xbcdueiθ, xbcdueiθ, xb, xc, xd, xu, xf ; q)∞
(xeiθ, xeiθ, xbcu, xbcd, xbdu, xcdu, xg; q)∞

=
2π(bcdu; q)∞

(q, bc, bd, bu, cd, cu, du; q)∞

(xf ; q)∞
(xg; q)∞

. (38)

Next, apply the operator Iαq,a with respect to the variable x on the both sides of
(38), we get∫ π

0

h(cos 2θ; 1)

h(cos θ; b, c, d, u)
Iαq,a

{
(xbcdueiθ, xbcdue−iθ, xb, xc, xd, xu, xf ; q)∞
(xeiθ, xe−iθ, xbcu, xbcd, xbdu, xcdu, xg; q)∞

}
=

2π(bcdu; q)∞
(q, bc, bd, bu, cd, cu, du; q)∞

Iαq,a

{
(xf ; q)∞
(xg; q)∞

}
. (39)

Taking (s, z, u3, u4, u5, u6, u7, b, t, r3, r4, r5, r6, r7) = (eiθ, e−iθ, bcu, bcd, bdu, cdu, g, bcdu, bcdueiθ, 1/cu, 1/bd,
1/bu, 1/cd, f/g) and u8 = · · · = uk = r8 = · · · = rk = 0 in Theorem 3, we have

Iαq,a

{
(xbcdueiθ, xbcdue−iθ, xb, xc, xd, xu, xf ; q)∞
(xeiθ, xe−iθ, xbcu, xbcd, xbdu, xcdu, xg; q)∞

}
=

(1− qα)(abcdueiθ, abcdue−iθ, ab, ac, ad, au, af ; q)∞
aeiθ, ae−iθ, abcu, abcd, abdu, acdu, ag; q)∞

×
∞∑
k=0

xα+k(a/x; q)α+k

ak(q; q)α+k
8Φ7

 q−k, aeiθ, ae−iθ, abcu, abcd, abdu, acdu, ag;

abcdueiθ, abcdue−iθ, ab, ac, ad, au, af ;
q; q


(40)

and

Iαq,a

{
(xf ; q)∞
(xg; q)∞

}
=
xα(a/x; q)α(af ; q)∞
Γq(α+ 1)(ag; q)∞

∞∑
k=0

(aqα/x, f/g; q)k(xg)
k

(q1+α, af ; q)k
.

Combine these two equations into (39), we get the desired result. This completes
the proof. �
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3.5. A generalization of a q-contour integral.

Lemma 19. ([5], Theorem (2.1)) We have

1

2πi

∫
c

(z2, z−2; q)∞
(az, a/z, bz, b/z, cz, c/z, dz, d/z; q)∞

dz

z
=

2(abcd; q)∞
(q, ab, ac, ad, bc, bd, cd; q)∞

(41)

Theorem 20. We have

1

2πi

∫
c

(z2, z−2; q)∞
(az, a/z, bz, b/z, cz, c/z, dz, d/z; q)∞

dz

z

×
∞∑
k=0

xα+k(a/x; q)α+k

ak(q; q)α+k
6Φ5

 q−k, az, a/z, abcd, au, av;

ab, ac, ad, auvy, avfu;
q; q

 dz

z

=
2(a/x; q)α(abcd; q)∞

(q; q)α(q, ab, ac, ad, bc, bd, cd; q)∞

∞∑
k=0

xk+α(aqα/x; q)k
ak(q1+α; q)k

3Φ2

 q−k, au, av;

auvy, avfu;
q; q

 .
(42)

Remark 21. For u = v = 0 in Theorem 20,equation (42) reduces to (41).

Proof. We rewrite (41) as follows

1

2πi

∫
c

(z2, z−2; q)∞
(bz, b/z, cz, c/z, dz, d/z; q)∞

(xb, xc, xd, xuvy, xvfu; q)∞
(xz, x/z, xbcd, xu, xv; q)∞

dz

z

=
2

(q, bc, bd, cd; q)∞

(xuvy, xvfu; q)∞
(xu, xv; q)∞

. (43)

Next, apply the operator Iαq,a with respect to the variable x on the both sides of
(43), we get

1

2πi

∫
c

(z2, z−2; q)∞
(bz, b/z, cz, c/z, dz, d/z; q)∞

Iαq,a

{
(xb, xc, xd, xuvy, xvfu; q)∞
(xz, x/z, xbcd, xu, xv; q)∞

}
dz

z

=
2

(q, bc, bd, cd; q)∞
Iαq,a

{
(xuvy, xvfu; q)∞

(xu, xv; q)∞

}
. (44)

Taking (s, z, u3, u4, u5, b, t, r3, r4, r5) = (1/z, z, bcd, u, v, b/z, c, 1/bc, vy, fu) and u6 =
· · · = uk = r6 = · · · = rk = 0 in Theorem 3,we have

Iαq,a

{
(xb, xc, xd, xuvy, xvfu; q)∞
(xz, x/z, xbcd, xu, xv; q)∞

}

=
(1− qα)(ab, ac, ad, auvy, avfu; q)∞

az, a/z, abcd, au, av; q)∞

∞∑
k=0

xα+k(a/x; q)α+k

ak(q; q)α+k
6Φ5

 q−k, az, a/z, abcd, au, av;

ab, ac, ad, auvy, avfu;
q; q

 .
(45)

and

Iαq,a

{
(xuvy, xvfu; q)∞

(xu, xv)∞

}
=
xα(a/x; q)α(auvy, afuv; q)∞

Γq(α+ 1)(au, av; q)∞

∞∑
k=0

xk(aqα/x; q)k
ak(q1+α; q)k

3Φ2

 q−k, au, av;

auvy, avfu;
q; q


(46)

Combine the equations (45) and (46) into (44), we get the desired results. This
completes the proof of Theorem 20. �
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3.6. A generalization of Andrews-Askey integrals. The following famous for-
mula is the Andrews-Askey integral,which can be derived from Ramanujan’s 1ψ1

summation.

Proposition 22. ([4],Eq.(2.1)) For max {|ac| , |ad| , |bc| , |bd|} < 1,we have∫ d

c

(qt/c, qt/d; q)∞
(at, bt; q)∞

dqt =
d(1− q)(q, dq/c, c/d, abcd; q)∞

(ac, ad, bc, bd; q)∞
. (47)

The Andrews-Askey integral is an important formula in q-series.In this part,we
give the following a generalizations of Andrews-Askey integral by the method of
q-difference equation.

Theorem 23. For α ∈ R+,if max {|ac| , |ad| , |bc| , |bd|} < 1,then we have

∫ d

c

(qt/c, qt/d; q)∞
(at, bt; q)∞

∞∑
k=0

xα+k(a/x; q)α+k

ak(q; q)α+k
5Φ4

 q−k, at, abcd, au, av;

ac, ad, auvy, avfu;
q; q

 dqt
=
d(1− q)(a/x; q)α(q, dq/c, c/d, abcd; q)∞

(q; q)α(ac, ad, bc, bd; q)∞

∞∑
k=0

xk+α(aqα/x; q)k
ak(q1+α; q)k

3Φ2

 q−k, au, av;

auvy, avfu;
q; q


(48)

Remark 24. For u = v = 0 in Theorem 23,equation (48) reduces to (47).

Proof of Theorem 23. We rewrite (47) as follows∫ d

c

(qt/c, qt/d; q)∞
(bt; q)∞

(xc, xd, xuvy, xvfu; q)∞
(xt, xbcd, xu, av; q)∞

dqt =
d(1− q)(q, dq/c, c/d; q)∞

(bc, bd; q)∞

(xuvy, xvfu; q)∞
(xu, xv; q)∞

.

(49)

Next, apply the operator Iαq,a with respect to the variable x on the both sides of
(49), we get

∫ d

c

(qt/c, qt/d; q)∞
(bt; q)∞

Iαq,a

{
(xc, xd, xuvy, xvfu; q)∞
(xt, xbcd, xu, av; q)∞

}
dqt

=
d(1− q)(q, dq/c, c/d; q)∞

(bc, bd; q)∞
Iαq,a

{
(xuvy, xvfu; q)∞

(xu, xv; q)∞
.

}
(50)

Letting (s, z, u3, u4, b, t, r3, r4) = (t, bcd, u, v, 1/bd, d, vy, fu) and u5 = · · · = uk =
r5 = · · · = rk = 0 in Theorem 3, we have

Iαq,a

{
(xc, xd, xuvy, xvfu; q)∞
(xt, xbcd, xu, xv; q)∞

}

=
(1− qα)(ac, ad, auvy, avfu; q)∞

at, abcd, au, av; q)∞

∞∑
k=0

xα+k(a/x; q)α+k

ak(q; q)α+k
5Φ4

 q−k, at, abcd, au, av;

ac, ad, auvy, avfu;
q; q


(51)
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and

Iαq,a

{
(xuvy, xvfu; q)∞

(xu, xv)∞

}

=
xα(a/x; q)α(auvy, afuv; q)∞

Γq(α+ 1)(au, av; q)∞

∞∑
k=0

xk(aqα/x; q)k
ak(q1+α; q)k

3Φ2

 q−k, au, av;

auvy, avfu;
q; q

 . (52)

Combine the above two equations into (50), we get the desired result. This com-
pletes the proof. �
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