Journal of Fractional Calculus and Applications
Vol. 13(2) July 2022, pp. 14-31.

ISSN: 2090-5858.
http://math-frac.org/Journals/JFCA/

ABSTRACT BIVARIATE RIGHT FRACTIONAL
PSEUDO-POLYNOMIAL MONOTONE CONSTRAINED
APPROXIMATION AND APPLICATIONS

GEORGE A. ANASTASSIOU

ABSTRACT. Here we extend our earlier right side bivariate high order simul-
taneous fractional monotone constrained approximation theory by pseudo-
polynomials to right side abstract bivariate high order simultaneous fractional
monotone constrained approximation by pseudo-polynomials, with applica-
tions to right side bivariate Prabhakar fractional calculus and non-singular
kernel fractional calculi.

So we deal with the following general two-dimensional problem: Let f
be a two variable continuously differentiable real valued function of a given
order, let L* be a linear right side abstract fractional mixed partial differential
operator and suppose that L* (f) > 0 on the critical region of [—1, 0]2. Then
for specific and sufficiently large n,m € N, we can find a sequence of pseudo-
polynomials Q}, ,,, in two variables with the property L* ( Z,m) > 0 on this
critical region of [—1, 0}2 such that f is approximated with rates fractionally
and simultaneously by @7, ,, in the uniform norm on the whole domain of f.
This constrained approximation is given via inequalities involving the mixed
modulus of smoothness ws 4, s,q € N, of highest order integer partial derivative

of f.

1. INTRODUCTION

The topic of monotone approximation theory started in [20] and it has become
a major trend of approximation theory. A typical problem in this subject is: given
a positive integer k, approximate a given function whose kth derivative is > 0 by
polynomials having this property.

In [7] the authors replaced the kth derivative with a linear differential operator
of order k. We mention this motivating result.

Theorem 1. Let h,k,p be integers, 0 < h < k < p and let f be a real function,
f® continuous in [—1,1] with modulus of continuity w (f(p),x) there. Let a; (x),
j = hh+1,..,k be real functions, defined and bounded on [—1,1] and assume
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ap, (z) is either > some number o > 0 or < some number § < 0 throughout [—1,1].
Consider the operator

k &
L= Zaj (z) |:dIJ:| (1)
Jj=h
and suppose, throughout [—1,1],

L(f)=0. (2)

Then, for every integer n > 1, there is a real polynomial Q,, (x) of degree < n such
that
L(Qn) > 0 throughout [—1,1] (3)

and

max_|f (@) — Qn (2)] < Cnk~Pey ( @), 1) , (@)

—1<z<1 n
where C' is independent of n or f.
Next let n,m € Z, Py denote the space of algebraic polynomials of degree < 6.

Consider the tensor product spaces P,, @ C ([—1,1]), C (-1, 1]) ® P, and their sum
P,®C([-1,1) + C([-1,1]) ® Py, that is

Pn oy C([_L 1]) + C([_L 1]) & Pm =

m

Y @' Ai(y) + ) Bj(e)ys A BjeC(-L1), aye 11 . (5)
=0

§=0
This is the space of pseudo-polynomials of degree < (n,m), first introduced by A.
Marchaud in 1924-1927 (see [15], [16]). Here f*!) denotes %, the (k,[)-partial
derivative of f.

Here we consider the space C™P ([—1, 1]2) ={f:[-1,1*> = R; f*D is contin-
uous for 0 <k <r,0<1<p}. Let feC ([—1,1]2>; for 61,02 > 0, define the
mixed modulus of smoothness of order (s, q), s,q € N (see [19], pp. 516-517) by

weq (f301,82) = sup { |4}, oy AL f (z,9)] : (z,y), (6)

(@ + shi,y + qhs) € [-1,1)%, |hs| < &, i = 1,2}.

Here

S q
20, 0y AL S (2,y) = ZZ(DS*"“"“( ; ) ( . )f(wahl,ywhz)
o=0 pu=0
(7)

is a mixed difference of order (s, q).

We mention
Theorem 2. (H.H. Gonska [10]). Let r,p € Z+, s,q € N, and f € C™P ([—1, 1]2>,
Let nym € N with n > max{4(r+1),r+s} and m > max{4(p+1),p+q}.
Then there exists a linear operator Q. from C™P ([—1,1]2) into the space of
pseudopolynomials (P, ® C ([-1,1]) + C ([-1,1]) ® Py,) such that

(f = Quan (™ (@,)] < (®)
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My My g (B @)™ (B )"y (07380 (), B (1))
for all (0,0) < (k,1) < (r,p), z,y € [-1,1], where
VvVi-22 1
T + ﬁ’
The constants M, s, M, 4, are independent of f, (z,y) and (n,m); they depend only
on (r,s), (p,q), respectively.

Ay (2) = 0=n,m; z=uz,y€[-1,1]. (9)

See also [11], saying that Q(T 2) (f) is continuous on [—1,1].
We need the following result which is an easy consequence of the last theorem
(see [19], p. 517).

Corollary 3. ([1]) Let r,p € Z, s,q € N, and f € C™P ([71, 1]2). Let nym € N

with n > max {4 (r+1),r+ s} and m > max{4(p+1),p+ q}. Then there exists
a pseudopolynomial Qu.m = Qn.m (f) € (P, ® C([-1,1]) + C ([-1,1]) ® P,,) such
that

nm

11
[0 Q] < sy e (075 5 1), (10

for all (0,0) < (k,1) < (r,p). Here the constant C depends only on r,p, s, q.
Corollary 3 was used in the proof of the motivational result that follows.
Theorem 4. ([1]) Let hy, ha,v1,va,7,p be integers, 0 < hy < vy <7, 0 < hy <
vo < pandlet f € C™P ([—1, 1]2>, with fP) having a mized modulus of smoothness
Ws.q (f(r’p);x,y) there, s,q € N. Let o; j (z,y), i = h1,h1 +1,...,v1; j = ho,ha +

1,...,v2 be real-valued functions, defined and bounded in [—1, 1]2 and suppose o, h,
is either > a > 0 or < 8 < 0 throughout [—1, 1]2. Take the operator

v v it

i=hy j=ha

and assume, throughout [—1,1]* that
L(f)=0. (12)

Then for any integers n,m with n > max{4(r+1),r+ s}, m > max{d(p+1),
p+ q}, there exists a pseudopolynomial

such that L(Qm,n) > 0 throughout [—1, 1]2 and

11
(kD) _ gk, Z)H (rp), 2 L 13
Hf = provimpove (f ‘n’ m)’ (13)
for all (0,0) < (k,1) < (h1, hg). Moreover we get
11
Hf(k,l) _ Q(k l)H < — kmp T W g (f( ). ~ m> , (14)

for all (hy +1,he + 1) < (k1) < (r,p). Also (14) is valid whenever 0 < k < hy,
ho+1<I<porhi+1<k<r,0<I1<hy. Here C is a constant independent of
f and n,m. It depends only on r,p,s,q, L.



JFCA-2022/13(2) ABSTRACT BIVARIATE RIGHT FRACTIONAL 17

We are also motivated by [2].
We mention

Definition 5. (see [13]) Let [=1,1]%; a1, 00 > 0; o = (cq, 00), f € C ([—1, 1}2) )

T = (x1,22), t = (t1,t2) € [=1,1]°. We define the right mized Riemann-Liowville
fractional two dimensional integral of order «

1 1,1 » .
Iy = tr—x1)™ T (ta — 22)™? ty,to) dt1dt
(1_f)(1') F(a1>r(a2)/a:1/952(1 171) (2 1‘2) f(la 2) 1442,
(15)

with x1,xs < 1.

Notice here that I (| f|) < oc.
Definition 6. ([3], pp. 15-31) Let a1, 2 > 0 with [aq] = my, [as] = ma, (-]
ceiling of the number). Let here f € C™ ™2 ([71,1]2). We consider the right
Caputo type fractional partial derivative:

(_1)m1+m2

(o1,02) ._ .
D17 f(ZL') T F(ml —Oél)F(mg —042)

1 .1
o g1 O™ f(§y 19)
_ mi—ag—1 _ mo—ao—1 1,02
Ll Lz (tl 1‘1) (tg :L‘Q) —815’1”1816’2”2 dtldt27 (16)
Vo= (x1,22) € [-1, 1}2, where T is the gamma function
F(V):/ e 't tdt, v > 0. (17)
0
We set
DO f(2) = f(2), Vuel[-1,1]% (18)
(m1,m2) mi+me am1+m2f(x) 2
D = (-1 _ —1,1]". 1
(e (@) = (1) O Y e -1 (19)
Definition 7. ([3], pp. 15-31) We also set
(0,0éz) (71)m2 /1 mo—ao—1 6m2f(f171,t2)
D == — _— 2
1— f ('T’) T (m2 — 042) s (t2 .’L'Q) atgnz dt27 ( O)
(e1,0) (71)m1 /1 mi—op—1 6m1f(t17:172)
D == — _— 21
1— f ('T’) T (ml — 041) o (tl .’L'l) at’inl dt17 ( )
and
_1)m2 1 i amr‘rmzf(xl t2)
D(Tn1,a2) — ( / to — ma—o2 ) dt 22
1— f (CL’) T (m2 — 052) s ( 2 xQ) 8x;n18t;n2 2, ( )
f —1)™ ! Cay 1 O™ f (1 x0)
ploama) — ( / b — )T ! dty. 2
= Ry —an J,, 7 oroage

In [3], pp. 15-31, we extended Theorem 4 to the fractional level. Indeed there L
is replaced by L, a linear right Caputo fractional mixed partial differential operator.
Now the monotonicity property holds true only on the critical square of [71,0]2.
Simultaneously fractional convergence remains true on all of [—1, 1]2 .

So we have proved there
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Theorem 8. Let hy, ho,v1,v9,7,p be integers, 0 < hy < vy <71, 0< hs <vy <p
and let f € C™P ([—1,1]2), with fUP) having a mized modulus of smoothness
W q (f(r’p);x,y) there, s,q € N. Let a;; (z,y), ¢ = h1,hi +1,...,v1; § = ho,ho +
1,...,v2 be real valued functions, defined and bounded in [—1, 1]2 and suppose oy, b,y

is either > a > 0 or < 8 < 0 throughout [—1,0]>. Assume that h1+ hy = 27,7 €
Zy. Herenym € N:n>max{4(r+1),r+ s}, m >max{4(p+1),p+q}. Set
lij = sup }a,:llhg (x,y) aij (z, y)‘ < 00, (24)
(zy)el-1,1]?

for all hy < i < vy, ho < j < wa. Let oy, a5 > 0 with [ay;] = i, [owj] = J,
1=0,1,...,7; 7 =0,1,...,p, ([-] ceiling of the number), a19 =0, a0 = 0.
Consider the right fractional bivariate differential operator

V1 V2
Li= Y ayay) D2, (25)

i=h1 j=ho
Assume Lf (z,y) >0, on [~1,0]°.
Then there exists
Qnm = Qnm (f) € (Pa®C([-1,1]) + C([-1,1]) ® Pn)

such that LQ}, . (x,y) >0, on [—1, 0)°.
Furthermore it holds:
1)

<

’mHoo,[—1,1]2 -

~ i+j)—(a1i+az;
02( ]) ( 1 2 ) 4 e f(’r‘,p), l l (26)
L(i—ay+1)T(j— ag +1)nr—imp—d —>9 ‘'n'm)’

|piees () = pireg;

where C is a constant that depends only onr,p,s,q; (h1 + 1, ha + 1) < (3,5) < (r,p),
or0<i<hy,ha+1<j5j<p,orhi+1<i<r,0<j5<hg,
2)

ot s

n’mHoo,[fl,lf -

i 11
i *Ws,q <f(r,p); — ) ) (27)

nr—vimpP—v2

for (1,1) < (4,7) < (h1, ha), where ¢;; = éAij, with

Aij =
i UZQ lTM2(7+M)—(041r+<X2u) hlz_l oh1—aii—k -
S— I (T — alr + 1) I (/L — OZQIL + ].) k=0 k'F (hl — X1y — k + 1)

(28)

ha—j Qha—aizj—A 9(i+j)—(citaz;)
+ = . ;
;J)\!F(hz—an—/\+l) P(i—au+1)I(j—az +1)

11
H.f - ervaoo,[fl,l]Q S 0070 : ws,q <f(’r7p). - > ) (29)

nrTY1mP—v2 "n’m

3)
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where cog := CAgg, with
(T4p)—(a1r+ozu)

1 S 2
Agy = ——— I
0o hllhgl Z Z MF(T—alTﬂ-l)P(M—O@#—Fl)

T:h1 ,u,:hQ

+1,

4)

(0,025) (0,a2;) % H
D - D
H 1— (f) 1— Qn,m oo,[—1,1]2 —
Co; : rp). L 1
nr—vimp—v2 ws’q (f ! n’ m ’ (30)

where co; = C~'A0j, 7 =1,..., ha, with

1 vi o Y2 o(t+p)—(a1r+ozy)

Agi = | — lr 31
07 hq! _Zh _Z T (r—air + )T (p—ag, + 1) (31)
T=h1 u=ha
hz*j 2h2—0¢2j—)\ 2j—a2]~
+ - )
;)/\!F(hgfagj*)\+1) F(]*Oégj+].)
and
5)
a1;,0 a1;,0 *
|pl (=Dl <
co,[—1,1]
_Go rp). L 1
nr—v1mpP—v2 wSaq (.f ) TL’ m ) (32)
where ¢;o = 6Ai0, 1=1,...,h1, with
1 Vi b2 9(r+p)—(arrtaz,)
Ai = | ZT 33
0 ho! Z Z T (r—a1r + )T (n—ag, + 1) (33)

T=h1 u=hsa

hi—i oh1—aii—k 9i—au;
+ =
kZZOk!F(hl—ali—k—i—l) F(z—ali—i—l)
In this article we establish right side bivariate abstract fractional calculus high
order monotone (constrained) approximation theory by pseudo-polynomials of Ca-
puto type, and then we apply our results to bivariate Prabhakar fractional Calculus,
bivariate generalized non-singular fractional calculus, and bivariate parametrized

Caputo-Fabrizio non-singular fractional calculus.
Next, we build the related necessary fractional calculi background.

2. BIVARIATE RIGHT SIDE FRACTIONAL CALCULI

Here we need to be very specific in preparation for our main results.
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2.1. Bivariate right Abstract Fractional Calculus. Let hy,ho,v1,v2,7,p be
integers, 0 < h; < vy <7, 0< hy <wvy <pandlet feC"P ([—1,1]2). Here
hi <i <, hg < j <wa Let aiy, o >0, oy, 05 € Zy 2 [ags| =1, [ag;| = 7,
1=0,1,...,7;5=0,1,....,p, ([-] is the ceiling of number), a;g = 0, asg = 0.

Consider also the integrable functions ki; 1= Ka,,;, koj = Ka,, 1 [0,2] — Ry,
i=0,1,.,r;§=0,1,..,p.

We consider the abstract right side Caputo type bivariate fractional partial de-
rivative of orders (a1, ara;)

o »
; 14,0025 i+ 8Z+J t ,t
b i) £ () = (1) +J/ / s (b1 — 21) b (b — ) O 10 t2) gy

, oti ot
(34)
V= (x1,22) € [-1, 1]2
We set
b D2V f (2) = f (),
k1; y(6.9) i+j 9" f( ) 2 (35)
k;Dl—’J f@)=(-1)" W, V= (z1,22) € [-1,1]".
We also set
, ool i+j
ks py(in025) Y o O (2, t2)
D @)= 1 [ g () ST, (@
) et i+5 £ (¢ )
Fu plesid) ¢ (1) = (~1 / i (g — y) S U 2) ft,) 37
fa, D12 f (@) = (=1) xll(l 1) ot 0] 1, (37)
and in particular we define:
1 .
v ; o’ ,t
D) (0) = (1)) [ (12— ) T gy (33)
2 ot}
1 ,
: «@ i 81 t , L
wii Dgf“o)f (z):=(-1) / Eii (t1 — 1) 9, 22) 11 2)dt1, (39)
20 - 3151
V&= (x1,10) € [-1,1]%.
We will assume that
1
/ Ein, (z)dz > 1, when h; # 0, (40)
0

where i = 1, 2.
In [3], we got that 0 < T (hy — aqp, +1),T (ha — agp, +1) < 1, where T' is the
gamma function, and there it is

Shi—ain, —1

kihi (Z) = T (hz _ aihi),

i=1,2,Vz€[0,2],

and (40) is fulfilled.
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2.2. About right Bivariate Fractional Calculus. We consider the Prabhakar
function (also known as the three parameter Mittag-Leffler function), (see [12], p.
97; [9])

Bas () = kz:% KT ((;Il)ck-i- 5 4D

where o, >0,y € R, z€ R, and (v), =v(y+1)...(y+k—1), it is Egﬁ(z):
1

NN

Let a,b,c,d € R, a < b, c < d; f € CNoN2([a,b] x [e,d]), pi,pi > 0; vi,wi € R;
Ni = [pi], pi ¢ N; i =1,2.

We define the bivariate Prabhakar-Caputo right partial fractional derivative of
orders (1, p2) as follows (z = (21, 22) € [a,b] X [¢,d]):

C (11:72) —
( D(Phpz);(lh,M2),(W1,w2)>(b—vd—)f) () = (42)
b d
(_1)N1+N2/ / (tl _ J)1)N1_M_1 (tg _ x2)N2—N2—1
X1 T2
-7 1 - 2 8N1+N2f(t1at2)
By e o (= 2) LB R, fa (e = 22)] —— e i dhdta,
1 2
with
¢ pne) — .
(CDE2 0 0panonrvsir ) (@) = £ (@)
(43)
C p(n2) - Ni+Nz oMHTV2 f(2y,25)
(DG 3 o o 0 ) (@) 2= (D) PR

where Ny, No € N etc.
For the related univariate theory see [5], [17].

2.3. About right generalized non-singular Fractional Calculus. Here we use
the multivariate analogue of generalized Mittag-Leffler function, see [18], defined
for \,v;,p;,2; € C, Re(pj) >0 (j = 1,...,m) in terms of a multiple series of the
form:

E((Z;))A (215 ey 2m) = E((le:::::Z:n”)),/\ (21, ey 2m) =

oo

Z (’Yl)kl ('Ym)km Zfl...zlncl’”
- SR
=1

where (’yj)kj is the Pochhammer symbol. By [21], p. 157, (44) converges for
Re(pj)>0,j=1,...,m.

(44)

In particular we will use 0 = 1,2; E((Zjlng”;Z [worth?, ..., womty’], denoted by
((ng)f\é [worth?, ..., womty’], where 0 < pp < 1, tg > 0, Ag > 0, y9; € R with

(’)/gj)kej =05 (70; +1) ... (v0; + koj — 1) ,wg; € R—{0}, for j =1,...,m.
Let f € CNu N2 ([—1,1]2), 0<pup¢Nand [pg] =Ng €N; 0 =1,2.

We define the bivariate Caputo type generalized right partial fractional derivative
with non-singular kernel of order (p1, ps), as follows:

N A(l—nl—i-ul 1—N2+M2)
D) ¢y (13)(@1)CA p(pap2),(AA2) £y . J
=)= ) - /@) (N1 = ) (N2 — pia)



22 GEORGE A. ANASTASSIOU JFCA-2022/13(2)

N1+N2 / / ("/sJ |:_W01 (1 — Np + Me) (t _ 1—Ng+pe
0 — Tg)
P —No+pg),Ne Ng — 1o
—wWom (1 — No + pg) 1Ng+;t9:| ONVIN2 £ (1 1)
to— g TULR) g, 45
Ny — pg (to = 20) otNioy: (45)

Va = (z1,22) € [-1,1]°, where A := A(1 — ny + p1,1 — Ny + pu2) is a normalizing
constant. Without loss of generality we assume that A > 0.
N N.
We set DO f = ¢ DN g (_yNidNe 075 ohen Ny, N, € N, etc.

Py Nla N27

For the univariate theory see the related [4], [6], [8].

2.4. Bivariate right parametrized Caputo-Fabrizio type non-singular ker-
nel left partial fractional derivative of orders (y;, us) . Let f € CN1: N2 ([—1, 1]2),

NZ 1,0 >0, [ppe] = Ng €N; wg <0;0=1,2.
It is given by
(71)N1+N2

(N1 = p1) (N2 = pi2)

(1 — Np + pg)we ﬂ ON1TN2 f(14,15)
exp [ — to—ag) )| LD (46
/ /azz Pl [ Xp( No — po (to —6) ot o) iz, (46)

CF (uwz)f (2) =

(wr,w2) ™ 1—

Va=(z1,2) € [-1,1)*, and ¢F DI f = f,

(w1,w2)

(Ny1,N. Ni+Ny gN1tN2
U DT = () Ty, et
For the univariate case see [6]7 [14}.
We make

Remark 9. Right Fractional Calculi 2.2-2.4 are special cases of the right abstract
fractional calculus 2.1. The abstract important condition (40) is fulfilled by: in
section 2.2 for large enough wg > 0, 8 = 1,2; in section 2.3 for small enough
wp; <0,0=1,2; j=1,...,m; and in section 2.4 for small enough wg <0, § =1,2.
For details see [6)].

3. MAIN RESULT

We present the following right bivariate abstract fractional monotone (con-
strained) approximation result.

Theorem 10. Let hy, hs,v1,ve,7,p be integers, 0 < hy <vy <r, 0 < hys <wvy <p
and let f € C™P ([—1,1]2), with fP) having a mized modulus of smoothness

Ws,q (f(7"7’);(51,52) ,01,00 > 0 there, s,q € N. Let o (z,y), © = hi,hi +1,..., 015
Jj = ha,ha +1,...,v9 be real-valued functions, defined and bounded in [—1, 1]2 and
Suppose aup,p, is either > a. > 0 or < 8 < 0 throughout [71,0]2. Assume that hy, ha
are even. Here nym € N:n > max{4(r+1),r+s}, m > max{4(p+1),p+q}.
Set

lij = sup ‘a,;th (x,y) asj (w,y)| < o0 (47)

(z,y)€l-1,1]?

fOT‘ all hy <1 < V1, hy < 7 < va. Let 0 < a4, Q25 ¢ N with |7011i-| =1, |—Oé2j] =7,
j=1.,r;5=1,...,p ('] is the ceiling of the number) and 19 = a0 = 0.
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Consider the abstract right fractional bivariate differential operator

v1 V2

L= 303 ay () fuDim ), (48)

i=h1j=hsy
Assume L*f (z,y) > 0, on [—1,0]2 .There exists a pseudo-polynomial of degree <
(n,m)
nm = Qnm (f) € (Pa @ C([=1,1]) + C([-1,1]) ® Pn)
such that L*Qy, ,, (x,y) >0, on [—1,0)%.
We set

2 2
)\17; = / kli (Z) dZ, )\2]' = / ]ﬂgj (Z) dZ, (49)
0 0

fori=1,...rj=1..p

Set also )\10 = )\20 =1.

Furthermore it holds:

1) if (h1+1ha+1) < (4,5) < (rp), or 0 < i < hy, ha +1 < j < p, or
hi+1<i<r, 0<j<he, then

Q;D(Oih a2J)f klzD ati, 042])Qn mH g <
C 11
AMidgj —————wa g | fTP); = : 50
1i72) nr—imp—i 1 (f ‘n’ m) ( )

2) if (1,1) < (i,5) < (ha, ha), then
_ Cuweyg (flrm; 1 1)

n’m

k1 (a1i,025) k1 (a1i,25)
oy D1- f= e Di- Q@

n,m Hoo,[fl,l]Q - nrvimP=v2

V1 V2
> > lig A Agg,

ix=h1 ja=ha

hqlho!

k1; D(ahx,ozzj) (l‘hl + )\li)\2j , (51)

ko P1—

ha
Y ) ‘oo,[—l,l]Q
3) it holds

U1 V2
Yo > LA Mgy,

CUqu(pr 7n’7}1) ix=h1 j.=ha

Hf Qn m” —1,1]2 < nr—vimp—v2 hylho! +1], (52)
4) wheni=0,j=1,..., ha, we get
O B
5y lij AviA2j.
i =h, j*:};:l!hg! k1o ) (0025), s _ ] (53)

and
5) the case of j =0, i =1,...,hy follows, it holds:

ong (1793, 2)

00,[—1,1]2 nr—vimpP—v2

k1; y(a1:,0) k1 my(@1i,0)
kzoD f kzoDl— Qn,m




24 GEORGE A. ANASTASSIOU JFCA-2022/13(2)

Yo 2 lij A A,

ix=h1 jx=ho
hi'lho!

k1; y(e1i,0) hl
ko D1—

A - o4
’[71)1] + ! ( )

Proof. By Corollary 3 there exists
Qnm = Qnm (f) e (P C([-1,1)+C([-1,1]) ® Py)

<f<np> 11 > (55)

nm

such that
Hf(m Q(m)H <

nr—imp—i
for all (0,0) < (4,4) < (r,p), while Qpm € C™P ([—171]2) Here C' depends only
on r,p,s,q, where n > max{4(r+1),r + s} and m > max{4 (p+1),p + ¢}, with
rpE€Zs, s,qeN, feCmP ([—1,1]2)

Indeed by [11] we have that Qﬁ{;&? is continuous on [—1,1]%.

We observe the following (i = 1,...,7; 7 = 1,...,p)

k i iy k i (X} j
k;D(al @2) f (21, 29) — k;jDiof ) Qi (3617332)‘ =

I (¢ t2)
H‘J//kl — ) ko (¢ _m)wdtdt_
i A% 2 e 1ats
’ ot ot
TIQnm (1, ¢
Z“/ / kii (t1 — x1) koj (tg—zg)a ?ﬁ—)téat(jh Z)dtldtz = (56)
1002
Ot f (tq,t OIQ o (t1,t
klz . kQ] (tQ 7 1'2) f( 1j 2) o Q : gl 2) dtldtg S
ot} ot, ot} ot}
O f (ty,t2) O Qu m (t1,t2)
/ / bri (B2 = 21) gy (2 = 72) atiat,  otiot dtdts =
1 1
(/ / ]{?11 tl — I k‘gj (tQ — .’L‘Q)dtldtz) C Ws,q (f(rap); -, ) =
n’'m
C 1 1
— _ - (rp). = ) _
(/ kyi (t1 — 21 dtl) (/ kaj (to $2)dt2> ey LN (f ’n’m) =
(57)

1—x 1-z e,
1 2 C 11
. _ v (rp). = =
(/0 ki (2) dz) (/0 kaj (2) dz> nT—imp—i Ws.a (f " n’ m) =
2 2 6’ 1 1
4 . v (rp). Z
(/0 ki (2) dz) (/0 kaj (2) dz) r—— (f " n’m

We have proved that

Z;’ (‘ih’a%)f (x1,$2) Z;LD((?L 023) Qnm (3)1’-772)’ < (58)

9 2 C 11
- . v (rp). = &
(/0 k1 (2) dz) (/0 kaj (2) dz) i (f P n’ m> ’

V(x1,20) € [-1, 1% 0i=1,..,rj=1,..,p.
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So we have proved that there exists @, such that

]I:; D§oiu,a2j) (f) . Z; Dioiu,aw) (Q"’m)HOO o < (59)
2 2 o
C 1 1
) , - (rp). =
(/0 k1i (2) dz) (/0 kaj (2) dz) vy L (f o m) )
i: 7._,7’[";j:17...,p

We call ) )
)\li = / kli (Z) dZ, )\2j = / ij (Z) dZ7 (60)
0 0

fori=1,..,r; j=1,..,p, as in (49).
We also set Mg = Agg = 1.
Thus the following inequality is valid in general:

I]z;; D§(ili7(l2j) (f) — Z;; Dgoiu,ozzj) (Q"*m)Hoo o < (61)

))
U1

~ 11 vz —
Pn,m = Cws g (f( ’p);; m) Z Z LijAtidon' = "m? 7P | . (62)

i=hy j=ho

3\'—‘
3=

C ,
sy (107

fori=0,1,....7;5=0,1,....,p.
Define

I) Suppose, throughout [—1,0]%, ap,n, (z,y) > a > 0.
Let Q5 (2,9) € (Pr @ C([=1,1]) + C (=1, 1)) @ Pp), (x,) € [-1,1]%, as in (61),
so that

Q14 xhl yh2 i (1i,025 *
D (@) s ) = D G )| <
00, [~ 1,1]
c ooy 101
Ali)\Zj st,q (f( ,p); E7 m> ﬂ]a (63)

fori=0,1,....,7;7=0,1,....,p.
If (hy + 1, he + 1) < (4,5) < (r,p), 010 < i < hy, hot1 < j <p,or+1 <i <,
0 < j < hy we get from the last

k1 oy(a1i,a2;) ki py(oni,onj)
ke DI ) = g DI Qan [-1,1]? :
C 11
I V. (Tp)
)\11)\23 nr—imp—jws’q (f TL m) (64)

provmg (50).
If (0,0) < (4,7) < (h1,h2), we get that

k1 H(Q1i,00; Pnm  ki; ~(@i,@25) [ by h ki (o1i,02;)
k;JD ? f+ hl'hQ‘ k;le— ’ (.’L‘ Lly 2) - k;;D — ! Qnm(x y)H

o0,[—1,1]?
< T, (65)
That is for (1,1) < (4,5) < (h1, ha), we have

k1 (@1i,025) ki p(a1i,a2;) A«
kngl— f_ kngl— Qn,m

o0,[~1,1)?
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Prym ||k plaiaz;) (xhlyhg) ‘ LT =
hylho! k21— so=1,12 Y
Cuwsg (frm; 1 1) | & & . )
n’>m ll* 4*A i*/\ 4*nz*—rm]*—p
Bt thy! ;”;( dx AL A2 )
b Dies) (ghyhe) | A ‘70 COORENE Y
k2; (z"y™) 007[*1,1]2—’_ R e ! "m (66)
1 1 V1 Vo ' ‘
1tha! ix=h1 j«=ha
k1i y(01i,025) [ hy ho ‘ A1iAgj
k2JD (x 4 )oo,[q,l}? nr—imp—J <

oq (FP; L L) { (Zi:=h1 D it mhy livja Ai A2, ) (67)

nT VimP—v2 hl'h2'

k14 D(au,azj) (mhly'”) . + )‘li)‘Zj} ,

Koy 11—

‘oo,[fl,l

proving (51).
If i = j =0, from (63) we obtain

o (00 ) (69

Pnm _hy o ha % <
Hf " Inthy!” Y Qn’me[—l,lP - n'mP
and ~
_ o Prm - C e, L 1Y) 2
Hf Q"’mHOOa[—lvl]Z_ hilhs!  nrmp Yo (f n'm)

Clgg (FOP); 1 1y | oo o2 o
th!hgl Yo D L A g nt T

ix=h1 ju=ha

C 11
(rp). _
AR Tt <f "n’ m> B

~ 11 1
(rp). Z Jx—P
Gl (f ‘n’ m) halhy! Zh ]Zh bude Maic Ao, T i nrme -
1x=N1 Jx=h2
(69)
(f(r’p), TIL E) Z?j:hl Z;‘)f:hrz li g M. Azj, 1
nT vimpP V2 hilhs! ’
proving (52).
Next case is for : =0, j = 1, ..., ha, from (63) we get
ha
k10D17a2J)f + pn,mx klOD(O azj) h2 _ Z;?D(O az;)Qn mH < (70)

ko
! o0,[~1,1]?

hilhy! k2

C 11
L (rp). = =
A2y nrmp—i <f "n’ m) '
Therefore we have that

kloD(O 0‘21)f _ klOD (0, a2J)Qn .

k2 ks so 112
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U iy - A
i tho! 1271 7[—1,1]+ 2 rmp—3 o / "n'm
6‘*}3 q (f‘(r,p); 17 L) v1 Vg - -
) n’m o ' e G
h1!hs! Z Z (ZZ*J*AM*)QJ*H m )
ix=h1 ju=ho
e DIyt ¢ o, L 1Y) 2
kQJDl_ y OO,[—l,l] +>\2] nrmpfjwqu (f ’]’L m =
f(r,p 11 [Zyj:hl ;}f:hz (li*j*Ali*AQj*ni**ij**P)]
n'm hylhs!
I]:;OD(O s025) hz A2; :| < )
! oo,[~1,1]  n'mP—I
Cws q (f(r,p P m) (Z;}::hl sz_h2 lz*]*/\ll*/\%*)
n’r‘ vlmp v2 h1!h2'
klOD(Oaa2j) ho Ao
ko P1- Y 007[_171]4- 25| »

proving (53).

The case of j = 0,4 =1,...,hy, is wet similarly as in (71). Namely we get

k1 p(@1,0) ¢ k1 y(@14,0) %
k2oD f kzoD Qn»mHoo [—1,1] S

Cw,q (f0P; L 1) KZZ—M D ey linj Ari Agj )

72
nr—v1mp—v2 hl'hg' ( )
k1i (c 1»0) h i
kéOlel 1 00,[—1,1] " )\“} 7

proving (54).

So if (z,y) € [-1,0]°, we can write

g (@ 9) L (@ (2,9)) = oy, (,9) L (f (2,)) +

V1 V2
4 AL k QX1hq Q2R _
o o) () 55 55 il o
e i=h1 j=hs
ki pleniseng) o« k1 plati,az; Prn.m ki py(@riazs) (b, b
[’“;‘Dg‘l Qi (5,9) = B DL Q)f(x’y)_hl!fm! kg D12 (2t 2)]
(73)
(by L*f >0)
(63) Prym king o (@1ngs02n,) (J,‘hl h2) B
hlth! kany 1= Y
ShS SR g 11
Z Z LijAtiAgjn'~"m? P (f(r,p) ) —
i=hy j=hs n’m

kin Q1hy,02h
L S G

n,m _1 == 4
Pn, T ha)! (74)
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(klhl D(O‘”'l O)xhl) (Z;) Dgo’o‘QhQ)th)
12
—1| =:¢.

k2o
hi'hs!

28

Pn,m

If hy = hy = 0, then a1, = aop, =0, and p =0

If hy =0, and hg # 0, then
k1o (0’a2h2)yh2

kop, 11— 1l =

Y = Pn,m ho!

1 hs is even I-y
Pn,m l:( 1)h2 / thz (t - y) dt — 1:| ( = ) Pn,m (/ thg ( )dZ - 1)
Y 0
(75)

1
Pn,m </ kon, (2)dz — 1) >0,
0
by the assumption (40).

Similarly, we treat the case hy # 0, ho =0
When hi1, hy # 0, then we have
1 1
p Mt meeven) [( / kin, (t — ) dt) < / kan, (t —y) dt> - 1] = (76)
z y
—1| >

([ ) ([ )

by the assumption (40).
So in all four cases we get that
[—1,0]%.

L (Q} o (z,y)) = ) €
IT) Suppose, throughout [ 1 0]2 Oéhlhz( ) < B <0 Let @, (x,y) €
[—1,1), as in (61), so that

(77)

(P @C([-1,1]) + C([-1,1]) ® Pn), (z,y) €
h1 hz
k1 H(o1iaz;) ry k1s y(oi,az;)
MD j — Opm—— _ 1sz - J S
Koy H1— (f(x,y) Pn, Byl h2!> ko1 m (T, y)Hoo,[—1,1]2
c . 11
Miday g <f< LI m) (78)

fori=0,1,....,7, j=0,1,...,p.
Similarly, we get as in the first case > a > 0, the inequalities of simultaneous
fractional convergence, see {(51), (67)}, {(52), (69)}, {(53),(71)}, {(54), (72)}.

So if (z,y) € [-1,0]° we can write
oy (@ 9) L Qo (2.9)) = gy, (2,9) L (f (2,9)) —
Pn,m  kin (alh X2k ) hi, h o -1
it o D1 ) 2 3 b, ey (@) (79
i=hy j=ha
Pn,m k14 gciuyazj) (l‘hlyh2)

k i i j k i iy )
k;JD§(i1 a2J)Q:7m (l‘,y) — k;]D;‘il Q2 f (I, y) + h1!h2! k2j
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(z"1y"2) +

S
S

(5"

hilho!

k a1p,,0 ) 0,a2p
<k;§1D£“1 )mh1> (Z;prf 2]2)yh2)
1—

(by L*f >0)
@ _ Pam b,
h1!hs! kapy 1=
v1 Vo N
i=h1 j=hs
k1inq D(alhl,a2h2)
kopy ™~ 1—
P |1 -
Pn,m

hi!ho!

If h1 = h2 = 0, then Q1h, = Q2py = 0, and ’lﬁ =0.

If hy =0, and hy # 0, then
0,
o p{0e) yha

= Pn,m 1-—
Y = pn, o]

1-y
Pr.m {1 — / kan, (2) dz
0
see (40).

el

Y

Similarly, we treat the case hy # 0, hy = 0.

When h1, hy # 0, then we have

o= [1= ([ =10 ([ 0

0

1

1

=: .

kan, (t —y) dt] =

k2h2 (Z) dZ:| § O7

P [1 _ ( /O T () dz) ( /O o () dzﬂ <
o {1 - ( /0 ke (2) dz> < /0 o (2) dzﬂ <0,

by the assumption (40).

So in all four cases we proved again that

L (Qn (2.9)) >0, ¥ (2,y) € [-1,0]%.

The proof is complete.
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(81)

(83)
O

Conclusion 11. Clearly Theorem 10 generalizes Theorem 8 to many right side
fractional calculi, opening new avenues of fractional research activity. The approx-
imating pseudo-polynomial Q, .., depends on f, pn.m, h1, ha; which py ., depends on

C (which depends on r,p,s,q), f,n,m,li;, Ai, Aaj; and which: Ai; depends on ky;
and Ag; depends on kgj. That is Qy, ., depends on the type of bivariate right side

fractional calculus we use.

Consequently, Theorem 10 is valid at least for the following important bivariate
right fractional linear differential operators:
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1)
.y (1.12)
* . C (71,72
Ly:= Z Z Qij (,9) { D(Pl»Pz)’(auﬂzj)»(wl,wz);(l—,l—)} ’ (84)
i=hy j=h2
where p1,p2 > 0, y1,72 < 0, and wy,we > 0 large enough (from right bivariate
Prabhakar fractional calculus, see (42));

2)
U1 V2
Ly = Z Z aij (z,y) I:Di(il'i7a2j):| ’ (85)

i=hy j=hy
(see (45)) where § = 1,2; v9; > 0, j = 1,..,m; Ag = 1, 0 < py < 1; and
small enough wg; < 0, j = 1,...,m (from right bivariate generalized non-singular
fractional calculus);
and

5)
U1 v2
Li— Z Z aij (,y) [(C;fiwz)Dgoil,-,azj)] , (86)

i=hy j=hs
(see (46)) for small enough w1, ws < 0 (from right bivariate parametrized Caputo-
Fabrizio non-singular kernel fractional calculus).

Our developed right bivariate abstract fractional monotone approximation theory
by pseudopolynomials with its applications, involves weaker conditions than the one
with ordinary partial derivatives, see Theorem 4, and can manage many diverse
general cases in a multitude of complex settings and environments.
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